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Heterogeneous Innovations, Firm Creation and

Destruction, and Asset Prices

Abstract

We study the implications of the creative destruction lifecycle of innovation for asset prices.

We develop a general equilibrium model of endogenous firm creation and destruction where

“incremental” innovations by incumbents and “radical” innovations by entrants drive produc-

tivity improvements. Micro-founded incentives of firms to innovate lead to the joint equilibrium

determination of time-varying economic growth and countercyclical economic uncertainty. The

model matches well the properties of consumption and asset prices in the data as well as novel

stylized facts on the rate of radical innovation in the U.S. economy that we document from

a comprehensive sample of patents over the 1975–2013 period. These findings show that the

interplay between incumbent and entrants that is at the core of the creative destruction pro-

cess, through its effect on the fluctuations of long-run growth and economic uncertainty, is an

important determinant of risk that is priced in financial markets.

JEL Classification: E22; G12; O30; O41
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1 Introduction

Sustained economic growth occurs through the interplay of innovations by established companies

and entering entrepreneurs in the process of creative destruction. A key feature of creative

destruction is the heterogeneity of innovation efforts. Established companies aim to grow their

value by improving their goods and production methods, while entrepreneurs strive to invent new

goods and production methods destroying the value of established companies.1 This dynamic

process brings about new goods and markets, changes in production processes, productivity

improvements, as well as volatility of firms’ valuations. Through the randomness of successes

and failures in innovation, creative destruction leads to the randomness of economic change.

Since the variations in the growth prospects of the economy and the fluctuations of economic

uncertainty are important for explaining the level and time-variation of risk premia,2 studying

creative destruction can help us understand the properties of asset prices.

In this paper we develop a dynamic stochastic general equilibrium model of endogenous firm

creation and destruction, where existing firms (incumbents) enjoy monopoly profits, but face

the threat of being displaced by new firms (entrants). Both incumbents and entrants invest in

R&D, but their innovations are heterogenous. Incumbents’ R&D results in incremental improve-

ments of their existing products and higher profits. Entrants undertake R&D in order to create

radically better products, displace incumbents, and capture their profits. In the competitive

equilibrium of this economy, R&D investments of incumbents and entrants endogenously drive

a small, persistent component in productivity which generates long-run uncertainty about eco-

nomic growth. We use this model to analyze the implications of the presence of heterogeneous

innovations by incumbents and entrants for aggregate asset prices.

At the core of our model is the mechanism through which R&D investments of incumbents

and entrants are jointly determined in equilibrium. When responding to aggregate productivity

shocks, both R&D expenditures adjust in the direction of the shock and therefore incumbents’

and entrants’ R&D expenditures are complementary in equilibrium. The magnitudes of R&D

adjustments in response to shocks depend on the efficiency with which entrants’ and incum-

1Schumpeter (1934, 1942) emphasizes the importance of both creative destruction by new firms and innovations
by large firms for economic growth. When describing the nature of the technological innovation process, Scherer
(1984) and Freeman and Soete (1997) highlight the importance of new ventures for infrequent major advances in
science and technology as well as the dominance of large firms in commercialization and continued development.
See also Anderson and Tushman (1990) and Pennings and Buitendam (1987).

2See, for example, Bansal and Yaron (2004), Bansal, Kiku, and Yaron (2010), and Ai and Kiku (2013).
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bents’ R&D expenditures are converted into innovation success. In equilibrium, the household

allocates total R&D expenditure between incumbents and entrants so that the benefits of the

marginal dollar spent in R&D is the same. The ability to invest in two technologies with het-

erogenous characteristics affects the volatility of aggregate R&D expenditures and therefore that

of expected consumption growth.

We first show that, despite featuring a single aggregate productivity shock, our model en-

dogenously generates time variation in both the level and conditional volatility of expected

consumption growth. The presence of heterogeneous innovations by incumbents and entrants

has two contrasting effects on the overall level of economic uncertainty in the economy. On

the one hand, the complementarity of incumbents’ and entrants’ R&D expenditures induces

a positive correlation between incumbents’ and entrants’ successes and failures in innovation,

which increases economic uncertainty. On the other hand, the heterogeneity in incumbents’

and entrants’ R&D technologies allows the household to achieve better consumption smoothing

in the presence of aggregate productivity shocks, which decreases economic uncertainty. Our

numerical calibrations show that this dual role of innovation heterogeneity is quantitatively im-

portant. The overall level of economic uncertainty in our heterogeneous innovations economy is

higher than in an analogous economy in which only entrants innovate, but it is lower than in

an analogous economy in which only incumbents innovate. The differences in economic uncer-

tainty across these economies lead to corresponding differences in the levels of consumption risk

premia.

Furthermore, when R&D technologies exhibit decreasing marginal productivity, we show

that the conditional volatility of expected consumption growth is higher in recessions and lower

in expansions. The fluctuations in economic uncertainty are therefore countercyclical. Since

time-variations in expected growth and fluctuating economic uncertainty are important deter-

minants of asset prices (Bansal and Yaron (2004)), our structural model thus allows to study

the relationship between the process of creative destruction in the economy and asset prices.

Next, we explore the ability of our model to match novel stylized facts on the process of

creative destruction in the U.S. economy as well as conventional empirical evidence on long-run

economic growth and aggregate asset returns. We collect data on the universe of patents applied

for at the United States Patent and Trademark Office (USPTO) in 1975–2013. Using this data,

we construct an empirical measure of the relative importance of entrants’ radical innovations
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in the economy—the rate of radical innovation—as well as proxies for the innovation intensities

of incumbents and entrants. In the sample period we consider, we find that the rate of radical

innovation is about 11% on average, suggesting that incumbents account for the majority of

technological innovations, as measured by patents, and that their contribution to productivity

growth is large.3 We use the proxies for the innovation intensities of incumbents and entrants

and the structural equation for equilibrium productivity growth from our model to estimate

the magnitudes of incumbents’ and entrants’ innovations. Consistent with Akcigit and Kerr

(2010), who find that large firms engage more in exploitative R&D while small firms pursue

exploratory R&D, we show that, on average, the size of technological innovations by entrants

is about twice as big compared to incumbents. When calibrated to match statistics on the rate

of radical innovation, the innovation intensities of incumbents and entrants, the magnitudes of

incumbents’ and entrants’ innovations, and long-run economic growth, our model can generate

an equity premium as in the data and a low and stable risk-free interest rate.

Last, we generalize our model by introducing an exogenous shock to the barriers to entry in

innovation. We show that such an extension, while preserving the ability of our baseline model

in matching asset pricing moments, is also able to account for the time-series variation and

autocorrelation of the rate of radical innovation and of incumbents’ and entrants’ innovation

intensities observed in the data.

Our paper fits into a growing literature that studies the asset pricing implications of tech-

nological innovation. Using a model with heterogeneous firms, households, and imperfect risk

sharing, Kogan, Papanikolaou, and Stoffman (2013) show that technological innovations embod-

ied in new capital displace existing firms and thus benefit new cohorts of shareholders at the

expense of existing ones. Gârleanu, Kogan, and Panageas (2012) argue that innovation intro-

duces an unhedgeable displacement risk due to lack of intergenerational risk sharing. Gârleanu,

Panageas, and Yu (2012) examine how infrequent technological shocks embodied in new capital

vintages can explain excess return predictability and other stylized cross-sectional return pat-

terns. Pástor and Veronesi (2009) show how technology adoption can explain the rise of stock

3According to U.S. Manufacturing Census data in recent years, annual product creation, by existing firms
and new firms, accounts for 9.3 percent of output, and the lost value from product destruction, by existing and
exiting firms, accounts for 8.8 percent of output. About 70 percent of product creation and destruction occurs
within existing firms (see Bilbiie, Ghironi, and Melitz (2012), Bernard, Redding, and Schott (2010), and Broda
and Weinstein (2010)). Bartelsman and Doms (2000) and Foster, Haltiwanger, and Krizan (2001) show that most
total factor productivity growth comes from existing as opposed to new establishments.
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price bubbles. Greenwood and Jovanovic (1999) and Hobijn and Jovanovic (2001) link the stock

market drop in the 1970s and its rebound in the 1980s to the information technology revolution.

We differ from this literature by embedding aggregate risk into a canonical Schumpeterian

quality ladder growth model.4 The Schumpeterian approach allows us to endogenize the ar-

rival of innovations through R&D investments, which then endogenously determines equilibrium

growth, fluctuation in economic uncertainty, and firm dynamics. Since, in our model, R&D is

performed by both existing firms and entrepreneurs, and R&D investments are motivated by

the prospect of future monopoly rents, we preserve key competitive aspects of the innovation

process in the economy as formalized by the industrial organization literature. Our model thus

provides a structural link between the process of creative destruction, the uncertainty about

economic growth, and asset prices.

Our asset pricing results operate through the long-run risk mechanism of Bansal and Yaron

(2004). Similar to us, Kung and Schmid (2013) study a production economy whose long-term

growth prospects are endogenously determined by R&D. Since our model is based on Schum-

peterian growth and we allow for heterogeneous innovations by incumbents and entrants, we

study how the presence of heterogenous innovations affects the properties of economic uncer-

tainty and asset prices. Loualiche (2013) shows that differential exposure to exogenous shocks to

entrants’ productivity across sectors explains differences in incumbent firms’ expected returns.

While Loualiche (2013) studies competitive threat of entry in product markets, we focus on

competition in innovation among the firms on the technological frontier. Furthermore, in our

model, innovation success of entrants leads to displacement of incumbents, which lowers incum-

bents’ valuations and changes the incentives to invest in R&D of both entrants and incumbents.

This equilibrium feedback between R&D incentives and valuations does not occur in Kung and

Schmid (2013) and Loualiche (2013) as they are based on the expanding product variety model

of Romer (1990). Through this feedback effect, Schumpeterian models can feature high com-

petition and high economic growth, while competition always lowers growth in the expanding

product variety models, which is counterfactual.5 Ai and Kiku (2013) and Ai, Croce, and Li

(2013) develop general equilibrium models with tangible and intangible capital to show that

4Our model follows Acemoglu and Cao (2011) and Klette and Kortum (2004). See also seminal contributions
of Grossman and Helpman (1991) and Aghion and Howitt (1992) to endogenous growth theory. Aghion and
Howitt (1998, 2009) and Acemoglu (2010) provide a summary of this literature.

5See evidence by Nickell (1996) and Blundell, Griffith, and Reenen (1995, 1999).
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growth options are less risky than assets in place. Our model also has two types of capital, but

has no optionality features.

The paper is structured as follows. In Section 2, we describe our model. In Section 3, we

present the qualitative analysis of the model. In Section 4, we quantitatively examine the asset

pricing implications of our model and present model extensions. Section 5 concludes.

2 Model

We develop a Schumpeterian model of growth in which R&D activities are carried out by both

existing firms (incumbents) and new firms (entrants). The innovation process is based on the

model of Acemoglu and Cao (2011) which we embed into a standard macroeconomics setting

with physical capital, aggregate uncertainty, and recursive preferences.6 The economy admits a

representative final good sector firm producing the unique good consumed by an infinitely-lived

representative household. The production of the consumption good requires labor, physical

capital, and a continuum of intermediate goods (inputs). The baseline model features a single

aggregate shock affecting the productivity of the final good sector firm.

Each incumbent is a monopolist in the production of its own input and has access to an

innovation technology that stochastically improves its input’s quality. For each input, there is

an infinite supply of atomistic entrants deploying R&D to radically increase the input’s quality.

Upon success, the entrant displaces the incumbent in the production of the input and captures

its monopoly position. Economic growth arises endogenously and is driven by the speed of

quality improvements of inputs, i.e., by the rate of growth of “technology capital”. The relative

contributions of incumbents and entrants to growth are determined in equilibrium through their

decisions to invest in R&D.

2.1 Representative household

The representative household has Epstein-Zin-Weil preferences over the final consumption good

Ut =

{
(1− β)C

1− 1
ψ

t + β

(
Et

[
U1−γ
t+1

] 1
1−γ
)1− 1

ψ

} 1

1− 1
ψ

, (1)

6For a textbook treatment of the model of innovation, see also Chapter 14.3 of Acemoglu (2010).



6

where β is the subjective time preference parameter, γ is the coefficient of relative risk aversion,

and ψ is the elasticity of intertemporal substitution (EIS). The household chooses consumption

Ct to maximize (1) taking wage wt, aggregate dividend distributed by all firms in the economy

DA
t , and entrants’ R&D expenditure SE

t as given

max
{Cs}∞s=t

Ut s.t. Ct ≤ wtLt +DA
t − SE

t . (2)

Since we do not model the consumption-leisure tradeoff, labor Lt is supplied inelastically, and

we thus normalize it to be Lt = 1 for all t. The one-period stochastic discount factor (SDF) at

time t is

Mt,t+1 = βθ
(
Ct+1

Ct

)−θ/ψ
R
−(1−θ)
C,t+1 , (3)

where θ ≡ 1−γ
1− 1

ψ

and RC,t+1 is the return on the consumption claim.7

2.2 Final good sector

The production of the unique final good requires labor, capital, and a continuum of measure

one of intermediate goods denoted “inputs” i ∈ [0, 1]. The production function is

Yt =
(
Kα
t (AtLt)

1−α)1−ξ Gξt with Gt =

[∫ 1

0
q(i, t)1− 1

ν x(i, t|q)
1
ν di

]ν
. (4)

In (4), Kt and Lt denote capital and labor, respectively, α ∈ (0, 1) is the capital share, ξ ∈ (0, 1)

is the share of inputs in the final output. Quantity Gt defines the composite intermediate

good obtained by weighting the quantity x(i, t|q) of each input i by its quality q(i, t) through a

constant elasticity aggregator.8 The parameter ν captures the elasticity of substitution between

any two inputs. The production process (4) implies that, for each input i ∈ [0, 1], only the

highest quality type is used. In the next section, we discuss the dynamics of the quality of

inputs. Aggregate risk originates from an exogenous shock At = eat , where at is a stationary

AR(1) process

at = ρ at−1 + εt, εt ∼ N (0, σ2
a). (5)

7Specifically, RC,t+1 =
Wt+1

Wt−Ct is the return on household’s wealth Wt, defined as the present value of future

consumption, Wt = Et[
∑∞
s=1Mt,t+sCt+s].

8The choice of the functional form (4) for the composite intermediate good Gt implies that, under balanced
growth, the relative size of incumbent firms is described by the ratio of its quality relative to the average quality
of inputs. See Appendix A for details.
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The firm’s dividend Dt is

Dt = Yt − It − wtLt −
∫ 1

0
p(i, s|q)x(i, t|q)di. (6)

The final good firm takes wage wt, the prices p(i, t|q) of each input i and the SDF Mt,t+1 as

given, and chooses labor Lt, investment It, and the quantity x(i, t|q) of each input to maximize

its value

max
{Is,Ks+1, Ls, x(i,s|q)}∞s=t

Et

[ ∞∑
s=t

Mt,sDs

]
, (7)

where the next period capital stock Ks+1 is

Ks+1 = (1− δ)Ks + Λ

(
Is
Ks

)
Ks, (8)

with δ the capital depreciation rate and Λ(·) is a convex adjustment cost function.9

2.3 Intermediate goods sector

The intermediate goods sector consists of a continuum of firms each producing a single input

i ∈ [0, 1]. At each time t, input i is characterized by quality q(i, t). Economic growth arises due

to the growth of inputs’ quality achieved by innovation successes by incumbents and entrants.

2.3.1 Incumbents

At each time t, each input belongs to an incumbent that holds a patent on the input’s current

quality. Incumbents are thus monopolists in the production of the input with current quality.

Taking as given the demand schedule x(i, t|q), incumbent i sets price p(i, t|q) by maximizing its

profit at each time t

π(i, t|q) = max
p(i,t|q)

p(i, t|q)x(i, t|q)− µx(i, t|q), (9)

where µ is the marginal cost of producing one unit of input i.

9We follow Jermann (1998) and define Λ
(
Is
Ks

)
= α1

1− 1
ζ

(
Is
Ks

)1− 1
ζ

+ α2, where α1 = (α+ δ − 1)
1
ζ , α2 =

1
1−ζ (α+ δ − 1). When solving the model numerically in Section 4, we choose the constant α such that there

are no adjustment costs in the deterministic steady state. The parameter ζ is the elasticity of the investment
rate. The limiting cases ζ → 0 and ζ → ∞ represent infinitely costly adjustment and frictionless adjustment,
respectively.



8

Each incumbent has access to a stochastic quality-improving innovation technology for its

own input. If the incumbent spends sI(i, t) q(i, t) units of the consumption good on R&D toward

its input with quality q(i, t), over a time interval ∆t, the quality increases to q(i, t + ∆t) =

κI q(i, t), κI > 1, with probability φI(s
I(i, t))∆t, where φI(·) is a strictly increasing and concave

function satisfying Inada-type conditions φI(0) = 0 and φ′I(0) = ∞.10 If R&D does not result

in innovation, we assume that the quality “depreciates” by a factor κD < 1, i.e., q(i, t + ∆t) =

κD q(i, t). The parameter κD captures patent expiration and obsolescence of inputs over time.

Investing in R&D is an intertemporal decision that affects the accumulation of quality q(i, t),

which is the source of future profits. Patent protection of the input, however, does not prevent

entrants to invest in R&D in order to invent a higher-quality input. Upon entrant’s success, in-

cumbent’s input with quality q(i, t) becomes obsolete and the entrant “displaces” the incumbent

in the production of input i. Since incumbents’ innovation success as well as the likelihood with

which any incumbent is displaced by an entrant are uncertain, the evolution of inputs’ quality

is stochastic.

2.3.2 Entrants

Entrants deploy R&D in order to leapfrog incumbents in increasing inputs’ quality and steal

rights to produce inputs from them. If an entrant spends one unit of the consumption good on

R&D toward input i with quality q(i, t), its rate of success is φE(ŝE(i,t))
q(i,t) , where ŝE(i, t) is the total

amount of R&D by all entrants toward input i at time t. Since each input-i entrant is atomistic,

all entrants take the technology φE(ŝE(i, t)) as given. The function φE(·) is strictly decreasing

to capture the fact that when many entrants are undertaking R&D to replace the same input,

they are likely to try similar ideas leading to some amount of external diminishing returns.

Therefore, if all input-i entrants spend ŝE(i, t) q(i, t) units of the consumption good on

R&D, over a time interval ∆t, the quality increases to q(i, t + ∆t) = κE q(i, t), with proba-

bility ŝE(i, t)φE(ŝE(i, t))∆t. We assume that ŝE(i, t)φE(ŝE(i, t)) is increasing in ŝE(i, t) to insure

that larger aggregate R&D toward a particular input increases the overall probability of discov-

ery by entrants for this input, and that Inada-type conditions limŝE(i,t)→0 ŝ
E(i, t)φE(ŝE(i, t)) = 0

and limŝE(i,t)→0 φE(ŝE(i, t)) = ∞ hold. Upon innovation success, the entrant acquires a patent

10The conditions ensure that, for any interval ∆t > 0, the probability of one innovation success is φI(s
I(i, t))∆t,

while the probability of more than one innovation successes is o(∆t) with o(∆t)/∆t→ 0 as ∆t→ 0.
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on quality κE q(i, t) of input i and becomes a new incumbent producing the input. We assume

that κE > κI to capture the fact that entrants’ innovation technology is more “radical” than

that of incumbents.11 We use the following constant elasticity forms for φI(·) and φE(·):12

φI(s
I(i, t)) = ηI(s

I(i, t))ωI and φE(ŝE(i, t)) = ηE(ŝE(i, t))ωE−1, 0 < ωI, ωE < 1 and ηI, ηE > 0,

(10)

where ηI and ηE are productivity shift parameters and ωI and ωE are elasticities of innovation

intensity with respect to R&D expenditure. Since ŝE(i, t)φE(ŝE(i, t)) is the intensity of the Pois-

son process that drives the arrival of entrants’ innovations, this intensity has the same functional

form as the intensity of incumbents’ innovations, i.e., ŝE(i, t)φE(ŝE(i, t)) = ηE(ŝE(i, t))ωE . Bigger

ηI increases the intensity of incumbents’ innovations, while bigger ωI decreases the intensity of

incumbents’ innovations if sI(i, t) < 1. Similarly for entrants.

2.4 R&D expenditure by incumbents and entrants

The value V (i, t|q) of incumbent i at time t is the present value of its future net profits. Since

the incumbent can be replaced by an entrant, the time at which the incumbent’s stream of net

profits ends is a random variable T (i, t) > t. Incumbent’s value is

V (i, t|q) = max
{sI(i,τ)}T (i,τ)

τ=t

Et

T (i,τ)∑
τ=t

Mt,τ (π(i, τ |q)− sI(i, τ)q(i, τ) )

 . (11)

The innovation technologies of incumbents and entrants described in Section 2.3 imply that,

over the next ∆t time period, the incumbent is displaced with probability ŝE(i, t)φE(ŝE(i, t)) ∆t

and survives otherwise. The incumbent takes entrants’ R&D expenditure ŝE(i, t) and the SDF

process (3) as given. In case of displacement, incumbent’s value drops to zero. In case of survival,

its value depends on whether or not incumbent’s R&D expenditure sI(i, t) results in a quality

improvement. With probability φI(s
I(i, t)) ∆t, quality increases to q(i, t+ ∆t) = κI q(i, t), while

with probability (1−φI(s
I(i, t)) ∆t− ŝE(i, t)φE(ŝE(i, t))) ∆t, quality depreciates to q(i, t+ ∆t) =

κD q(i, t). Assuming that ∆t is sufficiently small, the future incumbent’s value V (i, t + ∆t|q′)
11Although the technology for radical innovation could also be accessed by incumbents, they have no incentive

to use it due to Arrow’s replacement effect. Incremental innovation technology of incumbents is not available to
entrants.

12The functional forms for R&D technology is similar to the one used by Comin, Gertler, and Santacreu (2009).
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can be written as a random variable with the following distribution

V (i, t+ ∆t|q′) =


0 with probability ŝE(i, t)φE(ŝE(i, t)) ∆t,

V (i, t+ ∆t|κI q) with probability φI(s
I(i, t)) ∆t,

V (i, t+ ∆t|κD q) otherwise.

(12)

To simplify notation, in the sequel, we refer to time “t+ ∆t” as “t+ 1”, with the understanding

that the time lapse between two adjacent periods is close enough for the above approximation

to be valid. Using (12), the stopping time problem (11) can then be rewritten as the following

Bellman equation

V (i, t|q) = max
sI(i,t)

{π(i, t|q)− sI(i, t)q(i, t) +Et [Mt,t+1 {φI(s
I(i, t))× V (i, t+ 1|κI q)

+ (1− φI(s
I(i, t))− ŝE(i, t)φE(ŝE(i, t)))× V (i, t+ 1|κD q)}]} . (13)

We interpret π(i, t|q)− sI(i, t)q(i, t) as the dividend distributed by the incumbent firm, the term

ŝE(i, t)φE(ŝE(i, t)) as the probability with which a radical innovation by an entrant occurs in

input i, and the term φI(s
I(i, t)) as the probability with which incumbent i innovates improving

its input.

In Appendix A.1 we show that input quantities x(i, t) and profits π(i, t|q) are linear in

q(i, t) (see equations (A7) and (A10)). Under balanced growth conditions, this implies that the

incumbent’s value V (i, t|q) = vt q(i, t) for all t and i ∈ [0, 1], where vt and sIt solve the following

Bellman equation

vt = max
sIt

{πt − sIt +Et [Mt,t+1 vt+1 (φI(s
I
t)κI + (1− φI(s

I
t)− ŝEt φE(ŝEt ))κD)]} . (14)

The quantities πt, s
I
t, ŝ

E
t , and vt are functions of the state variables Kt and At, which we omit

to ease notation. The aggregate value of all incumbents is Vt =
∫ 1

0 V (i, t|q)di = vtQt, where

technology capital Qt, defined as

Qt =

∫ 1

0
q(i, t)di, (15)

denotes the aggregate quality of inputs. The optimal choice of incumbents’ R&D expenditure

sIt is determined by the first order condition for problem (14)

1 = φ′I(s
I
t)(κI − κD)Et [Mt,t+1vt+1] . (16)
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Entrants maximize the present value of future net profits achieved if they become incumbents

max
ŝEt

ŝEt φE(ŝEt )κEEt[Mt,t+1vt+1]− ŝEt . (17)

Since they are atomistic, each entrant takes φE(ŝEt ) as given. This assumption means that en-

trants do not internalize the fact more R&D reduces the probability of success or other entrants.

Solving (17) under this assumption leads to the following free entry condition that implicitly

determines the optimal level of entrants’ R&D expenditure

1 = φE(ŝEt )κEEt[Mt,t+1vt+1]. (18)

Equations (16) and (18) show that R&D decisions of incumbents and entrants depend on the

same equilibrium value vt given in (14).

2.5 Equilibrium

An equilibrium allocation in this economy consists of (i) time paths of consumption levels,

physical capital, investment, aggregate expenditure on inputs and aggregate R&D expendi-

ture {Ct,Kt, It, Xt, St}∞t=0, (ii) time paths of R&D expenditures by incumbents and entrants

{sI(i, t), ŝE(i, t)}∞t=0, i∈[0,1], (iii) time paths of prices and quantities for each input, and values

of each incumbent {p(i, t|q), x(i, t), V (i, t|q)}∞t=0, i∈[0,1], and (iv) time paths for wages and SDF

{wt,Mt,t+1}∞t=0 such that (a) the representative household maximizes lifetime utility (2), (b) the

final good firm maximizes the present value of future dividends (equations (7) to (8)), (c) in-

cumbents and entrants maximize present values of their future net profits (equations (14), (16),

and (18)), (d) the labor market clears (i.e., Lt = 1), and (e) the final good market clears (i.e.,

resource constraint (A18) holds).13

Since incumbents’ and entrants’ R&D expenditures are not functions of inputs’ specific

qualities, technology capital Qt evolves according to

Qt+1

Qt
= φI(s

I
t)κI + ŝEt φE(ŝEt )κE + (1− φI(s

I
t)− ŝEt φE(ŝEt ))κD. (19)

13In Appendix A.1, we define the aggregate expenditure on inputs and aggregate R&D expenditure, and de-
termine the equilibrium quantity x(i, t|q) and price p(i, t|q) of inputs. The solution of the final good firm’s
maximization problem (7)–(8) is standard and is described in Appendix B.
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The growth of technology capital is thus due to a combination of heterogenous innovations by

incumbents and entrants and depends on the level of their R&D expenditures. Over a short

period of time, a fraction φI(s
I
t) of inputs experience an innovation by incumbents who increase

quality by factor κI, and a fraction ŝEt φE(ŝEt ) of inputs experience displacement by entrants who

increase quality by factor κE, and the remaining inputs see their quality depreciate by factor κD.

Due to the homogeneity property discussed in the previous section, the economy is described

by two endogenous state variables: physical capital Kt evolving according to (8), technology

capital Qt evolving according to (19), and the exogenous state variable At = eat , where at

evolves according to (5). By rescaling all growing variables by the average technology capital

Qt we make the problem stationary and can solve for the deterministic steady state growth.14

3 Economic growth and uncertainty

In this section, we present a qualitative analysis of the model. We show that R&D expenditures

drive a slow moving component of productivity growth and thus give rise to economic uncer-

tainty. We then study how the interplay between incumbents’ and entrants’ innovations affects

the properties of economic uncertainty and asset prices.

3.1 Economic growth

In Appendix A we show that, under balanced growth, the equilibrium output is given by

Yt =

(
ξ

νµ

) ξ
1−ξ

Kα
t (AtLt)

1−αQ1−α
t (20)

The above expression indicates that the productivity of labor is

Zt ≡
(
ξ

νµ

) ξ
(1−ξ)(1−α)

, AtQt, (21)

where the evolution of the forcing process At is given in (5) and the evolution of the technology

capital Qt is endogenously determined by R&D expenditures of incumbents and entrants accord-

ing to (19). If we assume that At is a fairly persistent process, from (21) we can approximate

14Details of the rescaled problem and of the steady state conditions are in Appendix B.
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the conditional expected productivity growth as

Et[∆ logZt+1] ≈ Et[log(Qt+1/Qt)] = log(Qt+1/Qt), (22)

where we use the fact that Qt+1/Qt is known at t. The technology capital growth Qt+1/Qt can

be thought of as the expectation of the random variable

κ̃ =


κE with probability ŝEt φE(ŝEt ),

κI with probability φI(s
I
t),

κD otherwise.

(23)

The realizations of κ̃ are the magnitudes by which technology capital can change and the prob-

abilities are given by the innovation intensities of incumbents and entrants.

Equation (22) shows that the growth of technology capital is the key determinant of the con-

ditional expected productivity growth and, therefore, conditional expected consumption growth.

We define the conditional expected consumption growth as

et ≡ φI(s
I
t)∆Iκ+ φ̂E(ŝEt )∆Eκ+ κD, (24)

where ∆Iκ ≡ κI − κD, ∆Eκ ≡ κE − κD, and φ̂E(ŝEt ) ≡ ŝEt φE(ŝEt ). The volatility of et represents

the level of total economic uncertainty in the economy. Through technology capital growth,

the stochastic properties of innovation intensities of incumbents and entrants determine the

evolution of the conditional expected consumption growth and therefore asset prices.

The key economic mechanism underlying the investment in innovation by incumbents and

entrants can be understood from combining the first-order conditions (16) and (18). In equilib-

rium, R&D expenditures of incumbents and entrants are set to equalize their marginal benefits

φ
′
I(s

I
t)(κI − κD) = φE(ŝEt )κE. (25)

In what follows we use condition (25) to study the effect of heterogeneous innovations on the

level (Section 3.2) and fluctuations (Section 3.3) of economic uncertainty.
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3.2 Level of economic uncertainty

From the definition of conditional expected consumption growth in (24), the time series volatility

of et is the volatility of a mix of two random variables φI(s
I
t) and φ̂E(ŝEt ) with weights ∆κI and

∆κE, respectively,

σ(et) ≡
√
σ2
φI

∆Iκ2 + σ2
φ̂E

∆Eκ2 + 2 ∆Iκ ∆Eκ σφI σφ̂E ρφI,φ̂E , (26)

where σφI is the unconditional volatility of φI(s
I
t), σφ̂E is the unconditional volatility of φ̂E(ŝEt ),

and ρφI,φ̂E is the unconditional correlation between the two quantities.

To analyze the effect of the presence of heterogeneous innovations on σ(et), we first impose

the equilibrium relation between incumbents’ and entrants’ R&D investments (25). Using the

functional forms for the innovation intensities (10), condition (25) implies the following relation-

ship between entrants’ and incumbents’ R&D

ŝEt = (sIt)
ωI−1

ωE−1 H with H ≡
(
ηI
ηE

κI − κD

κE

ωI

) 1
ωE−1

> 0. (27)

From (27), we note that sIt and ŝEt are positively related, indicating that R&D of incumbents

and entrants are complementary in equilibrium. To gain some intuition, let us assume that

incumbents’ and entrants’ innovation technologies have similar elasticities with respect to R&D

expenditures, i.e., ωI ≈ ωE. Under this assumption, the relationship between the two R&D

expenditures is approximately linear, implying that ρφI,φ̂E ≈ 1 in (26), and therefore

σ(et) ≈ σφI ∆Iκ+ σφ̂E ∆Eκ. (28)

All else being equal, i.e., for the same model parameter values, equation (28) suggests that

the presence of the heterogeneity in innovation increases the level of total economic uncertainty,

compared to model economies in which only incumbents or only entrants are active in innovation.

We refer to this effect as the ‘composition effect.’

Such ceteris paribus comparison, however, is incomplete as it ignores the equilibrium effect

of the presence of the heterogeneity in innovation on the volatilities σφI and σφ̂E . Specifically,

for the same unconditional level of economic growth, σφI and σφ̂E are lower in our heteroge-

neous innovations model compared to models in which only incumbents or only entrants are
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active in innovation. This obtains because the representative household, by having access to

two technologies for growth, can better smooth consumption. When responding to aggregate

productivity shocks, both R&D expenditures adjust in the direction of the shock. The magni-

tudes of R&D adjustments in response to the shock depend on the efficiency with which entrants’

and incumbents’ R&D expenditures are converted into innovation success. By condition (25), in

equilibrium, the household allocates total R&D expenditure between incumbents and entrants

so that the benefits of the marginal R&D dollar in each technology is the same. This decreases

the volatility of aggregate R&D expenditure and of expected consumption growth. We refer to

this effect as the ‘smoothing effect.’ Since the composition and the smoothing effects work in

the opposite way, the overall effect of heterogeneous innovation on the level of total economic

uncertainty (28) is ambiguous.

In Section 4.2, we quantitatively compare the level of total economic uncertainty in our

model economy with those in which only incumbents or only entrants are active in innovation

keeping the level of unconditional economic growth constant. This comparison reveals that

volatilities σφI and σφ̂E are indeed substantially lower in the heterogeneous innovations model,

highlighting the presence of the smoothing effect. However, we also show that, because of the

composition effect, the level of total economic uncertainty in our heterogenous innovations model

is higher compared to the model in which only entrants are active in innovation.

3.3 Economic uncertainty fluctuations

To understand how economic uncertainty varies over the business cycle, we provide a heuristic

derivation of the underpinnings of economic uncertainty fluctuations in our model. The evolution

of the expected consumption growth in (24) over time can be written as

et+1 = et + [φI(s
I
t+1)− φI(s

I
t)] ∆Iκ+ [φ̂E(ŝEt+1)− φ̂E(ŝEt )] ∆Eκ. (29)

Using a first-order Taylor expansion centered at time t values, we can approximate (29) as

et+1 ≈ et +
[
φ′I · sIa ∆Iκ+ φ̂′E · ŝEa ∆Eκ

]
︸ ︷︷ ︸

≡σt

εt+1, (30)
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where εt+1 is the shock to the exogenous component of aggregate productivity at, φ
′
I and φ̂′E are

the derivatives of incumbents’ and entrants’ innovation intensities, respectively, and sIa and ŝEa

denote, respectively, partial derivatives of time-homogeneous policy functions for incumbents’

and entrants’ R&D expenditures with respect to the forcing process at.
15

We refer to the quantity σt in equation (30) as the (approximate) level of economic uncer-

tainty at t. Since et and σt depend on incumbents’ and entrants’ equilibrium R&D investments

through the innovation probabilities φI and φ̂E, in our model time-variation in expected economic

growth and fluctuating economic uncertainty arise endogenously.

Time-variations in expected growth and fluctuating economic uncertainty are important

determinants of asset prices. For example, in the long-run risks model of Bansal and Yaron

(2004), the price-consumption ratio zt is approximately given by

zt ≈ A0 +A1 et +A2 σ
2
t , (31)

where, if the EIS of the representative agent is larger than 1, A1 > 0 and A2 < 0. An increase

in et leads to higher valuations, while an increase in σt lowers asset prices and leads to higher

risk premia. Furthermore, time-varying σt is useful for explaining the time variation and pre-

dictability of risk premia. The relationship between et and σt is therefore crucial for determining

properties of aggregate asset prices. Since our structural model allows to explicitly study how

heterogeneous activities of incumbents and entrants in innovation jointly determine et and σt,

it allows to study the effect of the process of creative destruction on asset prices.

Differentiating the expression for economic uncertainty in (30) with respect to at, we obtain

∂σt
∂at

= φ′′I · (sIa)2 + φ′I · sIaa + φ̂′′E · (sEa)2 + φ̂′E · sEaa. (32)

Economic uncertainty is countercyclical if ∂σt/∂at < 0. Since the innovation intensities are

increasing and concave functions of R&D, φ′I > 0, φ̂′E > 0, φ′′I < 0, and φ̂′′E < 0. From (32),

it thus follows that, in our model, the economic uncertainty can be pro- or countercyclical

depending on the sign and magnitude of terms sIaa and sEaa. The calibration of our model

presented in Section 4.2 shows that R&D policy functions are increasing and concave in the

state variable at, meaning that sIaa < 0 and sEaa < 0. This implies that our model features

15For ease of notation, we ignore the explicit dependence of the policy functions from the endogenous state
variable Kt. We do account for this state variable in the numerical implementation.
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countercyclical economic uncertainty. Furthermore, equation (32) suggests that, all else being

equal, the economic uncertainty is more likely to be countercyclical when the degrees of concavity

of the function φI and φ̂E, a measure of “congestion externalities” in R&D, are stronger.

All else being equal, i.e., for the same model parameter values, equation (32) suggests that

the presence of the heterogeneity in innovation makes the economic uncertainty more counter-

cyclical compared to model economies in which only incumbents or only entrants are active in

innovation. As argued in Section 3.2, such ceteris paribus comparison is incomplete because it

ignores the equilibrium effect of the presence of the heterogeneity in innovation on the values of

the derivatives of the functions present in equation (32).

To illustrate the effect of the presence of heterogeneous innovations on economic uncertainty

fluctuations, we impose condition (25) on the expression for σt given in (30). Using the fact that

φ̂′E(ŝEt ) = ωEφE(ŝE), we have

σt = φ′I(s
I
t)

[
sIa + ωEŝ

E
a

∆Eκ

κE

]
∆Iκ

= φ′I(s
I
t)

[
sIa + ωEH

ωI − 1

ωE − 1
(sIt)

ωI−ωE
ωE−1 sIa

∆Eκ

κE

]
∆Iκ, (33)

where the second equality follows from the relationship between sI and ŝE given in (27). Differ-

entiating the above expression with respect to at, we obtain

∂σt
∂at

= φ′′I · (sIa)2

[
1 + ωEH

ωI − 1

ωE − 1
(sIt)

ωI−ωE
ωE−1

∆Eκ

κE

]
∆Iκ+

φ′I ·
[
sIaa + ωEH

(
ωI − 1

ωE − 1

)(
ωI − ωE

ωE − 1

)
(sIt)

ωI−2ωE+1

ωE−1 (sIa)
2 ∆Eκ

κE

+ ωEH
ωI − 1

ωE − 1
(sIt)

ωI−ωE
ωE−1 sIaa

∆Eκ

κE

]
∆Iκ. (34)

The first term in the above expression is negative because φ′′I < 0 and 0 < ωI, ωE < 1. The

sign of the second term depends on the properties of the R&D technologies of incumbents and

entrants. In particular, the term ωI−ωE
ωE−1 is negative if ωI > ωE, and therefore ωI > ωE is a

sufficient condition for generating countercyclical volatility if the policy function sI is concave.

In Section 4.2, we calibrate our model and find that the economic uncertainty in our model is

indeed countercyclical.
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4 Quantitative analysis

We now calibrate our model and explore its ability to replicate key moments of macroeconomic

quantities, corporate innovation activity, and asset returns in the U.S. economy. In Section 4.1,

we construct empirical measures of the process of creative destruction. Section 4.2 presents

the calibration of our model. In Section 4.3, we highlight the implications of the presence of

heterogenous innovations for economic uncertainty and asset prices. In Section 4.4, we study the

relationship between model parameters and the steady state level of economic growth, economic

uncertainty, and the rate of radical innovation. Finally, in Section 4.5, we generalize the model

to allow for stochastic barriers to entry.

4.1 Empirical measures of creative destruction

To capture the intensity of creative destruction in the economy, we use the innovation intensities

of incumbents and entrants to define the ‘rate of radical innovation’

Γt ≡
φ̂E(ŝEt )

φ̂E(ŝEt ) + φI(sIt)
, (35)

where φI(s
I
t) is the rate at which incumbents improve their technology and φ̂E(ŝEt ) is the rate

at which innovation by entrants occurs. The rate of radical innovation Γt measures the relative

importance of entrants’ radical innovations in the economy. To obtain empirical proxies for

φI(s
I
t), φ̂E(ŝEt ), and Γt, we rely on patent data.

We obtain the universe of awarded patents applied for at the United States Patent and

Trademark Office (USPTO) from January 1975 to June 2013. For each patent, we identify

patent assignees listed on the patent grant document and keep only utility patents awarded

to U.S. and non-U.S. corporations.16 We proceed by splitting patents with application dates

during each quarter t into those applied for by incumbents and the residual, which we take to be

patents applied for by entrants in innovation. Specifically, the set of ‘incumbents at t’ is the set

of patent assignees that applied for at least one patent with application date during a τ -quarter

period ending with quarter t−1. Because in our model there is a continuum of incumbents, each

of which is successful with probability φI(s
I
t), as discussed in Section 2.5, in a small interval ∆t,

there will be a fraction φI(s
I
t)∆t of incumbents that innovate. We use this property of the model

16Using only patents awarded to U.S. corporations leads to quantitatively very similar results.
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to construct a proxy of φI(s
I
t) as the ratio of the number of incumbents at t that also applied for

at least one patent with application date during t, to the total number of incumbents at t.17 To

proxy Γt, we compute the ratio of the number of patents applied for by patent assignees that

are not incumbents at t to the total number of patents with application dates during t. Using

the values of φI(s
I
t) and Γt, we then recover a proxy for φ̂E(ŝEt ). We set the threshold τ to 40

quarters, so the time series of our proxies start in the first quarter of 1985. Since we do not

know whether patents applied for in the recent years will be awarded, we stop the time series

in the last quarter of 2008.

Figure 1 displays the quarterly time series of the rate of radical innovation Γt together with

the number of entrants in innovation. The ratio of radical innovations is steadily declining over

time, while the number of entrants peaks in the late 1990s. This means that, while the number

of entrants was increasing until the end of 1990s, these entrants were accounting for a decreasing

fraction of patents in the economy.

We calibrate our model to match the sample mean of the rate of radical innovation of 10.67%.

We estimate parameters κD, κI, and κE of the innovation production functions of incumbents

and entrants using the structural link between the technology capital growth, given in (19),

and productivity growth from equation (21). Assuming a persistent exogenous process At,

productivity growth is approximately

∆ logZt+1 = log(Qt+1/Qt) + log(At+1/At)

≈ log(Qt+1/Qt) + εt+1

= log
(
κD + φI(s

I
t) ∆Iκ+ φ̂E(ŝEt ) ∆Eκ

)
+ εt+1. (36)

We measure productivity growth as the quarterly TFP growth in non-equipment business output

from Fernald (2012).18 We estimate equation (36) using non-linear least squares. Standard errors

are adjusted for autocorrelation using the Newey-West estimator with 10 lags. The coefficient

estimates (standard errors reported in parentheses) are: κ̂D = 0.966 (0.031), κ̂I = 1.355 (0.547),

and κ̂E = 2.890 (2.118). The estimates are consistent with our assumptions that κD < 1 and

17To identify incumbents at t that also applied for at least one patent with application date during t, we match
the set of firm name strings of patent assignees of patents with application dates during t to the set of firm name
strings of patent assignees of patents with application dates during a τ -quarter period ending with quarter t− 1.
We standardize firm name strings before matching.

18We obtain the data from http://www.frbsf.org/economic-research/total-factor-productivity-tfp/.
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κE > κI > 1, and are in line with the prior literature (see, e.g., Acemoglu and Cao (2011)). In

our calibrations, we set the parameter values to these point estimates.

4.2 Calibration

In this section, we present the calibration of the heterogenous innovations model of Section 2

and describe its asset pricing implications. We calibrate the model to match (i) the long run

annual consumption growth rate E[∆C] = 1.89%, (ii) the short run (business-cycle frequency)

consumption volatility σ(∆C) = 2.21% annually, and (iii) the average rate of radical innova-

tion E[Γt] = 10.67% as obtained from our empirical analysis in Section 4.1. The empirical

macroeconomic moments correspond to the U.S. sample in 1929-2008 as reported by Benzoni,

Collin-Dufresne, and Goldstein (2011). Our preference parameters are the same as in Kung and

Schmid (2013). We set the parameters that govern the magnitudes of innovations of incumbents

and entrants, i.e., κI, κE, and κD, to be equal to the point estimates obtained in Section 4.1.

We set the parameter that governs the elasticity of substitution between inputs to ν = 1.25,

which implies 25% markup for incumbents. We set the values of R&D productivity shift param-

eters to ηI = 1.50 and ηE = 0.18, and the values of the elasticities of the innovation intensities

with respect to R&D to ωI = 0.7483 and ωE = 0.7808. The model is calibrated at a quarterly

frequency and is solved using third-order perturbation methods around the stochastic steady

state. We simulate 2,500 instances of the model economy, each characterized by a time series

of 550 quarters. The moments we report are computed by averaging across simulations, after

eliminating the observations in the first 50 quarters. The details of the model solution and

parameter choices used in the calibration are discussed in Appendix C.

Table 2 contains aggregate consumption moments and statistics describing the process of

creative destruction. We show that the annual unconditional volatility of conditional expected

consumption growth, i.e., the level of total economic uncertainty is σ(Et[∆Ct+1]) = 0.43%.

Our model features a volatile slow-moving component in expected consumption growth which

is consistent with the long-run risk mechanism of Bansal and Yaron (2004). We also find that

the impulse response function of the conditional volatility given in (32) to a positive shock to

at is ∂σt/∂at = −0.52, meaning that the economic uncertainty is higher in recessions and lower

in expansions at business cycle frequency. As we discussed in Section 3, the countercyclicality

of volatility is primarily due to decreasing marginal productivity of the R&D technology of
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incumbents and entrants. In summary, our model thus endogenously generates substantial

uncertainty about expected growth, this uncertainty fluctuates, and is countercyclical.

The second part of Table 2 contains statistics describing the process of creative destruction

in our model economy and compares them to their empirical counterparts. We report: (i) the

mean, volatility, and autocorrelation of the rate of radical innovation Γt, and (ii) the means,

volatilities, and correlation between innovation intensities of incumbents and entrants. While

E[Γt] is exactly targeted in our calibration, our model closely matches the means of φ(sI) and

φ̂E(ŝE), as well as the volatility of φ(sI) and the autocorrelation of Γt. Since ωE ≈ ωI in our

calibration, the equilibrium condition (27) implies that sI and ŝE are approximately linearly

related, as shown in Section 3.2, and therefore the success rates of incumbents and entrants are

close to perfectly correlated ρφI,φ̂E = 1. The correlation of incumbents’ and entrants’ innovation

intensities is very high in the data as well. Finally, we show that, in our model, the contribution

of entrants’ innovations to growth is 34.3%. While an analogous empirical moment does not

exist, this statistic is broadly consistent with arguments in Bilbiie, Ghironi, and Melitz (2012)

that about 70 percent of product creation and destruction occurs within existing firms, as well as

with evidence in Bartelsman and Doms (2000) and Foster, Haltiwanger, and Krizan (2001) who

show that most total factor productivity growth in the U.S. comes from existing, as opposed

to new, establishments. Our model is thus able to capture the key features of the structure

of the corporate innovation process in the economy. In our model, the volatility of the rate of

radical innovation σΓ and the volatility of φ̂E(ŝE) are counterfactually low. To account for this,

in Section 4.5, we generalize our model by introducing the stochastic barriers to entry.

Table 3 reports the mean and volatility of (i) the risk-free rate; (ii) the excess return on

the consumption claim, defined as the security whose dividend is the aggregate consumption;

and (iii) the excess return on the market portfolio, i.e., the security whose dividend DA
t is the

sum of the dividend Dt distributed by the final good sector firm and profits of incumbents

Πt − SI
t, where SI

t = sItQt denotes the aggregate level of resources spent in incremental R&D by

incumbents. As discussed in Appendix A.1, the resource constraint implies that the aggregate

dividend is DA
t = Ct + SE

t − wtLt (se equation (A19)) where SE
t = sEtQt denotes the aggregate

level of resources spent in radical R&D technologies. Therefore, the wedge between the dividend

on the market portfolio and on the consumption claim is due to entrants’ R&D expenditures

and aggregate wages. Details of the derivation of the price of risk and risk premia in the model
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are given in Appendix A.2. The empirical asset pricing moments correspond to the U.S. sample

in 1929-2008 as reported by Benzoni, Collin-Dufresne, and Goldstein (2011). We find that our

model matches exactly the level of market risk premium and achieves a low and stable risk-free

rate. Similarly to other production-based models, our model generates counterfactually low

volatilities of market returns and the risk-free rate.

Finally, Table 3 shows that the average excess return on final good sector stocks, E[rd− rf ],

is significantly higher than the average excess return return on incumbents stocks, E[rI−rf ] (see

Appendix A.2 for definition of these quantities). Interpreting the former as return on physical

capital and the latter as return on intangible capital, this spread is consistent with the magnitude

of the value premium in the data.

4.3 Heterogenous versus homogenous innovations

To highlight the effect of heterogenous innovations on economic uncertainty and asset prices, we

quantitatively compare our model to two model economies in which innovations are homogenous.

In the first model, we assume that there is no entry and R&D is carried out only by incumbents.

In this case, the optimal level of incumbents’ R&D is determined by the Bellman equation

vt = max
sIt

{πt − sIt +Et [Mt,t+1 vt+1 (φI(s
I
t)κI + (1− φI(s

I
t))κD)]} , (37)

which is analogous to equation (14) where we ignore the presence of entrants. The optimal level

of R&D is determined by FOC (16). In the second model, we assume that R&D is carried out

only by entrants. In this case, the value of incumbents is given by Bellman equation

vt = πt +Et [Mt,t+1 vt+1 ((1− ŝEt φE(ŝEt ))κD)] , (38)

where the optimal level of entrants’ R&D is determined by the free entry condition (18).

To make the comparison between different economies meaningful, we calibrate all models to

the long run annual consumption growth rate Et[∆Ct+1] = 1.89% and the short run consumption

volatility σ(∆C) = 2.21% annually. To this end, we vary the volatility of the forcing process

σa, R&D productivity shift parameters ηI and ηE, and the elasticity parameters ωI and ωE. All

other parameters are as in our heterogenous innovations model. Specifically, in the two columns

under the heading ‘Only incumbents innovate’ (‘Only entrants innovate’) of Table 2, we report
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two calibrations of the model in which R&D is carried out only by incumbents (entrants). In the

‘Only incumbents innovate’ (‘Only entrants innovate’) case, in the left column, ηI (ηE) changes,

which we highlight using a box, while ωI (ωE) remains the same. The opposite applies to the

right column. This means that, in each case, the long run growth and its short term growth

volatility is achieved using two different parameterizations of R&D technology.

In the only-incumbents-innovate model, ηI is smaller while ωI is bigger compared to our

heterogenous innovations model. Given the functional forms for innovation technology (10),

smaller ηI and bigger ωI both imply a less efficient R&D technology. This means that with-

out displacement threat by entrants, the same level of growth is achieved with less efficient

R&D technology. We can interpret this finding as evidence that the presence of displacement

threat introduces inefficiency in the economy due to dissipative R&D efforts. In contrast, in

the only-entrants-innovate model, ηE is bigger while ωE is smaller compared to our heterogenous

innovations model, meaning that the same level of growth is achieved with a more efficient R&D

technology. This is because, in the heterogenous innovations model, upon success in innovation,

entrants become incumbents, and thus entrants indirectly benefit from having access to R&D

technology of incumbents. Since this mechanism does not operate in the only-entrants-innovate

model, entrants need to have a more productive R&D technology to achieve the same level of

growth as in the heterogeneous innovation model.

As discussed in Section 3.2 there are two forces that determine the level of total economic

uncertainty σ(Et[∆Ct+1]) in our heterogeneous innovations model: the smoothing effect, which

lowers the uncertainty, and the composition effect, which increases the uncertainty. The com-

parison of volatilities of innovation intensities σφI and σφE reported in Table 2 across models

highlights the presence of the smoothing effect. Specifically, we find that both volatilities in

the heterogenous innovations model are about half of the corresponding values in the homoge-

neous innovations economies. Since, in the only-incumbents-innovate model, the volatility of

σφI is large, the absence of the smoothing effect leads to larger σ(Et[∆Ct+1]) and thus to a

larger consumption risk premium compared to the one observed in the heterogenous innovations

model. Since, in the only-entrants-innovate model, the volatility of σφE is small and there is no

composition effect, this economy has lower σ(Et[∆Ct+1]) and thus consumption risk premium

compared to our heterogenous innovations model.
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The comparison of asset pricing moments of Table 3 across different models shows that the

level and volatility of the market risk premium are considerably lower in the only-incumbents-

innovate model compared to our heterogenous innovations model, despite higher level of eco-

nomic uncertainty. This results is a consequence of the definition of aggregate dividend. In

the only-incumbents-innovate model, SE
t = 0, and therefore the aggregate dividend in (A19)

is DA
t = Ct − wtLt. Since wages are procyclical, they act as a hedge agains the volatility of

consumption, lowering risk premium and volatility of the market portfolio, compared to the

corresponding values for the consumption claim. In contrast, the only-entrants-innovate model

has level and volatility of the market risk premium that are comparable to those in our het-

erogenous innovations model, despite lower level of economic uncertainty. The reason for this

result lies in the volatility of entrants’ R&D expenditure. In the only-entrants-innovate model,

the aggregate dividend is DA
t = Ct + SE

t − wtLt. Since R&D expenditures SE
t are procyclical,

they compensate for the hedging effect of procyclical wages. From the values of volatility of

entrants’ innovation intensity σφ̂E reported in Table 2, we infer that the volatility of entrant’s

R&D expenditure is large, which is then reflected in higher market risk premia and volatility

compared to corresponding values for the consumption claim.

4.4 Comparative statics

In order to understand the effect of our parameter choices on the solution of the solution of

the benchmark model with heterogeneous innovation, in this section we perform a comparative

statics analysis. We alter the values of the parameters in Table 1 and analyze the effect of these

changes on (i) consumption growth E[∆C], (ii) the rate of radical innovation E[Γt], and (iii) the

level of total economic uncertainty σ(Et[∆Ct+1]). The results are reported in Table 4. In the

interest of space, we focus our comparative statics analysis on three set of parameters: prefer-

ence parameters (Panel A), R&D technology parameters (Panel B), and the degree of market

power (markup) of incumbents (Panel C). The numbers in bold correspond to the benchmark

calibration of Table 1.

With the exception of the time preference parameter β, changing preferences has a minor

effect on growth, the rate of radical innovation, and economic uncertainty. A larger value of β

means that the representative household values future consumption relatively more and hence

is willing to consume less now and invest more. This implies a higher growth which is achieved
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through a higher rate of radical innovation. The level of total economic uncertainty is also slightly

bigger when β is bigger. Although risk aversion γ does not have any effect on the deterministic

steady state growth, it does affect the stochastic steady state growth. In particular, a larger

value of γ leads to a more conservative growth, less radical innovation, and a lower level of

uncertainty.

As Panel B shows, R&D technology parameters significantly affect growth, the rate of radical

innovation, and economic uncertainty. Higher shift parameters ηI and ηE imply more efficient

innovation technologies of incumbents and entrants, respectively. Interestingly, while making

incumbents more efficient results in higher growth and higher economic uncertainty, the opposite

is true if entrants become more efficient. This is because, if entrants become more efficient, the

household diverts resources from consumption toward R&D by entrants. In a decentralized

economy, as discussed in Section 2.3.2, entrants do not internalize the fact that one more unit

of R&D reduces the probability of success of other entrants, i.e., φE is decreasing with R&D.19

Similar results obtain when we change the elasticities of R&D technologies ωI and ωE. Note

that, because of the functional forms assumed in (10), a higher level of the elasticity parameters

implies less efficient R&D technologies.

Finally, Panel C shows that an increase in markup level ν has two opposite effects. First,

it increases monopoly profits of incumbents leading to bigger incumbents’ and entrants’ R&D

expenditures. Second, it reduces the demand for intermediate goods, which decreases the prof-

itability of R&D investments. In our calibrations, the first effect dominates and higher markup

is thus associated with higher growth, more radical innovation, and higher economic uncertainty.

This feature highlights the essence of Schumpeterian models: stronger market power, driven by

bigger product differentiation, for example, leads to stronger incentives to innovate and higher

growth.

4.5 Model with stochastic barriers to entry

As illustrated in Figure 1, the rate of radical innovation Γt exhibits substantial variation over

the sample period we consider (the quarterly volatility is σΓ = 2.19%). In our benchmark

calibration reported in Table 2, the quarterly volatility of the rate of radical innovation is only

19This fact is emphasized in the free entry condition (18), where we assume that entrants take φE(ŝE) as given
when choosing the optimal level of R&D ŝE.
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0.14% quarterly. This fact suggests that the single productivity shock that drives the dynamics

of the benchmark model is not sufficient to generate the variation in the entry process observed

in the data. In this section we generalize the benchmark model of Section 2 by allowing the

R&D technology of entrants to be subject to exogenous shocks, different from the TFP shocks

considered in our benchmark case. Because this technology-specific shock directly affects the

efficiency of entrants’ R&D, in this economy there is an exogenous force that determines the

level of barriers to entry in this economy.

To model time variation in the barrier to entry in a convenient way, we assume that the

elasticity ωE of the entrants’ R&D technology is stochastic and evolves overtime as a stationary

AR(1) process

ωE,t+1 = ωE(1− ρωE) + ρωEωE,t + εωE
t+1, εωE

t+1 ∼ N (0, σ2
ωE

). (39)

The resulting model, therefore, features two exogenous shocks, the original shocks εt+1 driving

the forcing process (5) and the shock εωE
t+1 driving the elasticity of the entrant’s R&D technology.

In our numerical solution we consider different levels of correlations between these two shocks.

We also consider the case in which the scale parameter ηE, instead of ωE, is stochastic and evolves

according to an AR(1) process similar to (39). Specifically,

ηE,t+1 = ηE(1− ρηE) + ρηEηE,t + εηEt+1, εηEt+1 ∼ N (0, σ2
ηE

). (40)

Recall that, from the functional form (10), the efficiency of entrants’ technology is higher for

lower levels of ωE and higher levels of ηE.

Tables 5 and 6 are the equivalent of Tables 2 and 3 for the case of a stochastic barrier to

entry. The first three columns refer to the case in which ωE evolves according to the process (39).

The remaining three columns consider the case in which ηE evolves according to the process (40).

For both the stochastic ωE and ηE cases, we calibrate the models that features shocks or-

thogonal to εt+1, i.e., the columns corr(εt+1, ε
ωE
t+1) = 0 and corr(εt+1, ε

ηE
t+1) = 0, by targeting

the long run consumption growth to 1.89% annual, the short-run volatility to 2.21% annual, the

rate of radical innovation to 10.67% and the volatility of the rate of radical innovation to the

observed level of 2.19%. The parameters that allow us to match these quantities are reported
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in Table 1. We then keep these parameter fixed and alter the correlation between shocks by

considering two additional correlation values: −0.4 and +0.4.

Table 5 and 6 shows that time variation in the barriers to entry allows to closely match

the key statistics of the process of creative destruction, while preserving the ability of our

benchmark model to replicate the key asset pricing moments. In particular, from the zero-

correlation columns in Table 5 we note that, besides matching, by construction, the volatility

σΓ of the rate of radical innovation, the models with stochastic barriers to entry produce first

order autocorrelation of the rate of radical innovation and innovation intensity volatilities σφI

and σφE that are close to the values observed in the data.

An evident drawback of modelling stochastic barriers to entry through shocks to the R&D

technology of entrants is that this implies a negative correlation ρφI,φ̂E between incumbents

and entrants intensity of innovation, while it is positive (0.760) in the data. The failure of the

stochastic entry barrier model to match the correlation is mechanical. In fact, allowing only ωE

to be subject to shocks implies that a positive shock to ωE increases barriers to entry and makes

incumbent relatively more productive. As a consequence sI responds positively to a shock to

ωE and sE responds negatively. Figure 2 illustrates this point by reporting the impulse response

functions of sI and ŝE to a one-standard deviation shock εt+1 and to the barrier to entry, εωE
t+1.

This result suggests that to achieve a level of correlation ρφI,φ̂E consistent with the data, one

would need to introduce uncertainty also in the R&D technology of incumbents.

Comparing across different levels of correlations between shocks to R&D technology and pro-

ductivity, Table 5 shows that in the case of stochastic ωE, average growth E[∆C] and economic

uncertainty σ(Et[∆C]) are higher when shocks to ωE are negatively correlated to productivity

shocks but the short run volatility of consumption σ(∆C) is lower. When correlation is negative,

lower ωE, i.e., more productive entrants, tend to be associated with high productivity shocks.

This has an amplifying effect on growth. Note that this amplifying effect is absent in the model

with constant ωE where, as illustrated in the comparative statics of Table 4 show, a lower ωE

implies higher growth.

To understand the effect of correlation on the short run volatility σ(∆C) it is helpful to

think of the budget constraints of the representative household’s problem (2). The household

allocates resources (wages and dividends from owning final good firms and incumbents) between

consumption Ct and entrant R&D expenses SE
t . When corr(εt+1, ε

ωE
t+1) < 0, a positive shock
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to productivity is associated with an increase in the efficiency of entrants’ technology. Because

EIS > 1, the agents tend to consume less and do more R&D. This effect lowers short run

volatility of consumption and increases the volatility of entrants’ R&D expenses. Note in fact

that the volatility σφ̂E is higher when corr(εt+1, ε
ωE
t+1) < 0.

As in the case of constant barriers to entry, in the economies with stochastic barriers to entry

the volatility of expected consumption growth is still countercyclical, as indicated by the negative

numbers reported in the row ∂σt/∂at. The correlation between the innvovation-specific shock

and shocks to the exogenous productivity At does not affect in a substantial way the fluctuating

nature of economic uncertainty. Note finally that the case in which stochastic barriers to entry

are modelled through a stochastic ηE is similar to the case of stochastic ωE, because a higher ηE

has a similar effect as a lower ωE on the entrant’s probability of success φE.

Table 6 reports key asset pricing moments for the case of stochastic barrier to entry. Overall

the asset pricing moments from the stochastic barrier to entry economy are similar to those of the

constant barrier to entry economy. Note that the market risk premium Et[rm− rf ] is unaffected

by the correlation between shocks to productivity and shocks to the elasticity of entrants’ R&D

technology. Market volatility is lower for the case of positive correlation between these shocks

while it is higher for the return rc on the consumption claim, and for the return rd on final good

sector firms. To understand this fact, note that, the aggregate dividend is defined as the sum of

consumption and entrants’ R&D expenditures, net of wages (see equation (A17) in Section A.1

of Appendix A). From the results in Table 5, as noted above, when the correlation between

shocks to productivity and shocks to ωE is positive, the volatility of entrants’ R&D is lower,

as can be inferred from the values of σφ̂E . The lower volatility of entrant’s R&D expenditures

implies a higher price of risk (Sharpe ratio) in an economy in which the shocks to productivity

and entrants’ elasticity are positively correlated. The volatilities of the consumption claim and of

the final good sector stock inherit the patterns of the volatility σ(∆C) and, as discussed earlier,

are higher for high level of correlation between εt+1 and εωE
t+1. The asset pricing properties of

the model with stochastic ηE are equivalent to the case of stochastic ωE after noticing, that high

ηE are equivalent to lower ωE and vice versa.

In summary, the extension of our baseline model to the case of stochastic barriers to entry

allows us to match more closely the key features of the process of creative destruction we
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documented in Section4.1 while preserving the ability of our benchmark model to reproduce the

average level of risk free rate and risk premia observed in the data.

5 Conclusion

In this paper, we study the implications of the creative destruction process in innovation for

aggregate asset prices. We embed a multi-sector general equilibrium Schumpeterian model with

incumbent and entrants in a fairly standard macroeconomics model of business cycle fluctuation

and show that the interplay between incremental innovation of incumbents and radical innovation

of entrants is an important determinant of long run growth and of fluctuations in economic

uncertainty.

In equilibrium, R&D expenses of incumbents and entrants are complementary and their

volatility increase the level of economic uncertainty. However, the ability to perform innovation

through two channels with different efficiencies provides better opportunities for consumption

smoothing. Furthermore, we show that when marginal productivity of R&D is decreasing, the

level of economic uncertainty is countercyclical.

The model reproduces fairly accurately properties of aggregate asset prices and, most im-

portant, is capable of matching key stylized fact on the process of creative destruction that we

document from the universe of patents applied for at the United States Patent and Trademark

Office (USPTO) in 1975-2013. In particular, heterogeneous innovation is key in generating the

empirically observed level of radical innovation, i.e., the relative importance of entrants’ radical

innovations in the economy. This quantity has been declining over our sample period, despite

an increase in the number of entrants in the economy, suggesting an increased role of incum-

bents’ innovation, especially in the later part of our sample. Finally, we explore the role of

time-variation in the barrier to entry as potential explanation of the volatility of the rate of

radical innovation in the data.

By highlighting the effect of the interplay between incumbents and entrants on their incen-

tives to innovate, our model provides a micro-foundation of long run growth and time variation

in economic uncertainty that are important for explaining the time variation and predictability

of aggregate risk premia in the data. A natural important direction of inquiry is the study of
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the effect of creative destruction on the cross sectional properties of asset prices, a task that we

leave for future research.
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A Appendix. Model details

In this appendix we provide details of the model discussed in Section 2.

A.1 Quantity and price of intermediate goods

We denote by Xt the total amount of expenditure on the production of the intermediate goods

Xt = µ

∫ 1

0
x(i, t)di, (A1)

by SI
t the total amount of R&D expenditure by incumbent firms

SI
t =

∫ 1

0
sI(i, t) q(i, t)di, (A2)

and by SE
t the total amount of R&D expenditure by entrants

SE
t =

∫ 1

0
ŝE(i, t)q(i, t)di. (A3)

Aggregate R&D expenditure in the economy is St = SI
t +SE

t . Since the labor market is compet-

itive, the wage satisfies

wt =
∂Yt
∂Lt

= (1− α)(1− ξ)Yt. (A4)

The final good firm’s demand x(i, t|q) for input i arises from an intra-temporal decision

where the final good firm maximizes its dividend Dt defined in (6) at each time t. Using the

definition of Yt in (4), this maximization yields the following demand for input i

x(i, t|q) = ξ
ν
ν−1
(
Kα
t (AtLt)

1−α) (1−ξ)ν
ν−1 G

ξν−1
ν−1

t (p(i, t|q))
ν

1−ν q(i, t). (A5)

Using (A5) in incumbent’s problem (9) leads to markup pricing

p(i, t|q) = ν µ. (A6)

The result that the profit maximizing price is a markup over marginal cost obtains because

demand (A5) is isoelastic. Higher degree of substitutability across inputs (i.e., lower ν) leads to
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a smaller markup. Using the markup price (A6), incumbent’s profit is

π(i, t|q) = (ν − 1)µx(i, t|q). (A7)

Substituting (A5) and (A6) into (4) gives the following expression for the composite input

Gt =

(
ξ

νµ

) 1
1−ξ

Kα
t (AtLt)

1−αQ
ν−1
1−ξ
t , (A8)

where

Qt =

∫ 1

0
q(i, t)di (A9)

is the aggregate quality of inputs, which we denote as the technology capital. Expressions (A6)

and (A8) allow us to rewrite the equilibrium quantity of input x(i, t|q) given in (A5) as a linear

function of quality

x(i, t|q) =

(
ξ

νµ

) 1
1−ξ

Kα
t (AtLt)

1−αQ
ξν−1
1−ξ
t q(i, t). (A10)

Linearity of x(i, t|q) in q(i, t) is convenient as it allows us to easily obtain aggregate quantities.

Specifically, using (A1), (A7), and (A8), the equilibrium aggregate expenditure on inputs Xt,

aggregate incumbents’ profits Πt, and output Yt are

Xt = µ

∫ 1

0
x(i, t)di = µ

(
ξ

νµ

) 1
1−ξ

Kα
t (AtLt)

1−αQ
(ν−1)ξ
1−ξ

t , (A11)

Πt =

∫ 1

0
π(i, t|q)di = (ν − 1)Xt, (A12)

Yt =

(
ξ

νµ

) ξ
1−ξ

Kα
t (AtLt)

1−αQ
(ν−1)ξ
1−ξ

t . (A13)

Since technology capital Qt is a growing process driven by R&D expenditures by incumbents

and entrants, to insure balanced growth, we impose the following parametric restriction

(ν − 1)ξ

1− ξ
= 1− α. (A14)
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Under this condition, output and aggregate expenditures on inputs can be written as

Yt =

(
ξ

νµ

) ξ
1−ξ

Kα
t (AtQtLt)

1−α, (A15)

Xt =
ξ

ν
Yt. (A16)

From (A15), technology capital acts as an endogenous “labor augmenting” productivity factor.

Note that, imposing the balance growth condition (A14) on (A10) and (A11), the incumbent’s

relative firm size is x̃(i, t|q) = x(i, t|q)/Xt = q(i, t)/Qt.

From (A2) and (A3), the aggregate R&D expenditures of incumbents and entrants are,

respectively, SI
t = sItQt and SE

t = ŝEt Qt. The aggregate dividend DA
t is the sum of the dividend

distributed by the final good firm and by all incumbents, i.e.,

DA
t = Dt +

∫ 1

0
(π(i, t|q)− sIt q(i, t))di

= Yt − It − wtLt −Xt − SI
t, (A17)

where we use the definition of the final good firm’s dividend Dt given in (6), equilibrium input

prices p(i, t|q) given in (A6), equilibrium incumbents’ profits π(i, t|q) given in (A7), and the

definition of aggregate expenditure on inputs Xt given in (A1). Using the resource constraint

Yt = Ct + It +Xt + SI
t + SE

t , (A18)

we can express the aggregate dividend as

DA
t = Ct + SE

t − wtLt. (A19)

A.2 Asset prices

To study asset pricing implications of our model, in this appendix, we first define the market

price of risk for the shock εt+1 to the exogenous component of aggregate productivity At defined

in (5). Next, we define securities that are exposed to this shock and derive risk premia demanded

in equilibrium for holding those securities.



34

Projecting the log of the SDF process (3) on the space spanned by these shocks gives

mt,t+1 = log(Mt,t+1) = Et[mt,t+1]− γεt+1

εt+1

σa
. (A20)

The quantity γεt+1 is the market prices of risk for shock εt+1. To see this, consider a projection

of the log return rj,t+1 of a generic asset j on the space spanned by the shocks

rj,t+1 = Et[rj,t+1] + βεj,t+1εt+1, (A21)

where βεj,t+1 = Cov(εt+1, rj,t+1)/σ2. With the Jensen’s inequality adjustment, the log risk

premium of asset j can be written as

Et[rj,t+1 − rf,t+1 + σ2
j /2] = −Cov(mt,t+1, rj,t+1) = βεj,t+1σaγ

ε
t+1, (A22)

where rf,t+1 is the log risk-free rate from t to t + 1, σj is the volatility of asset j’s log returns,

and the second equality follows from (A20) and (A21). If asset j is perfectly correlated with

shock εt+1, βεj,t+1 = σj/σa. Hence, from (A22), the Sharpe ratio of this asset is

Et[rj,t+1 − rf,t+1 + σ2
j /2]

σj
=
βεj,t+1σaγ

ε
t+1

βεj,t+1σa
= γεt+1, (A23)

proving that γεt+1 in (A20) is the market price of risk for shock εt+1, i.e., the risk premium per

unit volatility of the shock. From (A20), the market price of risk is

γεt+1 = −σa
∂mt,t+1

∂εt+1
. (A24)

The market price of risk is positive (negative) if a positive shock εt+1 > 0 causes a decrease

(increase) in the marginal utility of consumption of the representative household.

To analyze risk premia of securities exposed to shock εt+1, let Rj,t+1 be the return of a claim

on a dividend stream Dj,t and let Vj,t be the value of this claim. The log return of this asset j is

rj,t+1 = log(Rj,t+1) = log

(
Vj,t+1

Vj,t −Dj,t

)
. (A25)
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From (A21), the loading of the returns of asset j on shock εt+1 is

βεj,t+1 =
∂rj,t+1

∂εt+1
=
∂ log(Vj,t+1)

∂εt+1
. (A26)

Using the risk premium definition (A22), we see that the risk premium of asset j is

λεj,t+1 = βεj,t+1σaγ
ε
t+1, (A27)

where βεj,t+1 is given in (A26) and the market price of risk γεt+1 is given in (A24).

We consider four securities: (i) the consumption claim asset, defined as the claim on aggregate

consumption Ct whose value we denote by Vc,t; (ii) the market, defined as the claim on aggregate

dividend DA
t given in (A17) whose value we denote by Vm,t; (iii) the stock of the final good firm,

defined as the claim on dividend Dt given in (6) whose value we denote Vd,t; and (iv) the portfolio

that holds all incumbent firms, defined as the claim on the aggregate dividend of incumbent

firms DI,t = Πt − SI
t (see equations (A11) and (A12)) whose value we denote VI,t = vtQt,

where vt is a solution to equation (14). The loadings of the returns of these assets on shock εt+1

and their risk premia are given in (A26) and (A27), respectively, with j = {c,m, d, I}.
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B Appendix. Model solution

In this Appendix, we provide conditions that characterize the solution of the model described in

Section 2. In Appendix B.1, we state the first order conditions for the original, non-stationary,

formulation of the model. Appendix B.2 presents the equivalent conditions for the rescaled

stationary version of the model. Appendix B.3 describes how to solve for the deterministic

steady state. In this Appendix, variable λt refers to the lagrangian multiplier with respect to

the capital accumulation constraint (8), i.e., Tobin’s marginal Q.

B.1 Original problem

(DEF U) Ut =

{
(1− β)C1−ρ

t + β

(
Et

[
U1−γ
t+1

] 1
1−γ
)1−ρ} 1

1−ρ

, ρ = 1/EIS (B1)

(FOC I) λt =
1

Λ′t (It/Kt)
, where Λt(·) =

a1

1− ζ−1
(·)1−ζ−1

+ a2 (B2)

(FOC L) wt = (1− α)(1− ξ)Yt
Lt

(B3)

(FOC K) λt = Et

[
Mt,t+1

{
α(1− ξ) Yt+1

Kt+1
+ λt+1

(
(1− δ)− Λ′t+1

It+1

Kt+1
+ Λt+1

)}]
(B4)

(FOC X) pt = νµ (B5)

(FOC λ) Kt+1 = Kt(1− δ) + ΛtKt (B6)

(DEF Y ) Yt =

(
ξ

νµ

) ξ
1−ξ

Kα
t (AtLt)

1−αQ1−α
t (B7)

(DEF X) Xt =
ξ

ν
Yt (B8)

(DEF Π) Πt = (ν − 1)Xt (B9)

(DEF v) vt = πt − sIt +
(
φI
(
sIt
)
κI +

(
1− φI

(
sIt
)
− ŝEt φE

(
ŝEt
))
κD

)
Et [Mt,t+1vt+1] ,

where φI(·) = ηI(·)ωI , φE(·) = ηE(·)ωE−1, ωI, ωE < 1. (B10)

(FOC sI) 1 = φ′I
(
sIt
)

(κI − κD)Et [Mt,t+1vt+1] (B11)

(FOC sE) 1 = φE
(
ŝEt
)
κEEt [Mt,t+1vt+1] (B12)

(DEF Q) Qt+1 = Qt
(
κD + (κI − κD)φI

(
sIt
)

+ (κE − κD) ŝEt φE
(
ŝEt
))

(B13)

(MCC C) Ct = Yt − It −Xt − SI
t − SE

t (B14)

(DEF SDF) Mt,t+1 = β

(
Ct+1

Ct

)−ρ U1−γ
t+1

Et

[
U1−γ
t+1

]


ρ−γ
1−γ

= β
1−γ
1−ρ

(
Ct+1

Ct

)−ρ 1−γ
1−ρ (

RWt+1

) ρ−γ
1−ρ (B15)
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B.2 Rescaled problem

We scale all aggregate growing variables by Qt, and denote the rescaled variables using lower-

case letters, e.g., kt = Kt
Qt

, etc. We define gq,t+1 = Qt+1

Qt
. With some abuse of notation, we define

ut = Ut
Ct

= utQt
ctQt

.

(DEF U) ut =

1− β + β

Et [(ut+1
ct+1

ct
gq,t+1

)1−γ
] 1

1−γ
1−ρ


1

1−ρ

(B16)

(FOC I) λt =
1

Λ′t (it/kt)
, where Λt(·) =

a1

1− ζ−1
(·)1−ζ−1

+ a2 (B17)

(FOC L) wt = (1− α)(1− ξ) yt
Lt

(B18)

(FOC K) λt = Et

[
mt,t+1

{
α(1− ξ)yt+1

kt+1
+ λt+1

(
(1− δ)− Λ′t+1

it+1

kt+1
+ Λt+1

)}]
(B19)

(FOC X) pt = νµ (B20)

(FOC λ) kt+1gq,t+1 = kt(1− δ) + Λtkt (B21)

(DEF Y ) yt =

(
ξ

νµ

) ξ
1−ξ

kαt (AtLt)
1−α (B22)

(DEF X) xt =
ξ

ν
yt (B23)

(DEF π) πt = (ν − 1)xt (B24)

(DEF v) vt = πt − sIt +
[
(κI − κD)φI

(
sIt
)

+ κD

(
1− ŝEt φE

(
ŝEt
))]
Et [mt,t+1vt+1] ,

where φI(·) = ηI(·)ωI , φE(·) = ηE(·)ωE−1, ωI, ωE < 1. (B25)

(FOC SI) 1 = φ′I
(
sIt
)

(κI − κD)Et [mt,t+1vt+1] (B26)

(FOC SE) 1 = φE
(
ŝEt
)
κEEt [mt,t+1vt+1] (B27)

(DEF Q) gq,t+1 = κD + (κI − κD)φI
(
sIt
)

+ (κE − κD) ŝEt φE
(
ŝEt
)

(B28)

(MCC C) ct = yt − it − xt − sIt − ŝEt (B29)

(DEF SDF) mt,t+1 = β

(
ct+1

ct
gq,t+1

)−ρ(
(ut+1ct+1)1−γ

Et [(ut+1ct+1)1−γ ]

) ρ−γ
1−γ

(B30)
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B.3 Steady state

(DEF U) u1−ρ = 1− β + β(u gq)
1−ρ ⇒ u1−ρ =

1− β
1− βg1−ρ

q

(B31)

(FOC I) λ = 1 (B32)

(FOC L) w = (1− α)(1− ξ)y (B33)

(FOC K) λ = m

{
α(1− ξ)y

k
+ λ(1− δ)

}
(B34)

(FOC X) p = νµ (B35)

(FOC λ) kgq = k(1− δ) + i (B36)

(DEF Y ) y =

(
ξ

νµ

) ξ
1−ξ

kα (B37)

(DEF X) x =
ξ

ν
y (B38)

(DEF π) π = (ν − 1)x (B39)

(DEF v) v =
π − sI

1−m ((κI − κD)φI (sI) + κD(1− ŝEφE (ŝE)))
(B40)

(FOC SI) 1 = φ′I
(
sI
)

(κI − κD)m v (B41)

(FOC SE) 1 = φE
(
ŝE
)
κEm v (B42)

(DEF Q) gq = κD + (κI − κD)φI
(
sI
)

+ (κE − κD) ŝE φE
(
ŝE
)

(B43)

(MCC C) c = y − i− µx− sI − ŝE (B44)

(DEF SDF) m = βg−ρq (B45)

Using (B32), (B34), (B37) and (B45), we can express k as a function of sI and ŝE

k (sI, ŝE) =

[
1

(1− ξ)α

(
ξ

νµ

) ξ
ξ−1
(
δ − 1 +

1

β
gq (sI, ŝE)ρ

)] 1
α−1

, (B46)

where gq (sI, ŝE) is given by (B43). Using (B38) and (B46) in (B39) we have that π = π (sI, ŝE).

Hence, solving the steady state involves solving for v, sI and ŝE from the equations (B40), (B41)

and (B42). Once v, sI and ŝE are determined, all the other quantities can be obtained directly.
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C Appendix. Calibration

The model is solved via third-order perturbation around the stochastic steady state. Statistics

we report in the tables and figures are computed based on 2,500 paths of quarterly simulated

data. Each path is 500 quarters long after excluding the initial 50 quarters. Growth rates and

returns are in logs. The innovation moments are reported quarterly only. All other moments

are annualized. Growth rates and returns are annualized by summing up 4 consecutive quar-

terly observations. Standard deviations of quantities in levels and expected growth rates are

annualized by multiplying quarterly standard deviation by
√

4.

Parameter values we use in simulations of our model are summarized in Table 1. We set the

preference parameters to standard values used in the finance literature that employs recursive

preferences (Bansal and Yaron (2004) and Bansal, Kiku, and Yaron (2010)). In particular,

we closely follow Kung and Schmid (2013) who show that augmenting a standard endogenous

growth model with aggregate risk and applying recursive preferences can jointly capture the

dynamics of aggregate quantities and asset markets. We target consumption growth volatility

and market risk premium to the values reported by Benzoni, Collin-Dufresne, and Goldstein

(2011) for the sample including the Great Depression, i.e., the period 1929–2008.

In our empirical analysis, we estimate the sizes of entrant and incumbent innovation to

be κE = 2.890, and κI = 1.355, respectively. Furthermore, our estimate of the depreciation

rate of technology capitalis κD = 0.966, consistent with the value of the patent protection in

Kung and Schmid (2013). We check that the limit-pricing condition κE ≥ ν
1

ν−1 is satisfied in

all our calibrations. The intermediate goods share is chosen to satisfy the balanced growth

condition (A14), hence ξ = 1−α
ν−α for given parameters α and ν.

We target the mean rate of radical innovation to a level of 10.67 percent, which is the

value we compute using the universe of patents awarded by the The United States Patent and

Trademark Office (USPTO) from January 1975 to December 2013. To measure the rate of

radical innovation, we compute the ratio of (i) the number of US patents applied for, in a given

quarter, by firms that did not patent prior to the beginning of this quarter (i.e., by “successful

entrants” in innovation as of the beginning of this quarter) to (ii) the total number of US patents

applied for by all firms in the same quarter. The resulting quarterly time series of the rate of

radical innovation starts with the first quarter of 1985 and ends with the last quarter of 2008.
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We start in 1985 because data on awarded patents are available since 1976 and, for the first

quarter of 1985, we define the successful entrants in innovation based on at least 10 years of data

prior to this quarter. For all consecutive quarters, we gradually expand the window over which

we define successful entrants until the beginning of the respective quarter. We stop in 2008,

because many patents applied in 2009 and later are still in the patent prosecution process and

it is not clear whether they will be awarded. The time-average of our quarterly rate of radical

innovation is 10.67 percent over the 1985-2008 period.

To achieve the targeted mean quarterly rate of radical innovation Γt = 10.67% and a mean

consumption growth rate of 1.89%, we change parameters ωE and ωI so that consumption growth

is equal to 0.4725 percent quarterly (i.e., annual growth rate of 1.89 percent) and that the rate

of radical innovation is 10.67%. Specifically, we use the following two conditions to restrict

parameter values in the deterministic steady state system B.3

1 + 0.00425 = κI φI(s
I
t) + κE ŝ

E
t φE(ŝEt ) + κD(1− φI(s

I
t)− ŝEt φE(ŝEt )), (C1)

0.1067 =
ŝEt φE(ŝEt )

φI(sIt) + ŝEt φE(ŝEt )
, (C2)

where φI(s
I
t) and φE(ŝEt ) are given in (10).
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Table 4: Comparative statics

This table reports comparative statics analysis of the growth rate E[∆C], level of radical innovation
E[Γt] and long run risk σ(Et[∆Ct+1]), around the benchmark calibration of Table 1. Panel A reports the
effect of varying preference parameters, Panel B reports the effect of varying technology parameters, and
Panel C reports the effect of varying the market power of incumbents.

Panel A: Preferences parameters

β 0.9950 0.9955 0.9960 0.9965 0.9970

E[∆C] 1.31% 1.61% 1.90% 2.23% 2.58%
E[Γt] 10.60% 10.64% 10.67% 10.71% 10.75%

σ(Et[∆Ct+1]) 0.42% 0.43% 0.44% 0.45% 0.46%

ψ 1.70 1.80 1.85 1.90 2.00

E[∆C] 1.89% 1.90% 1.90% 1.89% 1.89%
E[Γt] 10.67% 10.67% 10.67% 10.67% 10.67%

σ(Et[∆Ct+1]) 0.44% 0.44% 0.44% 0.44% 0.44%

γ 6 8 10 12 14

E[∆C] 1.90% 1.90% 1.90% 1.89% 1.89%
E[Γt] 10.67% 10.67% 10.67% 10.67% 10.67%

σ(Et[∆Ct+1]) 0.45% 0.44% 0.44% 0.44% 0.44%

Panel B: Innovation technology parameters

ηI 1.4000 1.4500 1.5000 1.5500 1.6000

E[∆C] 0.66% 1.26% 1.90% 2.58% 3.35%
E[Γt] 13.75% 12.10% 10.67% 9.43% 8.35%

σ(Et[∆Ct+1]) 0.39% 0.41% 0.44% 0.47% 0.50%

ηE 0.1600 0.1700 0.1800 0.1900 0.2000

E[∆C] 2.26% 2.06% 1.90% 1.79% 1.76%
E[Γt] 6.75% 8.57% 10.67% 13.04% 15.67%

σ(Et[∆Ct+1]) 0.47% 0.45% 0.44% 0.43% 0.43%

ωI 0.7350 0.7450 0.7483 0.7550 0.7650

E[∆C] 2.92% 2.15% 1.90% 1.42% 0.77%
E[Γt] 9.12% 10.25% 10.67% 11.58% 13.14%

σ(Et[∆Ct+1]) 0.46% 0.45% 0.44% 0.43% 0.41%

ωE 0.7400 0.7600 0.7808 0.8000 0.8200

E[∆C] 1.75% 1.76% 1.90% 2.14% 2.53%
E[Γt] 18.70% 14.43% 10.67% 7.79% 5.34%

σ(Et[∆Ct+1]) 0.41% 0.42% 0.44% 0.46% 0.48%

Panel C: Market power

ν 1.2000 1.2250 1.2500 1.2600 1.2700

E[∆C] -1.25% 0.34% 1.90% 2.52% 3.18%
E[Γt] 10.27% 10.48% 10.67% 10.74% 10.82%

σ(Et[∆Ct+1]) 0.33% 0.38% 0.44% 0.46% 0.48%
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Table 5: Macroeconomic quantities: Stochastic barriers to entry

In the “Consumption” panel we report statistics for consumption growth dynamics. E[∆C] denotes
expected consumption growth; σ(∆C) is short run volatility of consumption; σ(Et[∆Ct+1]) denotes
volatility of expected consumption growth, and ∂σt/∂at is a measure of the degree of countercyclicality
of economic uncertainty, calculated as the change of economic uncertainty in percentage points after a 1
standard deviation shock to the forcing process at. In the “Creative destruction” panel we report statistics

for the dynamic of innovation. φI(s
I) and φ̂E(ŝE) are the innovation intensities of incumbents and entrants,

respectively; Γ is the rate of radical innovation defined in (35); σφI and σφ̂E are the volatilities of the

innovation intensities; ρφI,φ̂E is the correlation between incumbents’ and entrants’ innovation intensities

and σΓ and AC1(Γ) denote the volatility and first order autocorrelation of the rate of radical innovation.
The entrants’ growth share is computed from equation (C1) as sEφE(κE− κD)/(1 +E[∆C]/4− κD). The
moments have been obtained simulating the extended model of Section 4.5 which incorporates stochastic
barriers to entry. Details of the calibration and simulations are in Appendix C. Calibration parameters
are in Table 1. The moments have been obtained by simulating 2,500 economies each containing a time
series of 500 quarters after excluding the initial 50 quarters. Moments in the Consumption panel are
annual. Moments in the Innovation panel are quarterly.

Stochastic ωE Stochastic ηE

corr(εa, εωE) corr(εa, εηE)
Data −0.4 0.0 0.4 −0.4 0.0 0.4

Consumption

E[∆C] 1.89% 2.03% 1.89% 1.75% 1.75% 1.89% 2.03%
σ(∆C) 2.21% 2.01% 2.21% 2.39% 2.41% 2.21% 2.01%

σ(Et[∆Ct+1]) — 0.497% 0.467% 0.435% 0.431% 0.473% 0.505%
∂σt/∂at — -0.41 -0.42 -0.42 -0.42 -0.42 -0.41

Creative destruction

E[Γt] 10.67% 10.68% 10.67% 10.64% 10.64% 10.67% 10.70%
E[φI(s

I
t)] 5.58% 6.31% 6.24% 6.18% 6.16% 6.22% 6.28%

Et[φ̂E(ŝE)] 0.68% 0.74% 0.74% 0.73% 0.73% 0.74% 0.75%

σφI 0.50% 0.55% 0.69% 0.81% 0.80% 0.69% 0.55%
σφ̂E 0.18% 0.15% 0.13% 0.10% 0.10% 0.13% 0.15%

ρφI,φ̂E 0.76 -0.25 -0.28 -0.34 -0.34 -0.28 -0.25

σΓ 2.19% 2.27% 2.19% 2.12% 2.12% 2.19% 2.28%
AC1(Γt) 0.969 0.960 0.959 0.959 0.959 0.960 0.960
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Table 6: Asset pricing implications. Stochastic barriers to entry

This table reports asset pricing moments: the mean, E[rf ], and volatility, σ(rf ), of the risk-free rate;
the mean, E[rc − rf ], and volatility, σ(rc − rf ), of the excess return on the consumption claim; and the
mean, E[rm − rf ], and volatility, σ(rm − rf ), of the excess return on the market portfolio, i.e., the claim
to aggregate dividends, defined in (A17); the mean, E[rd − rf ], and volatility, σ(rd − rf ), of the excess
return on the claim to final good firm’s dividends, defined in (6), and the mean, E[rI −rf ], and volatility,
σ(rI − rf ) of the incumbent firm’s excess returns, defined in Appendix A.2. The moments have been
obtained simulating the extended model of Section 4.5 which incorporates stochastic barriers to entry.
Details of the calibration and simulations are in Appendix C. Calibration parameters are in Table 1.
The moments have been obtained by simulating 2,500 economies each containing a time series of 500
quarters after excluding the initial 50 quarters. Details of the calibration and simulations are contained
in Appendix C. The model statistics correspond to annualized populations moments.

Stochastic ωE Stochastic ηE

Data corr(εa, εωE) corr(εa, εηE)
−0.4 0.0 0.4 −0.4 0.0 0.4

E[rf ] 0.6% 1.0% 0.9% 0.7% 0.7% 0.9% 1.0%

σ(rf ) 3.9% 0.5% 0.5% 0.5% 0.5% 0.5% 0.5%

E[rc − rf ] — 6.2% 6.6% 7.1% 7.0% 6.6% 6.2%

σ(rc − rf ) — 6.1% 6.3% 6.5% 6.5% 6.3% 6.0%

E[rm − rf ] 6.7% 6.7% 6.7% 6.8% 6.8% 6.7% 6.7%

σ(rm − rf ) 20.5% 6.7% 6.5% 6.3% 6.3% 6.5% 6.7%

E[rd − rf ] — 5.1% 5.2% 5.4% 5.4% 5.2% 5.1%

σ(rd − rf ) — 7.1% 7.2% 7.3% 7.3% 7.2% 7.1%

E[rI − rf ] — 0.51% 1.09% 1.67% 1.65% 1.08% 0.52%

σ(rI − rf ) — 2.06% 2.62% 3.08% 3.07% 2.58% 2.07%
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Figure 1: Creative destruction

The Figure plots the quarterly time series of the number of entrant in innovation (left axis) and the rate
of radical innovation Γt (right axis). Entrants at time t are firms that first applied for a patent at that
time. The rate of radical innovation is defined in in (35). Patent data are from the United States Patent
and Trademark Office (USPTO).
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Figure 2: Incumbents’ and entrants’ R&D. Stochastic barrier to entry

The figure reports impulse response functions of incumbents’ R&D, sI, and entrants R&D, ŝE, with
respect to a one standard deviation shock in the forcing process, at, and in the elasticity ωE of entrants’
R&D technology. The value reported are log deviations from the steady state, in percent units.
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