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Abstract

We study asset prices and portfolio choice with overlapping generations where the young
disregard history to learn from own experience. Disregarding history implies less precise
estimates of consumption growth, which, in equilibrium, leads the young to increase their
investment in risky assets after positive returns or act as trend chasers and to lose wealth
to the old. Consistent with findings from survey data, the average belief about expected
returns in the economy relates negatively to future realized returns and is smoother than ob-
jective expected returns. Having especially bad experiences early on in life, cause persistent
disagreement and tilt portfolio weights.

Keywords:  Learning from Experience, Persistent Disagreement, Survey Based versus
Objective Expected Returns, Trend Chasing
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1 Introduction

Recent empirical evidence suggest that experience matters for the formation of beliefs. If this
is the case, then personal experiences with stock markets and the macroeconomy in general
should manifest through savings and investment decisions and impact asset prices. Therefore,
what are, broadly speaking, the implications of experience driven financial decisions? More
specifically, how do young agents with short life experience share consumption risk with the
older agents with longer life experience? How do differences in experience impact the wealth
distribution through trading in financial securities? How do asset prices change when more
optimistic young or pessimistic young trade with experienced agents?

In response to these questions, we study an overlapping generations economy with learn-
ing in which cohort specific experience drives beliefs about consumption growth and through
that affects equilibrium outcomes. The main findings are that old agents have more precise
estimates than younger agents and their beliefs react less to news, the young act as trend
chasers, wealth shifts from young to old, the market price of risk is countercyclical and the
risk-free rate of return is procyclical, the average belief about the stock return is negatively
correlated with and less volatile than the actual expected return, and experiencing especially
bad outcomes when young leads to significant and persistent disagreement in the economy
and to a persistent tilt in portfolio weights.

For experience to matter in the model, we endow young agents with a prior variance
about expected consumption growth that is greater than zero. Yet, once born, agents use
Bayes rule to update their beliefs about growth. As a consequence, young agents respond
more to news than older and more experienced agents whose posterior variance has declined
over time. In the model, we see that when consumption booms, new generations become
optimists through learning. We also see the opposite, when consumption declines period
after period then new generations learn to be pessimists. The experience driven learning
has important implications for the portfolio choice of agents. As young agents revise their

expectations about consumption growth more in response to news, they become relatively



more optimistic after a positive shock. In equilibrium, this translates into increased demand
for the risky asset. Therefore, they act optimally as trend chasers, given their beliefs.

In equilibrium, the market price of risk and the risk-free rate are given by standard
formulas from an economy with complete information plus a correction term that captures
the difference between the “market view,” as measured by the consumption share weighted
average belief, and the true growth rate. The “market view” increases after a positive shock to
consumption, as all agents in the economy revise their expectations upwards due to learning.
This has implications for the real interest rate and market price of risk. Specifically, in times
when the “market view” is higher than the actual growth, we see that the real interest rate is
higher and the market price of risk is lower relative to the complete information benchmark.
In addition, as the “market view” increases after a positive shock, we see a negative relation
between consumption growth and the market price of risk or, put differently, the market
price of risk increases in downturns.

As young agents are trend chasers, they increase their exposure to the risky asset after
a positive shock. At the same time, the actual market price of risk declines. Hence, we
see that young agents tend to buy the risky asset when the expected return is low. This
has implications for the relative performance of young versus old in our economy. That
is, young and inexperienced investors underperform relative to old or experienced investors
because their estimates about growth vary more. We show that the welfare cost of learning
from experience is between 72% to 275% of the welfare cost of aggregate fluctuations when
varying the time discount factor between 0.001 and 0.02. Moreover, the fact that young
agents underperform is broadly consistent with the evidence in Agarwal, Driscoll, Gabaix,
and Laibson (2009). First, Agarwal, Driscoll, Gabaix, and Laibson (2009) use a proprietary
database to provide evidence for the hypothesis that older adults make fewer financial mis-

takes than younger adults.! Second, Agarwal, Driscoll, Gabaix, and Laibson (2009) show

More specifically, Agarwal, Driscoll, Gabaix, and Laibson (2009) conclude that financial mistakes follow
a U-shaped pattern. Our analysis, however, abstracts from cognitive impairment that plagues about half of
the population between ages 80 and 89.



that older and experienced investors have greater investment knowledge. Third, the survey
based analysis in Arrondel, Calvo-Pardo, and Tas (2014) suggests that investors’ measure of
information “increases with past experience.”

According to Malmendier and Nagel (2011), individuals who have experienced high stock
market or bond market returns are more likely to take on further financial risks, i.e., are
more likely to participate in the stock market or bond market, and allocate a higher pro-
portion of their liquid assets to stocks or bonds. Malmendier and Nagel (2011) also provide
empirical evidence that point to the importance of experience for beliefs. According to their
view, experience effects could be the result of attempts to learn from experiences where all
available historical data is used by not entirely trusted.? Further, in a follow up paper, Mal-
mendier and Nagel (2014), show that individuals adapt their inflation forecasts to new data
but overweight inflation realized during their life-times. They also show that young indi-
viduals update expectations more strongly in the direction of recent surprises than the old.
Moreover, learning from experience explains substantial disagreement between young and
old individuals in periods of high surprise inflation. Such empirical motivated differences in
expectations between young and old is the departure point for our theoretical work where we
study the role of experience on asset prices, consumption, and portfolio choice in a consump-
tion based overlapping generations economy. Specifically, we show that experiencing a series
of negative or positive shocks to consumption early on in life impacts the beliefs of the young
strongly. What is surprising in our artificial booms or depressions is that after 30 years only
half of the effect on beliefs fades away. Therefore, the model showcases how especially good
or bad experiences early on in life can be a source of persistent disagreement. It also shows
that such persistent disagreement can have a long lasting impact on the optimal portfolio
choice of agents, consistently with, for example, the evidence in Kniipfer, Rantapuska, and
Sarviméki (2014), who show that labor market shocks can have a long-lasting impact on

portfolio choice. In addition, we show that particularly good or bad experiences in one mar-

2Using age as measure of managers’ investment experience, Greenwood and Nagel (2009) show that young
managers trend-chase in their technology stock investments, while old managers do not.



ket significantly influences the portfolio policy in that market with little spillover effects to
the allocations to other risky assets. This is consistent with Malmendier and Nagel (2011),
who show that investors who experience bad stock market returns invest less in stocks, but
do not significantly alter their investment in bonds.

Using a host of data sources to improve on previous work, Greenwood and Shleifer (2014)
show that survey based measures of expectations are positively correlated with past stock
returns, but negatively correlated with future returns. The negative correlation suggests
that when survey respondents expect high returns, then the realized future returns will be
low. Koijen, Schmeling, and Vrugt (2015) present empirical analysis that highlights how
pervasive the evidence of a negative relation between survey based expectations and future
returns is. Specifically, they show that survey expectations of returns negatively predict
future returns in the cross-section of countries and in the time-series of global equities,
currencies, and global fixed income. Motivated by Greenwood and Shleifer (2014), Barberis,
Greenwood, Jin, and Shleifer (2015) propose a model with extrapolative expectations to
reconcile the evidence on expectations with the evidence on volatility and predictability.
Our parsimonious model complements Barberis, Greenwood, Jin, and Shleifer (2015) as it
ties together extrapolative expectations with inexperience in a way that is consistent with
both the evidence in Greenwood and Shleifer (2014) and in Malmendier and Nagel (2011).
In our model, all agents learn optimally in a Bayesian sense, given their experience based
beliefs, and equilibrium expected returns decline after a series of positive returns. Yet,
surveying agents in our model produces a mean forecast that shows a positive relation with
past realized returns and a negative relation with future realized returns. In addition, the
model survey produces a smoother average belief than the true expected return, which is
consistent with Piazzesi, Salomao, and Schneider (2015), who find that in the bond market
statistical measures of the risk premium are more volatile than survey based measures of the
risk premium.

The results in the paper are robust to the extension of within-cohort heterogeneity in



priors about expected endowment growth at birth. Specifically, we show how a Gaussian
distribution for the priors reproduces our equilibrium results with homogeneous priors and
that the presence of a fraction of agents who use all past historical information right after
birth to immediately learn the true expected growth rate of consumption still reproduces our
qualitative equilibrium results. The last extension we consider is the case with more than
one risky security such as a nominal long-term bond exposed to the risk of inflation.

Our paper extends the literature on disagreement and asset prices by studying differences
in beliefs in an overlapping generations environment. This literature, initiated by Harrison
and Kreps (1978) and Detemple and Murthy (1994), among others, directly or indirectly
assumes that agents learn from all available data. More recent examples of models with
disagreement that employ belief structures similar to ours include Zapatero (1998), Basak
(2000), Basak (2005), Dumas, Kurshev, and Uppal (2009), Xiong and Yan (2010), Cvitanic
and Malamud (2011), Cvitanic, Jouini, Malamud, and Napp (2012), and Bhamra and Uppal
(2014). The majority of the papers in this strand of the literature considers infinitely lived
agents. This has important consequences for the stationarity of the models, since agents with
more accurate beliefs accumulate wealth and eventually dominate the economy as shown in
the market selection literature.® Although in many cases the market selection process is slow
as illustrated by Yan (2008) and Dumas, Kurshev, and Uppal (2009), it can be quite powerful
if the state space is large and agents have access to many securities as in Fedyk, Heyerdahl-
Larsen, and Walden (2013). In our model with overlapping generations, one cohort will
never dominate the economy completely because new agents are continuously born and old
agents die. Hence, in contrast to most of the previous literature, we have a stationary model
with heterogeneous beliefs.

Our paper relates to Géarleanu and Panageas (2015), who also study a continuous-time
overlapping generations economy with demographics as in Blanchard (1985). Their focus

is on the implications of preference heterogeneity, instead of beliefs heterogeneity, for asset

3See, for instance, Blume and Easley (1992), Sandroni (2000), and Kogan, Ross, and Westerfield (2006).



pricing. Using recursive preferences, they show that without heterogeneity in risk aversion
asset pricing moments are constant instead of countercyclical as in the data. Further, for a
given amount of heterogeneity in risk aversion, heterogeneity in the elasticity of intertemporal
substitution can still impact asset price moments significantly. Their model matches standard
asset, pricing moments.

We discuss four related papers that study the impact of an experience bias on asset prices.
Perhaps the first paper in this new strand of literature is Schraeder (2015). Her discrete-time
and finite-horizon economy with up to eight overlapping generations produces heterogeneity
among agents and through the heterogeneity connects trading volume to volatility, excess
volatility, overreaction, and price reversals, among other results.

In contemporaneous work Collin-Dufresne, Johannes, and Lochstoer (2015) consider an
experience driven learning bias with two dynasties and recursive preferences. While their
focus is on matching asset pricing moments, we derive implications for individual behavior
that is consistent with Malmendier and Nagel (2011) and replicate the relation between
survey data and future returns as in Greenwood and Shleifer (2014). In addition, in their
model, due to preference for early resolution of uncertainty, young agents behave as more
risk averse than the old. Hence, experience has a dual role as inexperienced agents behave
as more risk averse and have less accurate beliefs. In our model, experience driven beliefs do
not interplay with the effective risk aversion. Further, our model has a more general cohort
and demographic structure, more general structure for priors, and multiple risky securities
but still allows for closed form solutions.

Recently, Buss, Uppal, and Vilkov (2015) study the role of experience in a general equi-
librium model with two risky assets where one of the risky assets is an alternative asset
that is opaque and illiquid. They show that inexperienced agents initially tilt their portfolio
away from the alternative asset, but eventually increase their position as they accumulate
experience. Somewhat surprisingly, lower transaction costs for the alternative asset might

amplify the initial portfolio tilt, as it is less costly to rebalance towards the alternative asset



when the investor becomes more experienced.

In more recent work, Malmendier, Pouzo, and Vanasco (2015) consider a discrete-time
overlapping generations model with CARA utility, consumption from terminal wealth, and
learning from experience. They show that stock price volatility and autocorrelations are
higher when more agents rely on recent observations. Moreover, when the disagreement

across generations is high, then there is higher trading volume in the stock market.

2 The Model

2.1 Demographics

We consider a continuous-time overlapping generations economy in the tradition of Blanchard
(1985). Every period a fraction v of the population dies to be replaced by newborn agents
of the same mass, ffoo ve "(=9)ds = 1 for all ¢, and the time ¢ size of the cohort born at

time s < t is given by ve V(=) ds.

2.2 Endowments

Agents receive endowment, v, ,, continuously from birth at time s until death. Endowments

do not depend on the time of birth, i.e., y,;, = Y, for all s < ¢. Endowments evolve as follows:
dY; =Y, (pydt + oydz), (1)

where z; is a shock modeled as a standard Brownian motion. Aggregate endowment at time
tis

¢ ¢
/ Ve_”(t_s)ysvtds = Yt/ ve Vs = Y, (2)

thus, the dynamics of aggregate endowment coincide with the dynamics of individual en-

dowments.



2.3 Information, Learning, and Disagreement

For experience to matter, we make the following assumptions regarding information, learning,
and disagreement. Agents observe individual endowments, and hence aggregate endowment,
but do not know the value of uy.* To simplify, we assume that all agents start with the
correct prior for uy.> An agent born at time s believes the expected endowment growth is
normally distributed with mean fi;, = py and variance V' > 0. Starting from birth, agents
use Bayes’ rule to update beliefs about expected aggregate endowment growth. By standard
filtering theory, the dynamics of the expected endowment growth, i, as perceived by an

agent born at time s, and its posterior variance are

. | otV
dilsy = —=dzst, Ver= = ) 3
Hos,t oy Zsit it 21V (t—s) (3)

respectively, and where z;; denotes a Brownian motion under the belief of an agent born

at time s with associated probability P* and information set (or sigma algebra) F), =

Vs t

s is decreasing over time because agents learn

o (Y(t),s <t). The volatility coefficient,
about the true parameter value, implying that young agents update more than old agents in
response to a shock.

Perceived shocks relate to z; through

dZSJ = dZt — A&tdt, (4)

where A, = % The process A, summarizes the standardized estimation error of

agents born at time s relative to the objective probability measure.

4The specification of priors and optimal learning is similar to the models in Detemple and Murthy (1994)
and Basak (2000).

5In Subsection 4.1.1 we endogenize this assumption by allowing for within cohort heterogeneity that is
normally distributed and unbiased on average.



Proposition 1. The estimation error at time t of the cohort born at time s is

o Vi(n -z
Bar = o2+ V(t—s) ©)

Moreover, we have that Ay =0 and lim;_,o, Ay = 0.

2.4 Security Markets and Prices

Agents trade in an instantaneously risk-free asset, which is in zero net supply. Its dynamics
are given by

dBt = TtBtdt, (6)

where r; denotes the equilibrium real short rate.
For tractability, we employ an infinitely lived risky asset in zero net supply,® which evolves

according to
dSy

5 = (,utsdt + asdzt) = (uitdt + O'SdZS’t) , (7)
t

where the last part of the equation represents the dynamics perceived by agents born at time
s. In Equation (7), we have uf, = puf + oAy, in which 4} is determined in equilibrium,
while the volatility coefficient, o, is taken as exogenous since it defines the risky security.

Annuity contracts complete the set of available securities as in Yaari (1965). They entitle
to an income stream of vW;; per unit of time. In return, the competitive insurance industry
receives all financial wealth when the agent dies. Entering such a financial contract is optimal
for all agents.

It is convenient to summarize the price system in terms of the stochastic discount factor.

Since agents have different believes, they have individual stochastic discount factors. The

6The risky asset can be interpreted as continuously resettled contracts (e.g., futures contracts). The same
asset structure is used, for example, in Basak (2000) and Karatzas, Lehoczky, and Shreve (1994). We discuss
this assumption in Section 5.



dynamics of the stochastic discount factor as perceived by an agent born at time s follows
disy = —&p (redt + 0,4d2g,) (8)
while the dynamics of the stochastic discount factor under the actual probability measure is
d&y = =& (redt + Odzy) . 9)

Thus, we have that the relation between the market price of risk under the objective prob-
ability measure, 6;, and the market price of risk as perceived by the cohort born at time s,
es,ta is

Os1 = 0r + Agy. (10)

The relation between the stochastic discount factor under the objective measure and the
belief of an agent born at time s is captured by the disagreement process, 7, through the
relation & = 75,65+ Formally, 7., is the Radon Nikodym derivative that allows to move
from the probability measure of an agent born at time s to the actual probability measure

and vice versa. The dynamics of the disagreement process, 7, is

dns,t - As,tns,tdzt‘ (11)

2.5 Preferences and Individual Optimization

Agents maximize lifetime utility given by

E [/ e_p(t_s)log (csp)dt] (12)

where 7 is the stochastic time of death. In the above, the first time subscript in the expecta-

tion operator denotes under which probability measure the expectation is taken. We use the

10



convention that expectation operators with one time subscript are taken under the objective
probability measure. By integrating out the stochastic time of death, the expected life-time

utility can be written as

E {/ 6_(p+”)(t_s)log (csp)dt]| . (13)

The dynamics of financial wealth of an agent born at time s follows
AWy, = (Tth,t + st (,Uss,t - Tt) + Wi+ yst — ngt) dt + Ws,tUSdZs,t, Wss=0, (14)

where 7, denotes the dollar amount held in the risky asset. Since W, s = 0, agents are born
without any financial wealth.
All agents maximize expected utility from life-time consumption, Equation (12), subject

to the wealth dynamics in Equation (14).

2.6 Equilibrium
We start with defining equilibrium.

Definition 1. Given preferences, endowments, and beliefs, equilibrium is a collection of
allocations (¢4, mst) and prices (Tt,uf) such that the processes (csy, s1) are optimal when
agents mazimize Equation (12) subject to the dynamic budget constraint in Equation (14)

and markets clear:

t
/ l/e_”(t_s)cs,tds = Y, (15)
—tOO
/ ye_”(t_s)ﬂs,tds = 0, (16)
t
/ ve ") (W, —m,,)ds = 0. (17)

We solve the individual optimization problems by martingale methods as in Cox and

Huang (1989). Consider an agent born at time s. The static optimization problem for this

11



agent can be written as

max E&S |:/ 6—(P+V)(t—8)log (Qs,t) dt}

c
s s

s.t.

Es,s |:/ ey(tS)gs,tcs,tdt:| = Es,s |:/ ey(tS)gs,tys,tdt:| .
s s

From the first order conditions (FOCs), we have

~(p+)(1-9)
keI, (18)

Cs,t

where k¢ denotes the Lagrange multiplier. For s < u <t the FOCs imply

o~ (00 () <C_u) _ ot st (19)

Cs,t gs,u

The total wealth at time u > s of an agent born at time s is the sum of the value of
endowment, H,, = &%Es,u [ e_”(t_s)ﬁ&tys,tdﬂ, and financial wealth, W,. Let the total

u

wealth at time u be W&u = H,, + W;,. Using the static budget constraint, we obtain

A

Csu = (p+ 1) Wy, (20)

Equation (20) shows that the standard constant wealth to consumption ratio with log utility
holds in our overlapping generations setup with incomplete information. Using the market

clearing conditions and the individual aggregate endowments, we have

t t
Y; _ / I/efzz(tfs)c&tds _ / Ve*V(t*S) (p + 1/) Ws,tds = (p —+ y) Wt7 (21)

—00 —0o0

12



and, consequently, aggregate wealth, W,, is given by

A Y,
Wt: ¢ .
p+v

(22)

Total aggregate wealth, W, equals the value of aggregate endowments, H;. The wealth

Ys
ptv’

of an agent born at time s corresponds exactly to the aggregate wealth, i.e., Hy, =
Combining this with Equation (20), we have that the consumption of an agent born at time

s equates with endowment

Cs.s = Y. (23)

The initial consumption is given by the output at time of birth. This can also be interpreted
as a state dependent Pareto weight. The reason why the Pareto weight is stochastic, is that
agents cannot hedge against output fluctuations prior to their birth. However, once born,
they face complete markets.

Using the relation in Equation (23), we obtain the following proposition:

Proposition 2. Optimal consumption at time t of agents born at time s < t < 7, where T

denotes the stochastic time of death, is

CS,t —= }/;e_p(t_s) (M) (é) . (24)
775,3 ft

The next proposition characterizes the stochastic discount factor.

Proposition 3. In equilibrium, the stochastic discount factor is

X
= — 25
gt }/; ) ( )
where X; solves the integral equation
' U
X, = / ve~ (Pr(t=) x o g, (26)
—0o0 Ns,s

13



. . . . Cs,
The fraction of aggregate output at time ¢ consumed by an agent born at time s is Ttt’
and since the measure of agents born at time s equals ve™~%) we have that the fraction

of aggregate output at time ¢ consumed by agents born at time s is

e (32) (1)
—v(t—s) Csit — pev(t=s) e & = pe (PTV)(t=9) <&) (@) . (27)

st = Ve
Jut Y, Y, X: ) \Mss

Next, we introduce a decomposition of X;:

Proposition 4. Let
diy = Ayfdz, (28)

where A, is the consumption share weighted average disagreement in the economy given by

t
At = / fs,tAs,tdsa (29)

then

Xt = eiptf]t. (30)

The process 7; captures the change of measure from the “market view” as measured by
the consumption share weighted average belief, ji, = ffoo fsthls+ds, to the actual probability

measure. The stochastic discount factor can then be decomposed in the following way:

~ et
& = UL X v (31)
Effect from disagreement \\/t/

Log utility discount factor

The stochastic discount factor in Equation (31) can be interpreted as a stochastic discount
factor with a representative agent with beliefs given by fi;. Although, every agent in the
economy has a Kalman gain that is decreasing over time, the overlapping generation structure
leads to a stationary and stochastic gain for the representative agent.

The next proposition characterizes the real short rate and the market price of risk.

14



Proposition 5. In equilibrium, the real short rate is
re=p+py — oy + oy, (32)

and the market price of risk is

Gt =0y — At. (33)

The expression for the risk-free rate is intuitive: The real rate is the standard real rate
with log utility, p+ py — 0%, plus a correction for the disagreement in the economy. In times
when the “market view” of the expected growth in the economy is higher than the actual
growth, this translates into demand for borrowing to smooth consumption across time. As
aggregate consumption is fixed, the real interest rate increases to clear markets. Using the
definition for A;, we express the real rate as r, = p + [iy — o%.. We see that the expression
for the real rate equals to the one in the standard log utility case, except that the expected
aggregate endowment growth, uy, is replaced by the market view, fi;. The expression for
the market price of risk is also intuitive: It is given by the standard log-utility market price
of risk adjusted for disagreement. Again it is useful to rewrite the expression for the market
price of risk as 6; = oy — % (fig — py). We see that when the market is relatively optimistic
about the expected growth, i.e., fiy > uy, then the market price of risk is low. Indeed, under
the objective probability measure, the risky asset is expensive and, thus, the market price of

risk must be low.

Proposition 6. We have that after a positive shock the risk-free rate increases, i.e., % > 0,
and the market price of risk decreases, i.e., % < 0.
z

The intuitions for Proposition 6 follow from the dynamics of A, = m;% When there
is a positive shock to aggregate output, i.e., dz; > 0, all agents in the economy revise their
expectations upwards and the disagreement process A, increases. Since the real short rate
increases and the market price of risk decreases we refer to the risk-free rate as procyclical

and the market price of risk as countercyclical.
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Before proceeding to the optimal portfolio policies, it is convenient to derive the dynamics

for the optimal individual consumption.

Proposition 7. The dynamics of individual consumption is
dest = Csy (ucs’tdt + aCS’tdzt) , (34)
where the drift and the diffusion are given by
Lo, = by + (oy = Ay) (Aye — A),  oe,, =0y + Ay — Ay (35)

Proposition 7 shows that the difference between the individual estimation error, A,
and the consumption share weighted average disagreement in the economy, A, drive the
diffusion of the individual consumption.

The next proposition characterizes the optimal portfolio policy of an agent born at time

Proposition 8. The optimal dollar amount invested in the risky asset for an agent born at
time s is

A& —A ~ Oy
%Wm + —s W (36)

Tst =

The optimal portfolio has two components. The sign of the first one is determined by the
relative disagreement between the agent and the “market view” scaled by the variance of the
risky asset. To understand the second component, it is useful to look at the optimal exposure
of total wealth to the Brownian motion, which is W&ﬂs,t = VAVSJ (ay + Agp — At). All agents
have intrinsic exposure to the shock through their endowment given by oy H,;. The optimal
portfolio allocation to the risky asset adjusts for the difference between the optimal exposure,
Ws,t (O'Y +Agt — At), and the intrinsic exposure, oy H,, taking into account that the local

volatility of the risky asset in general differs from the volatility of endowments.
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It is of interest to inspect the optimal portfolio allocation of a new born agent

A
g (37)

Ts,s = S ,

From Equation (37), we see that the optimal portfolio for a new born depends exclusively on
the relative disagreement in the market since the agent is born with the correct prior about
the expected aggregate endowment growth. Further, the dollar amount that he invests in the
stock market depends exclusively on his endowment since financial wealth at birth is zero.
In the case where disagreement between the market view coincides with the actual growth
rate, the portfolio allocation is trivially zero. If the market is more optimistic (pessimistic)
than the actual growth rate fi; > py (fiy < py), then the newborn will short (go long in) the

risky asset.

3 Numerical Illustrations

To strengthen the intuition for our results, we simulate an economy populated by a large
number of cohorts where one cohort is born every period. One period in the simulation
represents one month. After 6000 burn-in periods, we obtain an economy with 6000 cohorts.
We use the final values from the burn-in simulation as starting values for simulating this
economy forward for another 1200 periods. We generate data from 10, 000 simulations, each
with 1200 periods or 100 years.

In the numerical illustrations, we use the following parameter values: We follow Garleanu
and Panageas (2015) and set the time discount factor, p, at 0.1% and the birth and death
intensity, v, at 2%. The drift, uy, and volatility, oy, of aggregate endowment are set to 2%
and 3.3%, respectively, which is consistent with the long sample in Campbell and Cochrane
(1999). Prior variance of the expected aggregate endowment growth, V, is 0.012. The
diffusion term for the risky asset, 0, equals 15%. With these values, the average risk-free

rate and expected return on the risky asset are 2.00% and 2.50%, respectively.
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Proposition 6 shows that under the true probability measure the risk-free rate increases
after a positive shock while the market price of risk decreases. As o° > oy, the expected
return on the risky asset is decreasing after a positive shock.” However, the objective proba-
bility measure will, in general, be different from the probability measure of individual agents.
Specifically, young agents revise their expectations about the expected growth of endowment
much more aggressively than older agents. Under the objective measure, the expected en-
dowment growth is constant. This has implications for how agents with different experience
perceive shocks to their endowment, and, hence shocks to the risky asset. Specifically, the
expected return under the true probability measure is py = r; + 00y — %A, while for an
agent born at time s it is

My, = Tt ooy — O'SAE +0% Ay (38)

)

TV
Expected return under the true measure

We have that A, ; and A; increase after positive shocks to endowment. As A, ; has a positive
sign and As,t has a negative sign in the perceived expected return, the true and perceived
expected return can be negatively correlated. Especially for young agents, for which A,
reacts strongly to shocks, the true and perceived expected return on the risky asset move
in opposite directions. When agents accumulate experience, the variance of the estimation
error, Ay, declines and eventually the true and the perceived expected return correlate
positively. To illustrate this, we plot the correlation between the objective expected return,
pf, and the perceived expected return, ,ui ;» by cohort age in Figure 1. The figure shows
that the correlation is strongly negative with a value of —0.8 for young agents, from where
it increases monotonically in age. As the expected return under the true measure decreases
after positive shocks to endowment, Figure 1 shows that for young and inexperienced agents
the perceived expected return increases after positive shocks. This implies that young agents

form expectations that mimics return extrapolation.®

"The expected excess return is always decreasing after positive shocks.
8We discuss return extrapolation in more detail in Section 5.
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Figure 1: Objective and Perceived Returns. The figure plots the correlation between the expected
return under the objective measure and the perceived expected return by cohort lifespan. Each observation
is calculated using a window of 60 non-overlapping observations (5 years). The figure is averaged from 10, 000
simulations with 1200 periods or 100 years per simulation.
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Our results regarding perceived expected returns provide a direct view at optimal port-
folio allocations. A positive shock to the stock market increases young agents expectations
about the future stock market return. In turn, their demand for the risky asset increases.
Old agents reduce their expectations about expected stock market relative to the young
and, coherently, they, therefore, reduce their portfolio holdings in the risky asset. Figure
2, which shows the correlation between portfolio allocations and stock market shocks by
cohort age, confirms this intuition. The correlation increases during the first years and then
declines monotonically over time reaching —1 in ripe old age. The reason for the correlation
to approach —1 in the long run can be understood from considering the general equilibrium
properties of the model. For the market to clear, old agents counter-balance the portfolio
allocations of the young. Specifically, consider the optimal portfolio allocation for an agent

as shown in Equation (8). Using the definitions of A; and A, we express the optimal port-

folio as 7y, = %W&t + 25 W, from which we see that the portfolio allocation is driven
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by the difference between the agents’ and the market view, fi5; — fi;. Following a positive
shock to the stock market, dz; > 0, the young revise their expectations about aggregate
consumption growth more than the revision in the market view, since Var(jis,) > Var(fy).
Hence, the young increase their allocation in the risky asset. Old agents revise their expecta-
tions less than the market view, since Var(fis+) < Var(ji;). Therefore, they counter-balance
the behavior of the young by reducing their demand for the risky asset, thereby the market

clears.

Figure 2: Portfolios and Shocks. The figure plots the correlation between portfolio allocations and
stock market shocks by cohort lifespan. Each observation is calculated using a window of 60 non-overlapping
observations (5 years). The figure is averaged from 10,000 simulations with 1200 periods or 100 years per
simulation.
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The model with learning from experience can shed light on several stylized features of
survey data. Specifically, we can conduct a survey in the model and calculate the mean

forecast. We define the average belief or survey forecast in the economy as

t
[Lts:/ z/e”’(tfs)uf’tds. (39)

—00
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Figure 3 shows a typical simulated path of the true expected return, 7, and the survey
forecast, 1. First, the true expected return is more volatile than the average belief. The
unconditional standard deviation of the true expected return is 1.2% while it is only 0.3% for
the survey forecast.” This finding is consistent with Piazzesi, Salomao, and Schneider (2015),
who find that statistical measures of the bond risk premium are more volatile than the bond
risk premium measured from survey data. Second, Piazzesi, Salomao, and Schneider (2015)
also find that while statistical measures of the bond risk premium are countercyclical, survey
measures of the bond risk premium are not very cyclical. This is also consistent with Figure
3, where the true expected return is negatively correlated with the survey measure of the
expected return.'® In addition, Greenwood and Shleifer (2014) show that average beliefs
from survey measures are negatively correlated with future realized returns. Hence, when
the average belief about future returns are high, on average realized returns tend to be low.
The model with learning from experience is also consistent with this negative correlation.
To formally test the relation in the model, we follow Greenwood and Shleifer (2014) and use
the survey forecast to predict future returns. Indeed, Table 1 shows that the survey forecast

predicts returns with a negative sign.

Table 1: Average Belief and Future Realized Returns. The table shows coefficient estimate from a
regression of future realized returns on the average expected returns: Ry 1 = a + biif + esy1. The regression
uses data from 10,000 simulations with 1200 periods (monthly observations) or 100 years per simulation.
The table reports the average coefficients and t-statistics across the 10,000 sample paths.

ﬂf —1.50
[—5.68]
constant 0.06
[10.07]

The intuition for this result is that the actual expected return is driven by the con-
sumption share weighted average belief and not the average belief, 4. Thus, the average

belief puts too much weight on the young and inexperienced agents with low wealth. Be-

9Unconditional moments are calculated as the average values across the 10,000 paths of 100 years of
monthly observations.

10The unconditional correlation between the true expected return and the average belief about the expected
return is —0.32.
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Figure 3: True FExpected Return versus Mean Forecast from Survey. The figure shows a repre-
sentative path of the true expected return, u#, and the survey measure, jif, with 1200 periods (monthly
observations) or 100 years.

50
vvvvv

cause young agents perceive high future returns after a series of positive shocks to the stock
market, the survey forecast reflects their view and, therefore, predicts future returns with a
negative sign.

Above we investigate the way young individuals make mistakes in estimating expected
returns by comparing the perceived expected returns with the objective expected returns.
Figure 4 shows how such estimation mistakes affect expected log consumption growth dy-
namics. In the top plot, we see that cohort specific expected log consumption growth falls
for young agents but steadily increases as agents learn and age. When young, any shock
induces a large revision in estimates for growth as well as large revisions to portfolios. Be-
cause the young trade with experienced agents, their consumptions growth is low. Figure
4 shows that the economic cost of learning from experience are potentially large as losses
accumulate during the early phases of life and that only after an extended time of learning
will an agent’s consumption growth catch up. One measure of the welfare cost is to calculate
the expected lifetime utility of an agent that is learning from experience using the true prob-
ability measure. For the baseline parameters, the welfare cost of learning from experience

amounts to 72% of the welfare cost of aggregate fluctuations in endowments. While the
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welfare costs of fluctuations in aggregate endowments are independent of the time discount
factor, the welfare cost of learning from experience is not. If the time discount factor is
increased from p = 0.001 to p = 0.02, then the welfare cost of learning from experience is
2.75 times as high as the welfare cost of aggregate fluctuations.!* The bottom plot of Figure
4 shows that cohort specific consumption volatility also falls for young agents and steadily
increases as agents learn and age. However, cohort consumption volatility at all ages is

always significantly above the aggregate consumption volatility of 3.3%.

Figure 4: Cohort Specific Consumption Growth and Volatility. The figure plots the drift term
of log consumption under the objective measure and the volatility of consumption by cohort lifespan. The
figure is averaged from 10,000 simulations with 1200 periods or 100 years per simulation.
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When agents learn from experience, large positive or negative realizations of aggregate
endowment growth impact the belief of the young strongly. A natural question is whether
a large negative or positive shocks to endowment growth has a lasting effect on the beliefs
of the young. Malmendier and Nagel (2011) show that empirically this is indeed the case as
the effect will fade away only after 30 years. Similarly, Kniipfer, Rantapuska, and Sarviméki

(2014) show that labor market shocks can permanently reduce the willingness to invest in

1We assume that young agents start with the correct prior about jy. This assumption reduces the welfare
cost of learning from experience as young agents are initially correct.
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risky assets.'? To understand how particularly good or bad consumption trajectories in the
model affect perceived expected returns, we sort on average consumption growth during the
first 5 years after the 6000 burn-in periods. We define the top 5% and bottom 5% average
consumption growth sample paths as good and bad times, respectively. Figure 5 shows the
objective and the perceived expected returns in good and bad times. We see that in good
(bad) times the objective expected return declines (increases) over the consumption boom
(depressed) period but gradually increases (declines) back to the unconditional expected
return of roughly 2.5%. In contrast, in good (bad) times the perceived expected return
remains significantly above (below) the unconditional expected return even after 100 years
and after 30 years only half of the effect fades away. Therefore, the model is consistent
with the empirical evidence on how significant experiences can be a source of persistent
disagreement. Figure 6 shows the portfolio policies in good and bad times. One can see
that large negative or positive realizations early on in life have a long lasting impact on the

optimal portfolio choice of agents.

Figure 5: Objective and Perceived Returns in Good and Bad Times. The figure plots the objective
expected return, 7, and the perceived expected return, ui +, by cohort age in good and bad times. Good
(bad) times are defined as the top (bottom) 5% average consumption growth during the first 5 years after
the 6000 burn-in periods. Each observation is calculated using a window of 60 non-overlapping observations
(5 years). The figure is averaged from 10,000 simulations with 1200 periods or 100 years per simulation.
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12Perhaps the first paper that theoretically considers the idea that a persistent shock such as the Great
Depression might lead to significant and persistent, but not constant, pessimism and through that drive up
the risk premium is Cogley and Sargent (2008). They, however, do not consider an overlapping generations
model setting hence expectations converge to rational expectations.
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Figure 6: Portfolio Policies in Good and Bad Times. The figure plots the portfolio policy, 75+, by
cohort age in good and bad times. Good (bad) times are defined as the top (bottom) 5% average consumption
growth during the first 5 years after the 6000 burn-in periods. Each observation is calculated using a window
of 60 non-overlapping observations (5 years). The figure is averaged from 10,000 simulations with 1200
periods or 100 years per simulation.
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4 Extensions

4.1 Within-Cohort Heterogeneity

In the model in Section 2, we assume that all agents within a cohort are identical. One
question that naturally arises is how robust the results are to within cohort heterogeneity.
Therefore, in this subsection, we extend the baseline model to allow for heterogeneity in
beliefs within cohorts. We assume that in every period there is a distribution of initial
beliefs. We index agent types by a and assume that agents within a cohort are distributed
following a generic distribution g(a) defined over the domain |[a, a|, such that f; g(a)da = 1.
An agent of type a has a prior mean and variance given by fi, s and V, s, respectively.
Here, we do allow the prior mean and variance to potentially depend on the time when the

agent is born. Given the prior mean and variance, we calculate the estimation error, A, g,
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using standard filtering. The next proposition states the estimation error.

Proposition 9. The estimation error at time t of an agent of type a born at time s is

Va,s,s (Zt - Zs)

Oy N

Aa st — a,s,s . 40
T2 4 Vs (t—5) (lasis = piv) + 0% 4+ Voss(t—9) (40)

Moreover, we have that A, s 5 = % and lim; o0 Ay = 0.

The dynamics of the disagreement process is
dna,s,t = Aa,s,tna,s,td'zt- (41)
An agent of type a born at time s maximizes

B | [ 0 o (o) ] (12)

where the expectation is taken with respect to the belief of an agent of type a born at time s.
The equilibrium can be solved using the same approach as in Section 2. The next proposition

characterizes the equilibrium real short rate and market price of risk.

Proposition 10. In equilibrium, the real short rate is

re=p+py — oy +oyAy, (43)
and the market price of risk is
0, = oy — A, (44)
where
t a
A; - / / fa,s,tAa,s,tdadsa (45)
and

XS a,s
fast = ve " "g(a) (Z) (%) ’ (46)
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with X; solving the integral equation

t a
Xt — / Ve_(p+V)(t_S)XS (/ g(a)mda) ds (47)
—0c0 a Na,s,s

From Proposition 10, we see that the real short rate and market price of risk take similar
forms as in the baseline model in Section 2. In the next two subsections, we discuss two
specific examples of within-cohort heterogeneity. In the first example, we assume that the
distribution of initial prior beliefs about the mean is Gaussian. In the second example, we
let a fraction of the population learn from all historical data and, hence, these agents know

the true mean instantaneously.

4.1.1 Gaussian Type Distribution

In this subsection, we follow Atmaz (2015) and specify the distribution function, g(a), to be

Gaussian, that is

N

a

" (18)

a) = e )
g(a) o

with mean zero and variance 3.3 The belief of an agent of type a when born is fi, ¢ s = py +a.

D=

Agents are homogeneous with respect to the prior variance, which is given by v. As the bias
parameter a has mean zero, the average agent is born with the correct prior for the mean.

By standard filtering, the error process at time ¢ of an agent born at time s with initial belief

a is
oy U (2 — zs)
JAVIRE . 49
@t cr%—i—@(t—s)a—i_a%—kﬂ(t—s) (49)
The dynamics of the disagreement process is
dna,s,t = ns,a,tAs,a,tdzt- (50)

13 Atmaz (2015) derives equilibrium with a continuum of agents differing in their beliefs. His agents are
infinitely lived however, so there are no generation specific beliefs.
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By aggregating total consumption within a cohort born at time s, we have

Cst = / Ca,s,tda = / g(a)}/se—p(t—s) na,s,t éda

e’} —00 na,s,s St
= Y;e_p(t_s)%/ g(a)%da. (51)

From Equation (51), we see that the only term that differs between the agent types born at
time s is the disagreement process. Define the aggregate disagreement process for the cohort

born at time s as

ﬁs,t:/ g(a)Mda. (52)

o0 Na,s,s

By following the same approach as in Atmaz (2015), one can show that
dnsie = Agimsdzy, (53)

where

(D) (& 2)
As’t_a?,+(17+2)(t—s)’

(54)

Equation (54) has the same form as in the base case in Proposition 1 with V = o + X.
Hence, we can interpret the base case model as a model with heterogeneous initial beliefs
that are normally distributed with zero bias on average. Here, the dynamics of the cohort
specific belief behave similar to the base case even without learning, i.e., when v = 0. In
this case, V = ¥; thus, it only depends on the within cohort cross-sectional heterogeneity.
Consequently, the convergence of the cohort specific belief does not occur because of learning,
but due to market selection. Agents that start with a relatively more correct initial belief
have a higher consumption growth and eventually dominate the cohort. However, when
3> > 0 and v = 0, the individual agents do not change their beliefs and, therefore, a simple
average of the beliefs in the economy is constant. This contrasts with the case when v > 0

since the beliefs of individual agents do change over time in the baseline model in Section 2.
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4.1.2 Introducing Rational Learners

Assuming that only a fraction a € [0, 1] of a cohort exclusively learn form realizations of the
endowment during their own life yields another form of within-cohort heterogeneity. The re-
maining agents in the cohort use all past historical information and, therefore, know the true
expected growth rate of the endowment. For the agents who learn from experience, the dy-
namics of the disagreement process, 7, ¢, is same as in the baseline case in Section 2. For the
agents who know the true expected growth rate the disagreement process, 17;_,s, is equal to
one for all states and times. Hence, we have X; = ffoo ve~ (PHV)(t=s) X (azz—t + (1 — a)) ds
with CZZ“—;: = A, dz and A, as in Proposition 1.

Figure 7 shows the correlation between the expected return as perceived by an agent
of a particular age that is learning from experience and the true expected return for four
economies with different fractions of agents who learn from experience. We see that as the
fraction of the population that learns from experience is reduced, the older the agents who
learn from experience have to be before the correlation between their perceived expected
return and the true expected return is positive. This can be understood by comparing the

market price of risk of an agent that is learning from experience with that of the true market

price of risk

t
A XS a,s
Ht = Oy — At =0y — a/ Ve_(P+V)(t—S)_77 ,8,t dS’
—0o Xt Na,s,s

ea,s,t = Oy — A; + As,t- (55)

Here, A; and A;, are positively correlated and, therefore, the perceived expected return is
only positively correlated with the true expected return if A,, is sufficiently small relative
to A;. However, A, is increasing in the fraction of agents that are learning from experience.
Hence, if the fraction of the population who learn from experience is small, then A;; has to
be smaller for the correlation to be positive or the agents have to learn for a longer period

of time.
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Figure 7: Objective and Perceived Returns. The figure plots the correlation between the expected
return under the objective measure and the perceived expected return of the agents that are learning from
experience as a function of lifespan. Each observation is calculated using a window of 60 non-overlapping
observations (5 years). The fraction of each cohort that is learning from experience is a = (1,0.75,0.5,0.25).
The figure is averaged from 10,000 simulations with 6000 periods or 500 years per simulation.
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4.2 Multiple Risky Assets

In the model in Section 2, there is only one source of risk. Agents observe the endowment
process and from that learn about the expected growth rate. Malmendier and Nagel (2011)
show that individuals who experience high stock market returns invest more in the stock
market, but do not alter their bond portfolios. Conversely, investors who experience high
bond market returns invest more in bonds, but do not change their investment in stocks.
Hence, the experienced return is asset specific. In this subsection, we extend the baseline
model to two risky assets to show that a model with learning from experience is consistent
with an asset specific learning from experience. Rather than setting up the multi-asset model
in full generality, we focus on two sources of risk: endowment risk and inflation risk. We
do this for two reasons. First, Malmendier and Nagel (2014) show using survey data that
consumers exhibit learning from experience behavior when forecasting inflation. Second,

focusing on learning from inflation allows for the interpretation of the second risky asset as
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a nominal bond or some other asset for which inflation is an important driver of returns.
We follow Xiong and Yan (2010) and Ehling, Gallmeyer, Heyerdahl-Larsen, and Illeditsch
(2015) and assume that inflation is exogenous and independent of aggregate endowment.
Specifically, we keep the same structure as in Section 2, but in addition to learning about
the expected growth rate of endowment agents also learn about the expected inflation. We

model the price level as

dlly =TI, (pndt + ondz') . (56)

Since agents do not know the expected inflation, uy, they learn about it from observing the
price level, II;, during their own life. As endowments and the price level are independent,
the learning about the endowment growth can be separated from the learning about the
expected inflation. To simplify, agents start with the correct value for the prior mean and
the prior variance about inflation is V4;. The error process for the expected endowment
growth, A, is given in Proposition 1. The error process for expected inflation at time ¢ for
a cohort born at time s is
I Vi (2t — 2s)

Al — i . 57
ST o Vi (t—s) (57)

Similar to Proposition 1, we have that A}!, = 0 and lim;_,oc All, = 0. The relation between
the true Brownian motion and the perceived Brownian motion is dzj!, = dz' — All,dt. The

disagreement process, 7+, decomposes into two parts

Nst = nzmgt, (58)

where dn), = Agn),dz and dn}, = Al dz.
In addition to the asset specified in Section 2, the agents trade a risky asset in zero net
supply with price P; that is locally perfectly correlated with the shock to inflation. We refer

to this asset as the long-term bond. The dynamics of it is

dp;

B (ufdt +o"dz)") = (,uitdt + Jszgt) . (59)
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The equilibrium is similarly to the equilibrium in Section 2 and that the real short rate
has the exact same form as in the case with only endowment risk. However, there are now
two priced sources of risk in the economy. The market prices of endowment shocks, 6;, and

inflation shocks, 01! are

et = O-Y_Ah

ol = —AIl (60)

where A; has the same form as in Equation (29) and Al = ffoo fsvtAEtds. Let Wit and
wi , be the dollar amount invested in the risky assets correlated with endowment shocks and

inflation shocks, respectively. The next proposition characterizes the optimal portfolio.

Proposition 11. The optimal dollar amount invested in the risky assets for an agent born

at time s are

JANPRS W o
S s,t t Y
m = —Wst + _Wst
s,t O_S’ ) O_S Uy
II A IT
o AL-ATS
— T p  VVsgt-
s,t 0_p

To examine the case with two risky assets, we reuse the parameters from the baseline
model. For the risky bond, we assume that the volatility, op, is 5%. We simulate two sets
of paths. In the first set, we draw 200,000 five year paths for the endowment shocks, dz.
Next, we pick the 10,000 worst realizations for the Brownian motion after five years. We
call this set of paths depressed stock market. For the second set of paths, we draw the
shocks to inflation rather than endowment. We refer to these paths as high inflation period
or depressed bond market. Figure 8 shows the expectation of the stock market and bond
market (top plots) and portfolio positions in the stock and the bond (bottom plots) for an
agent born just before the bad realizations. The left plots show the depressed stock market

and the right plots show the depressed bond market. We see from the plot that portfolio
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positions and expectations are asset specific, i.e., an agent who experiences a depressed stock
market shorts the stock, but does not change the position in the bond relative to an agent

who does not experience a depressed stock market.

Figure 8: Expected Returns and Portfolio Policies in Depressed Markets. The figure plots the
perceived expected stock market return, ui +, and expected bond market return, ,ui ¢, (top plots) and the
portfolio position in the stock, 7rf’ . and the bond, 7r§ +» (bottom plots) by cohort age in a depressed stock
market (left-hand plots) and a depressed bond market (right-hand side). A depressed (stock and bond)
market is defined as the bottom 5% realizations of the shocks during the first 5 years after the 6000 burn-in
periods. Each observation is calculated using a window of 60 non-overlapping observations (5 years). The

figure is averaged from 10,000 simulations with 1200 periods or 100 years per simulation.
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5 Discussion

In this section, we discuss some of the key features of the model and compare it to related

models.

5.1 Model Assumptions

Since we assume a continuum of agents with different beliefs, one has to condition on the
whole trajectory of past shocks (and beliefs) to solve for the equilibrium. The key assump-
tions ensuring the tractability of the model are: 1) homogeneous endowments across cohorts,

2) log utility, and 3) that risky assets are in zero net supply. We now discuss the role for each
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of these assumptions. First, since endowment is homogeneous across all agents, regardless
of when they were born, the model rules out life-cycle profiles for the endowment process.
Because markets are complete, homogeneous endowments imply that agents smooth their
lifetime earnings across time and states. Importantly, homogeneous endowment has, when
combined with log utility and a risky asset in zero net supply, the property that an agent is
born with the same wealth as the total wealth in the economy. In fact, the present value of
the endowment stream is the same for every agent. The only source of heterogeneity comes
from the financial wealth, which by assumption is zero in the aggregate. Second, we assume
that agents have log utility, which has the desired property that the propensity to consume
out of wealth is constant. By imposing market clearing, this implies that the total wealth is
proportional to the total endowment in the economy. This is also where the third assumption
plays a crucial role. Because the risky asset is in zero net supply, the total wealth is simply
the value of total endowment that agents are born with. Therefore, all the three assumptions

are required for a tractable solution of the model economy.

5.2 Asset Structure

The assumption that the risky asset is in zero net supply is crucial for the solution of
the model. While this is a restrictive assumption, its equilibrium implications are limited.
Importantly, the discount factor does not depend on the particular form of the risky asset,
as long as it completes the market. For the risky asset, we fix the diffusion coefficient
exogenously and solve for the expected return. This is the same approach as in Basak
(2000) in a heterogeneous belief setting and Karatzas, Lehoczky, and Shreve (1994) in a
general multi-agent setting with homogeneous beliefs. Since the volatility is constant, the
risk premium varies only due to variations in the market price of risk. An alternative
approach, used in Duffie and Huang (1985), is to price an exogenously defined dividend
stream, while still maintaining the assumption that the asset is in zero net supply. In this

case, the stock price diffusion coefficient is determined endogenously. Hence, one must verify
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that the resulting stock price dynamics completes the market, which, in general, is very
difficult to perform without closed form solutions.'* One particular simple case is to assume
that the dividend stream is proportional to the total endowment, Y;. The price of this asset

is a%, where « is the proportionality factor; its dynamics are

dG; = dS; + aYydt = Sy (ppdt + 0°dz) | (61)

where o°

= oy. For this case, we see that the asset price has the same dynamics as in our
model with ¢ = oy. Yet, in our setting we allow the risky asset to be more volatile than
the endowment, which is consistent with the data. Another alternative, in the spirit of Abel
(1999), is to assume that the risky asset is a claim to Y;*, where « is the leverage factor. The
drawback of using the leverage factor is that there does not exist any closed form solution
for the value of the claim in our setting. To calculate the expected return, one has to solve
for the diffusion coefficient, o7. Applying Malliavin calculus, we see that the expression for

S.
oy is

O'S = oy + Et |:ftoo 5U}/ua (ftu DtAsts - j;u ASDtASdS) du}
' B, [ &,Yodu] )

(62)

where in the above D;A, denotes the Malliavin derivative of A, with s > ¢. Here, unlike in

our case, the volatility of the risky asset is endogenously stochastic.

5.3 Return Extrapolation

In our model, agents learn about uy by observing the endowment, Y;. When an agent
observes a shock to endowment that exceeds his expectation, the agent revise the expectation
upwards. The behavior of agents and the resulting asset prices are such that the equilibrium

appears as if agents are return extrapolating.'® To see this, define the instantaneous return

4For conditions for the financial market to be complete see Anderson and Raimondo (2008) and Hugonnier,
Malamud, and Trubowitz (2010) in a single good setting and Ehling and Heyerdahl-Larsen (2015) in a
multiple good setting.

15For an equilibrium model where return extrapolators coexist with rational agents see Barberis, Green-
wood, Jin, and Shleifer (2015).
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under the true probability measure as

ds
dR; = ?t = pidt + o%dz,. (63)
t

Agents agree on the realized return, but disagree about its decomposition. For instance, the

perceived return of a cohort born at time s is
dRy = 5, dt + 0°dzg,. (64)

The expected return as perceived by cohort s is

1 t
B AR =3, = i+ 5t =) [ (@R B (dR.)), (65)
where (3 (t —s) = % From Equation (65), we see that the return perceived by the

cohort born at time s equates with the true expected return plus a term that depends on past
returns relative to the true expected returns. Hence, whenever the actual return on the risky
asset exceeds the true expectation, agents revise their expectations upwards. Effectively, they
extrapolate returns. The strength of the return extrapolation is determined by f (t — s).
This term decreases when an agent ages; in the limit, it declines to zero. Consequently,
young agents exhibit stronger return extrapolation than older, more experienced, agents. It

is useful to express the true expected return in terms of past return surprises through

WA= o) [ na(s0-9) [ @h-Ba@r))as (69

where A = p+ puy — 0% + oyc®. For 0° > oy, we see that the true expected return depends
negatively on the consumption share weighted average return extrapolation of the agents in

the economy.'® The negative dependance of the expected return on past return surprises

16Tn Section 3, we set 0° = 15% and oy = 2%. This is to reflect that stock returns are more volatile than
fundamentals. If instead we focus on excess returns, the expected excess return always depends negatively
on the consumption share weighted average return extrapolation.
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captures the fact that the Sharpe ratio is high in bad times. In our model, all agents
extrapolate returns relative to the true expected return. However, the total adjustment
after a positive return surprise is negative for old agents. This follows from the fact that old
agents have a lower sensitivity to past return surprises than the consumption share weighted
average. Hence, after a negative return surprise the old agents revise their expectations
upwards. In contrast, younger agents revise their expectations downwards after negative
return surprises. Therefore, their expectation is negatively correlated with the true expected

return.

5.4 Stationarity

In models where infinitely lived agents agree to disagree, except for knife edged cases, one
class of agents takes over in the long run.!” In our model, since agents have finite life,
consumption shares are not degenerate in the long-run. Still, market selection is at work
because young agents with less precise beliefs lose out to older more experienced agents on
average. Nevertheless, no cohort ever completely dominates the economy because new agents

are constantly born and old agents die.

5.5 Learning versus Learning from Experience

Finally, we contrast our learning from experience channel to that of an infinitely lived repre-
sentative agent who learns about the growth rate of aggregate consumption. The expressions
for the risk free rate and the market price of risk in Proposition 5 are quite general. For
instance, in a model with CRRA preferences where there is a difference between the be-
lief of the representative agent (captured by the “market view” in our economy) and the
econometrician, there is a wedge as captured by A. However, the A dynamics differ. In a

representative agent setting, the wedge converges to zero. Such a convergence does not occur

17See, for instance, Blume and Easley (1992), Sandroni (2000), Kogan, Ross, and Westerfield (2006), and
Yan (2008).
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in our setting because old agents die and new agents are born. Hence, the dynamics of the
stochastic discount factor substantially differ from that of a representative agent who learns
about the expected growth rate. This difference drives the predictability of excess returns.
Our model replicates the negative correlation between the average belief and actual realiza-
tions of excess returns in the future. In an economy with an infinitely lived representative
agent, there is no predictability. To demonstrate this, we inspect the market price of risk as

perceived by the representative agent

0, = yoy. (67)

Indeed, Equation (67) shows that under the belief of the representative agent there is no
predictability of excess returns. Therefore, in contrast to our economy with learning from
experience, a representative agent economy cannot rationalize the negative relation between
expected excess returns and realized excess returns, as documented empirically. Further,
there is no correlation between past excess returns and the beliefs of the representative
agent. Although the representative agent is extrapolating from fundamentals in the standard
learning model, this does not translate into extrapolation from excess returns, as documented
in the empirical literature. In our OLG economy with learning from experience, young agents
extrapolate from returns. However, this is an equilibrium outcome stemming entirely from
the interaction of young agents with old agents, due to heterogeneous beliefs, and does not

arise through the extrapolation from fundamentals.

6 Conclusions

We make a modest departure from rational expectations concerning how young agents learn
from data: First, to isolate the influence of experience, we assume that all agents share the
true prior about consumption growth. Second, agents are unsure about their estimate for

growth and not all data is used for learning about consumption growth. Therefore, early
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on in life new data can have a large impact on expectations. Hence, the young are more
likely to be overly optimistic or pessimistic than the old and experienced. Specifically, these
two assumptions imply in an overlapping generations economy with optimal learning, given
beliefs, that old agents have more precise estimates than younger agents and their beliefs
react less to news, the young act as trend chasers, wealth shifts from young to old, the
market price of risk is countercyclical and the risk-free rate of return is procyclical, the
average belief about the stock return is negatively correlated with and less volatile than
the actual expected return, and experiencing especially bad outcomes when young leads to
significant and persistent disagreement in the economy and to a persistent tilt in portfolio

weights.

A Proofs of Propositions

A.1 Proof of Proposition 1

Following standard filtering theory, Liptser and Shiryaev (1974a,b), the dynamics of the
expected consumption growth as perceived by an agent born at time s are given by Equation

(8). Defining the disagreement process as

~

Ay, = M7 (68)

Oy
and applying Ito’s lemma to it, we have

1%

dAg; = — —
* o2+ V (t—s)

A, dt +

7
_ dz:. 69
02 4+ V(t—2s) “ (69)

The solution to this stochastic differential equation is found by applying Ito’s lemma to

V (2 — 24)
Agy = = , 70
o2 4V (t—s) (70)
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which, then, yields the desired result. By the strong law of large numbers, we have that

limt_m% — 0, (71)

and hence lim_,ooAg; = 0.

A.2 Proof of Proposition 2

We solve for equilibrium using the martingale method, Cox and Huang (1989). An agent

born at time s solves the following static optimization problem

Cs

maxF {/ e (PE=9) g (cst) dt}

s.t.

Es,s |:/ ey(tS)gs,tcs,tdt:| = Es,s |:/ ey(tS)gs,tys,tdt:| .

From the first order conditions (FOCs), we have

)

- /{se_y(t_S)gs,tu (72)
Cs,t

where ks denotes the Lagrange multiplier. Note that for s <t the FOCs imply

(40 (3) (%) _ eritmnbse (73)
Cst Ssvt
Rearranging leads to
Cst = Cs,se_p(t_s)%' (74>

gs,t
Using FEquation (23) and the Radon-Nikodym derivative to move from the probability measure

of an agent born at time s to the actual probability measure, we get the optimal consumption
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at time t of an agent born at time s < t

Cot = yse—(/ﬂrv)(t—s)@§’ (75)
775,5 gt
where
&
p = ——. 76
1 ! fs,t ( )

A.3 Proof of Proposition 3

The expression for the equilibrium stochastic discount factor is obtained taking the market
clearing condition for the goods market, Equation (15), and plugging the optimal consumption

at time t of an agent born at time s, Equation (24), into it. The resulting expression is

¢ 63 77st
—00 t ns,s
Then, defining
t
X, = / ye‘(”“)(t_s)Ysgs@ds, (78)

and rearranging Equation (77) leads to

1 /[t i
& —/ ve (PHo)t=o)y ¢ Tt g (79)

Y;f —00 5,8

Substituting into the integrand above the expression X, = Y & yields the result.

A.4 Proof of Proposition 4

To prove Proposition 4, we start by obtaining the dynamics of X;. Applying Ito’s lemma to

Equation (26), we have

dX t Xs d S A
Ttt = —pdt + / Ve—(P‘FV)(t_S)Z%dS = —pdt + Atdzt (80)
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where

t
At = / fs,tAs,tdsa (81)

and where

Voo (1) (2)
v(t—s) A L AT W B R P )
Xt ns,s Y;t’

fs,t = re

which represents the share of aggregate output at time t that accrues to agents born at time s.

X, has dynamics satisfying the above stochastic differential equation with well-known analytic

solution
t A2 t A
— =5 )ds Agdzg
Xt _ X[)e Jo (p+ 2 ) +Jo ) (83)
Assuming that Xo = 1, the expression for X; can be written as
Xt == €_pt77t, (84)
where
7y = e Jo Addst g Asdzs (85)
Applying Ito’s lemma to (85) gives the dynamics of i,
dT_]t = Atﬁtdzt. (86)

Equations (84) and (86) yield the required results.

A.5 Proof of Proposition 5

From the expression of the equilibrium stochastic discount factor in Equation (25), we have

f= 3 (87)
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Using Equation (84), the stochastic discount factor can be decomposed in the following way

& =N~ (88)
Then, by applying Ito’s lemma to Equation (88), we have
de = d (7S 89
= (mTt) : (89)
Using Equations (2) and (86), we get

d (ntipt> = (m%t) [(—=p — py + 0% —oyAy) dt — (oy — A) dz). (90)

Matching the drift and diffusion terms of the state price density, Equation (9), with Equation
(90), we obtain

Ty =p+ py — oy + oyl (91)

and

Qt =0y — At. (92)

These are the equilibrium real short rate and market price of risk, respectively.

A.6 Proof of Proposition 6

To prove Proposition 6, we need to compute the dynamics of ;. Applying Ito’s lemma to
Equation (29) gives

_0A, 9A, A, 1 9A, 1 9A,

dA;, = —dfg i+ ——dAg+ ————— (df s, dA, ——— (df*)+=
0= o Mot g, st g o, Wb T35 () 550

(dAZ) - (93)
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Thus, to evaluate Equation (93), we need the dynamics of fs; and As;. From Equation (29),

using Ito’s lemma, we obtain
dfs,t = fs,t[(_l/ + A? — AtAs,t) dt + (As,t — At) d,Zt]_ (94)

Nezt, we compute from Equation (3), by making use of the fact that Ay = ‘%, the

following
Vs Vs
Ay = —Dg—2tdt + —3dz. (95)
Oy Oy

Inserting the dynamics of fs; and Ay into Equation (93) and focusing on the diffusion

terms, we get

_ t B t ‘/;
dAt = ... dt + / As,tfs,t (As,t — At) deZt + / fs,t (0-2’75) deZt. (96)
—00 —00 Y

The last term of this equation is intuitive. In case of a positive (negative) shock to aggregate

output, i.e., dzy > 0(< 0), it is always positive (negative). Notice that the first term can be

t
(/ Aitfs,tds — A?) dZt. (97)

o0

written as

It follows from the Jensen’s inequality that

t
< | agas- A) >0, (98)

—00

Thus, the integrand will always be greater or equal to zero, hence, the entire term will be
greater or equal to zero. Consequently, a positive (negative) shock to aggregate output, i.e.,
dz; > 0(<0), causes the consumption share weighted average disagreement in the economy
to increase (decrease), dA; > 0(< 0). This drives up (down) the interest rate and down (up)

the market price of risk. This proves the proposition.
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A.7 Proof of Proposition 7

Applying Ito’s lemma to Equation (24), yields the dynamics for optimal consumption,
desy = cop [(—p+re + 07 + Dg10,) db + (6 4+ Agy) dz] - (99)

Substituting the optimal market price of risk, Equation (33), and real short rate, Equation
(82), into the PDE above, we get

dcs,t = Cst (/Lcs,tdt + O-cs,tdzt) ) (10())

where

Heg e = Ky + (UY - At) (As,t - At) vy Ocsy — Oy + As,t - Ata (101)

which yields the result.

A.8 Proof of Proposition 8

To derive the optimal portfolio allocation at time t for an agent born at time s, we start with

~ 1 o0
Ws,t = _Et |:/ eiy(U7t)€ucs,udu . (102)
3 t
Using
T Csit
Wep = ——, 103
it p _|_ v ( )

substituting in optimal consumption, Equation (24), and after rearranging terms, we have

A

Y = Vi o lit S (104)
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Applying Ito’s lemma to both sides of the above equation and matching the diffusion terms,

leads to

gt (Ws,tUS + Hs,tUY - Ws,t9t> = As,tne_(p+y)(t_s)%fi_—sy- (105)

Rearranging and substituting the terms yields
T510° = Wy (0y — A+ Ayy) — Hy oy (106)

Finally, solving for the optimal portfolio, my,,

Agy— Dy
2, + 2w, (107)
o

Tst =
O'S

yields the result.
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