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Abstract

Majority rule is known to be at odds with utilitarianism—majority rule fol-
lows the preferences of the median voter whereas a utilitarian planner would
follow the preferences of the mean voter. In this paper, we show that when
voting is costly and voluntary, turnout endogenously adjusts so that the two
are completely reconciled: In large elections, majority rule is utilitarian. We
also show that majority rule in unique in this respect: Among all supermajority
rules, only majority rule is utilitarian. Finally, we show that majority rule is
utilitarian even in the presence of aggregate uncertainty, a robustness not shared
by other voting models.

1 Introduction

This paper is concerned with the following classic conundrum. Suppose 51% of the
populace favors candidate A over B but only very slightly, while 49% favors B over
A but very strongly. Majority voting will elect A but a utilitarian planner would
choose B since the near-indifference of A voters would be weighed against the strong
preferences of B voters. The reason, of course, is that majority voting does not take
intensity of preferences into account. Put another way, majority voting follows the
preferences of the median voter while a utilitarian planner would follow the prefer-
ences of the mean voter.

The argument given above assumes implicitly that all members of the population
vote. In this paper we show that the conundrum is completely resolved if voting is
costly and participation is voluntary. In this setting, participation rates will adjust
to reflect intensity of preferences and to such an extent that the outcome of majority
voting will, in large elections, coincide with the utilitarian outcome. This is true even
in extreme versions of the example above. Suppose now that 90% of the populace
favors A over B but the preferences the other 10% are at least 9 times as strong as
those of A voters. Our main result concludes that, in large elections, B voters will
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show up to vote at a rate that is at least 9 times as large as the show-up rate of A
voters. Thus B will be elected nevertheless.
This paper establishes the following results:

1. When voting is costly and voluntary, in large elections, majority rule is utili-
tarian (Theorem 1).

2. Among all supermajority rules, only majority rule is utilitarian in large elections
(Theorem 2).

It is then natural to conjecture that supermajority rules maximize a weighted
utilitarian welfare function. This is true but supermajority rules exaggerate the
inherent bias. For instance, the 2/3 supermajority rule, under which A must obtain
twice as many votes as B in order to win, maximizes a weighted welfare function in
which the preferences of B voters are given four times as much weight as those of A
voters.

3. The utilitarian property of majority rule is robust to the introduction of aggre-
gate uncertainty (Theorem 3).

The third result is noteworthy because the introduction of aggregate uncertainty is
known to erode other welfare properties of majority rule. For instance, it substantially
weakens the information aggregation properties that form the basis of the celebrated
Condorcet Jury Theorem (see Mandler, 2012).

2 The Model

There are two candidates, named A and B, who are competing in an election decided
by majority voting with ties resolved by the toss of a fair coin.!

The size of the electorate is a random variable N which is distributed on Z, =
{0,1,2,...} according to the probability distribution function 7*. Thus the probability
that there are exactly m eligible voters (or citizens) is 7* (m). We suppose that N
has a finite expectation, say n.

Voter types are determined as follows. First, with probability A € (0, 1) a voter is
determined to be an A supporter and with probability 1—\, a B supporter. Next, each
A supporter draws a value v from the distribution G4 over [0, 1] which measures the
intensity of preference—the value of electing A over B. Similarly, each B supporter
draws a value v from the distribution G g over [0, 1] which is the value of electing B
over A. The combination of the direction of a voter’s preferences and its intensity
will be referred to as his type. Types are distributed independently across voters and
independently of the number of voters.?

Types are private information. A citizen knows his own type and that the types
of the others are distributed according to A\, G4 and Gp. Unless n* is degenerate,

'Supermajority rules are considered in Section 7.
%In Section 8, we extend the basic model to allow for aggregate uncertainty about A, the ex ante
proportion of A supporters.



a voter does not know the realized number of potential voters, but rather only that
N is distributed according to 7*. Of greater interest to an individual voter is the
distribution of the number of other voters given that at least one voter (herself) is
present. Let w(m) = Pr[N —1=m| N > 1] denote the probability that a given
voter assigns to the event that there are exactly m other voters present.

2.1 Utilitarianism

The expected welfare of A supporters from electing A over B is

1
vA = / vdG 4 (v)
0

and similarly, the expected welfare of B supporters from electing B over A is

1
UB:/ vdGp (v)
0

Since the probability that a voter is an A supporter is A and that she is a B supporter
is 1 — A, (ex ante) utilitarian welfare is higher from electing A rather than B if and
only if

Avg > (1= XN)vp

We will say that a voting rule is wtilitarian if the outcome maximizes utilitarian
welfare.

2.2 Pivotal Events

Since a voter’s payoff depends on which candidate is elected, a key determinant of
voting decisions is the chance that the votes of others lead to a situation where her
individual vote is decisive. In making this determination, a voter needs to consider
the set of decisive events. An event is a pair of vote totals (7, k) such that there are
j votes for A and k votes for B. An event is pivotal for A if a single additional vote
for A will affect the outcome of the election. We denote the set of such events by
Piv4. One additional vote for A makes a difference only if either (i) there is a tie; or
(ii) A has one vote less than B. Let T' = {(k,k) : k > 0} denote the set of ties and
let T_1 = {(k — 1,k) : K > 1} denote the set of events in which A is one vote short of
a tie. Similarly, Pivp is defined to be the set of events which are pivotal for B. This
set consists of the set T of ties together with events in which A has one vote more
than B. Let Ty = {(k,k — 1) : k > 1} denote the set of events in which A is ahead
by one vote.

Suppose that voting behavior is such that, ex ante, each voter casts a vote for A
with probability ¢4 and a vote for B with probability gg. Then g9 = 1 — g4 — ¢B is
the probability that a voter abstains. Fix a voter, say 1. Consider an event where
the number of other voters is exactly m and from these, there are k votes in favor of



A and [ votes in favor of B. The remaining m — k — [ voters abstain. If voters make
decisions independently, the probability of this event is

itk [l = () (@) a0’ ()"

(;nl> - (k? l> <k/jl>

denotes the trinomial coefficient.? For a fixed m, the probability of a tie—that is,
the probability of events of the form (k, k)

where

m

Pl = Y (")) 00" ) ) 0

k=0

This probability can be rewritten as

m—1
> (Waa+wTqs +q0)"
r=0

—(qa)™ = (g8)" (2)

PWMM:[;

where w = exp (27i/m) is a primitive mth root of unity, an expression that is very
useful when we study the asymptotic properties of these probabilities (see Appendix
A for a derivation). The probability of a tie from the perspective of a single voter
facing an electorate of uncertain size is then simply

Pr(T] =Y w(m)P[T|m]
m=0

Similarly, for fixed m, the probability that A falls one vote short is

m

Pl =3 (") @' o) o) 2 ®

k=1

which can be rewritten as

P[T_1|m]= —m(qa)™ g (4)

1 m—1
— Z W (w'ga +w " gs + q0)"
m r=0

(again, see Appendix A) and, from the perspective of a single voter, the overall
probability that A falls one vote short is

Pr(T_4]= > m(m)P[T_y|m]

m=0

The probabilities P [T | m] and Pr [T 4] are analogously defined.

3We follow the convention that if m < k + I, then (kﬁl) =0 and so (;”l) =0, as well.

4



Let Piv4 be the set of events where one additional vote for A is decisive. Then,
Pr[Piva] = 2 Pr[T] +  Pr[T_4]

where the coefficient % arises since, in the first case, the additional vote for A breaks
a tie while, in the second, it leads to a tie. Likewise, define Pivp to be the set of
events where one additional vote for B is decisive. Hence,

Pr[Pivg] = $ Pr(T] + & Pr [T44]

Our first, rather simple, proposition establishes that, when other voters are more
likely to choose B than A, then casting an A vote is more likely to be decisive.
Conversely, when an A vote is more likely to be decisive, then it must be that other
voters are more likely to vote for B than for A. Since the main benefit from voting
occurs in casting a decisive vote for the preferred candidate, the proposition embodies
a kind of “underdog effect”—a vote for a candidate who is behind is more valuable
than a vote for the candidate who is ahead.

Proposition 1 Pr[Piva] > Pr[Pivg]| if and only if g4 < qpB.
Proof. Note that

Pr [Piva] — Pr[Pivg| = 3 (Pr[T-1] — Pr[T}1])

and since
- < m k41 k+1 m—2k—1
Pr|T_ =
apr(r) = e () @0 e @)
= qpPr[T}4]

Pr[T_4] > Pr[T44] if and only if g4 < ¢gp. =

3 Costly Voting

We suppose that voting is costly and voters can abstain if they wish. A citizen’s
cost of voting is private information and determined by an independent realization
from a continuous probability distribution F' with strictly positive density over the
support [0, 1]. Finally, we assume that voting costs are independent of the type and
the number of voters. Thus, prior to the voting decision, each citizen has two pieces
of private information—his type and his cost of voting.

In this section, we will show that there exists an equilibrium to the voting game
where both A and B supporters participate at strictly positive rates and vote for
their preferred candidate.

Among those who show up at the polls, voting behavior is very simple—A support-
ers vote for A and B supporters for B. For both, voting for their preferred candidate
is a weakly dominant strategy. Thus it only remains to consider the participation
behavior of voters.



We will study type-symmetric equilibria. In these equilibria, all voters of the same
type and same realized cost follow the same strategy. Myerson (1998b) has shown
that in voting games with population uncertainty, all equilibria are type-symmetric.*
Thus, when we refer to equilibrium, we have in mind type-symmetric equilibrium.

Formally, an equilibrium consists of two functions c4 (v) and ¢p (v) such that (i)
an A supporter (resp. B supporter) with cost ¢ votes if and only if ¢ < c4 (resp.
¢ < cp); (ii) the participation rates ps (v) = F (ca (v)) and pp (v) = F (¢ (v)) are
such that the resulting pivotal probabilities make an A supporter (resp. B supporter)
with value v and costs c4 (v) (resp. cp (v)), indifferent between voting and abstaining.
An equilibrium is thus defined by the equations: for all v,

ca(v) = vPr[Pivg]
cg(v) = wvPr[Pivg|

If we denote by pa (v) (resp. pp (v)) the probability that an A supporter (resp. B
supporter) with value v will vote, then the equilibrium conditions become

F1 (pa(v)) = vPr[Piva]
FY(pp(v)) = vPr[Pivg]

Equivalently,

pa(v) = F(vPr[Piva))
pg (v) = F(vPr[Pivg|)

Integrating the function p (v) over [0, 1] determines py4, the ex ante probability that
a given voter will vote for A. Similarly, integrating pp (v) over [0, 1] determines pg,
the ex ante probability that a given voter will vote for B. Thus, we have that in a
costly voting equilibrium

1
pa = /OF(vPr[PivA])dGA(v)

1
pp = /OF(vPr[PiUB])dGB(U)

It is useful to formulate these in terms of the voting propensities—the ex ante prob-
ability of a vote for a particular candidate, that is, g4 = Apa and g = (1 — \) pp.
In terms of voting propensities, the equilibrium conditions are

qa = A /0 lF(vPr[PivA])dGA(v) (5)

@ = (1-2) /0 F (v Pr [Pivg]) G (v) (6)

As in Ledyard (1984), it is now straightforward to establish:

4For the degenerate case where the number of eligible voters is fixed and commonly known, type
asymmetric equilibria may arise; however, such equilibria are not robust to the introduction of even
a small degree of uncertainty about the number of eligible voters.



Proposition 2 With costly voting, there exists an equilibrium. In every equilibrium,
all types of voters participate with a probability strictly between zero and one.

Proof. Since both Pr[Piva] and Pr[Pivg] are continuous functions of g4 and ¢g,
Brouwer’s Theorem ensures that there is a solution (ga,¢g) € [0,1]* to (5) and (6).
Let pa and pp be the corresponding expected participation rates.

First, note that neither p4 nor pp can equal 1. If p4 = 1, say, then it must be
that for all v, ps (v) = 1 and hence for all v, c4 (v) = 1 as well. But the benefits
from voting for A for a voter with value v cannot exceed v and so this is impossible.
Second, neither p4 nor pp can equal 0. Suppose to the contrary that ps = 0, say.
Then from the perspective of an A supporter there is a strictly positive probability
that no one else shows up. To see this note, that if the realized number of other
voters is m then there is a probability A that all of these are A supporters. Thus
Pr[Piv4] > 0 and hence so for all v, c4 (v) > 0 and, in turn, pa (v) >0 as well. m

3.1 Uniform Costs

It is useful to first consider the case where the costs are uniformly distributed, that
is, F'(¢) = c. In this case, the equilibrium conditions (5) and (6) can be rewritten as

1
ga = )\Pr[PivA]/ vdG 4 (v) = Ay Pr[Piva]
0

g = (1— X Pr[Pivg] /0 L odGy () = (1— \)up Pr [Pivg]

where v4 is the expected welfare of an A supporter from electing A rather than B
and vp is the expected welfare of a B supporter from electing B rather than A.
Notice that if we rewrite these expressions as a ratio and multiply each side by n,

then we have ,

nga _ Avg " Pr [Pz.vA] 7

ngg (1—XNwvp Pr[Pivg]
The left-hand side of this expression is simply the ratio of the expected number of A
versus B votes. The first term on the right-hand side is the ratio of the welfare from
choosing A versus B. When electing A maximizes utilitarian welfare, this expression
is more than 1 whereas it is fractional when B is the utilitarian choice. The last
term is the ratio of the pivot probabilities. Our next proposition shows that the
vote ratio and the welfare ratio must both lie on the same side of 1, which implies
that A receives more votes than B (in expectation) when it is the utilitarian choice
and vice-versa when it is not. The key to the result comes from Lemma 1, which
highlighted that a vote for the trailing candidate is more likely to be pivotal. Thus,
if A were trailing when it is the utilitarian choice, both expressions on the right-hand
side would exceed 1, which is a contradiction. We formalize this idea in the following
proposition:

Proposition 3 Suppose voting costs are uniformly distributed. The expected number
of votes for A exceeds the expected number of votes for B if and only if electing A
maximizes utilitarian welfare. Precisely, qa > qp if and only if dvg > (1 — \) vp.



Proof. Suppose to the contrary that Avg > (1 — X\)vp but g4 < ¢p. Proposition
1 implies that Pr[Piv4] > Pr[Pivp] and so we have that the left-hand side of (7)
is no greater than one, whereas the right-hand side is greater than one. This is a
contradiction and so we must have g4 > gp. A similar argument implies that the
converse holds as well. =

4 Large Elections

Proposition 3 shows that the vote ratio mirrors the welfare ratio; that is, A is more
likely to win than B when it maximizes utilitarian welfare and vice-versa. In this
section, we will show that, in large elections,the probability that A wins when it max-
imizes utilitarian welfare goes to 1, and likewise for B when it maximizes utilitarian
welfare. While Proposition 3 held when costs are uniformly distributed, the limit
results hold regardless of the distribution of costs, the distribution of the number of
potential voters, and the distribution of types.

Before proceeding, it helps to define precisely what we mean by large elections.
Formally, consider a family of population distributions 7} such that for each n (i)
the expected size of the population according to 7 is finite and equals n; (ii) for all
K,

o
nan;O Z my (m) =1
m=K

The second property requires that, for large n, the distribution 7* places almost all
the weight on large populations. In what follows, we will consider a sequence of such
mr distributions and when we speak of a “large election” we mean that n is large.

The requirements above are very weak. Indeed, most commonly used families of
distributions satisfy these properties. Obviously, if the number of potential voters is
a fixed size, n, the above properties hold. Likewise, voting populations drawn from
Poisson, Negative Binomial, or Geometric also have the required properties.

Consider a sequence of equilibria, one for each n. Let p4 (n) and pp (n) be the
sequence of equilibrium participation rates of A supporters and B supporters, respec-
tively. The following proposition says that in large elections, these participation rates
tend to zero but at a rate slower than 1/n so that the expected number of voters of
each type is unbounded.

Proposition 4 In any sequence of equilibria, the participation rates pa (n) and pg (n)
tend to zero, while the expected number of voters npa (n) and npp (n) tend to infinity.

Proof. See Lemmas A.7 and A.8. m

The intuition for the first part of the result seems straightforward. If the par-
ticipation rates did not go to zero so that even in the limit, voters participate with
positive probability, then no single voter would be pivotal. Thus, there would be no
incentive to vote, contradicting the hypothesis that there was positive participation
in the limit.



But how do we know that the probability of being pivotal goes to zero in the limit?
As m increases, the number of ways a tie can occur increases and, because of the
combinatorics, a term-by-term comparison of the sums in (1) and (3) is inconclusive.
Instead, we use the formulae in (2) and (4) to show that the participation rates indeed
converge to zero.

The second part of the proposition asserts that, despite the fact the participation
rates go to zero, the expected number of A and B voters is unbounded. The basic
intuition is that, if there were a finite number of expected voters, then the probability
that a voter is pivotal (and hence the benefit from voting) would be strictly positive.
But this would imply strictly positive participation rates in the limit. More care is
needed in circumstances where there are an unbounded number of A voters (say) and
a bounded number of B voters. The key insight here is that the benefits from voting
are greater for B voters than for A voters since they are more likely to be pivotal.
This then implies that B voters participate at higher rates, which is a contradiction.

Our next proposition shows that, given the limiting turnouts and participation
rates, in large elections the candidate with the higher vote propensity wins with
probability approaching one. In particular, if a random voter is more likely to vote
for A than to vote for B, then A will be elected with near certainty in large elections.
Were the vote propensities fixed, the result would follow simply as a consequence of
the law of large numbers. The subtlety is that the vote propensities change with the
expected number of voters and go to zero in the limit. However, since there are an
infinite number of A and B voters (of the same order of magnitude), then differing
vote propensities imply that the expected vote difference becomes unbounded in the
limit. But this is not enough to argue that, in fact, the leading candidate will win
with probability one. To make this claim, one needs to show that the variability in
the vote difference is small relative to the expected vote difference. We show that
this is indeed the case in the next result. Formally,

Proposition 5 If for large n, g4 (n) > qp (n) then lim,_,o Pr[A wins| = 1.

Proof. If we denote by T_j, the event that the number of votes for B less the number
of votes for A is k, then

P[B wins |m] = iP[T|m]+> P[T_;|m]
k=1
< ZPTHW
k=0

If the population were distributed according to a Poisson distribution with mean
m, then the probability of T_j is

)lJrk‘

l
Ze—m qa+qB) mQA) (qu

PIT
e lml = 0 (I+k)



When m is large, we know that®

P Iy | m] em(mﬁy (\/qB>k
VST qAqB qA

and so the probability that B wins calculated in the Poisson model when m is large
is

em(Vai-vaE)
dmtm\/qaqp 1 — /9B

qA

P[B wins |m] <> P[Ty | m] =
k=0

We know from Roos (1999) that the probability P[S | m] of any event S C Z% in
the multinomial model with population m is well-approximated by the corresponding
probability P [S | m] in the Poisson model with expected population m (see Appendix
D). In particular,

|P[B wins | m| — P [B wins | m]| < g4 + qB
As m — oo,

, e-mlvaa-vas)
P [B wins | m] < — 0

dTtm./qaqp 1 — /B

qA

and since in large elections,

o
nh—>Ht;lo Z T (m) =1
m=K

we have that
Pr[B wins] — 0

This completes the proof. m

5 Main Result

We can now state our main result.

Theorem 1 In large elections with costly voting, majority rule produces utilitarian
outcomes with probability one.

Notice that the theorem does not make any demands on the distribution of voter
types. For instance, in circumstances where 90% of voters favor B but where the
10% favoring A feel much more strongly about their candidate than B supporters
do about their candidate—precisely, at least 9 times as much—majority voting will
produce sufficient enthusiasm among A voters, and sufficient apathy among B voters,
that candidate A will prevail. Given the ordinal nature of majority rule, this is quite
remarkable. Of course, the key is voluntary participation—voters vote with their
“feet” as well as with their ballots, thereby registering, not just the direction, but the
intensity of their preferences as well. This produces the (socially) correct outcome.

"We write =, &~ yn to denote that lim,—co (n/yn) = 1.

10



6 Uniqueness of Equilibrium

Ledyard (1984) conjectured that if the population of voters were fixed and commonly
known, then there was a unique solution to equilibrium conditions. Our next result
shows that uniqueness certainly obtains in large elections, provided that the popula-
tion follows a Poisson distribution.

Proposition 6 Suppose that the population is distributed according to a Poisson
distribution. Then, in large elections, there is a unique equilibrium.

Proof. See Appendix . m

7 Supermajority Rules

We have shown that in large elections with costly voting, majority rule produces the
same outcomes as demanded by utilitarianism. The mechanism driving this result
is, of course, turnout. Even if one candidate enjoys the support of a majority of
the population, turnout always favors the candidate whose election would maximize
utilitarian welfare and to a sufficient extent that, in large elections, the welfare-
maximizing candidate is elected with probability close to one. But do other voting
rules also share this property? For instance, suppose that B is the default candidate
(if this is a referendum, then the default policy). Suppose that in order for A to win,
2/3 of those voting must favor A . Is it the case that, in large elections, A will win
if and only if it is the welfare-maximizing candidate?

In this section, we will consider supermajority voting rules, defined as follows.
Candidate B is the default alternative and A needs a fraction p > % of the votes cast
in order to be elected. We will assume that p is a rational number and so will write
i =a/(a+b), where a and b are positive integers which are relatively prime (have
no common factors) and such that a > b. Note that for majority rule, a = b =1
whereas, say for the two-thirds supermajority rule, a = 2 and b = 1.

In the event of a “tie”—that is, a situation in which A obtains exactly p propor-
tion of the votes—the winner is chosen at random. In particular, A is chosen with
probability ¢ € [0, 1] and B is chosen with probability 1 —¢. A case of special interest
is one where ¢t = 0. In this case, A must obtain one vote more than a g-majority to
win.

The main analytic result of this section is the following:

Proposition 7 Suppose that the population is distributed according to a Poisson
distribution. In a large aLer supermajority election, if

()

(1 — )\) VB b
then A is elected with probability close to one. If the reverse inequality holds strictly,
then B 1is elected with probability close to one.

11



Proof. See Appendix B. m

When a > b, supermajority rules of course bias outcomes in favor of B. Proposi-
tion 7 quantifies the extent of the bias. It says that the a/ (a + b) supermajority rule
maximizes a welfare function in which the utilities of B supporters are given a weight
(a/ b)2 relative to the utilities of A supporters. For instance, the 2/3 supermajority
rule—which requires A to obtain twice as many votes as B—is appropriate only if
the weight placed by society on the welfare of B supporters is four times that placed
on the welfare of A supporters. Why do supermajority rules have the “squaring prop-
erty?” The key is Lemma B.1 which is a generalization, for large Poisson populations,
of Proposition 1. This lemma shows again that in large Poisson elections, if A is on
the losing side, that is, the ratio of voting propensities, g4/qp falls short of the a/b
ratio that is required by the voting rule, then the ratio of the pivotal probabilities
Pr [Piv4] / Pr[Pivp] exceeds b/a. For instance, if A falls short of the 2 : 1 ratio needed
under the 2/3rds rule, then the relative likelihood of A being pivotal is greater than
1/2. The converse also holds.

To see that this implies the squaring property in utility weights, recall that, when
costs are uniformly distributed, then the equilibrium conditions imply:

Avg Pr [Piv4] _ g4
(1 — M) vg Pr[Pivg] g¢g

Consider the 2/3 supermajority rule. Suppose that the welfare ratio, A\va/ (1 — \) vp,
exceeds 4. Were A to lose this election then the ratio of the expected number of votes
qa/qp < 2. From Lemma B.1, the pivot ratio then exceeds 1/2 and since the welfare
ratio exceeds 4, this is a contradiction. Therefore, A must win in these circumstances.
Similarly, suppose the welfare ratio is smaller than 4 but still favors A on utilitarian
grounds. Were A to win, then the pivot ratio would be less than 1/2 and hence
again we have a contradiction since the product of the pivot and welfare ratios would
be smaller than 2 whereas A would need a vote share ratio exceeding 2 to secure a
victory. Thus A must lose in these circumstances.

An immediate consequence of Proposition 7 is:

Theorem 2 Among all supermajority rules, only majority rule produces utilitarian
outcomes in large elections.

When voters have pure common values and voting is compulsory, the main result,
due to Feddersen and Pesendorfer (1998) is that the voting rule is irrelevant. Voters
will simply adjust their voting decisions to “undo” the bias of the rule and come to the
correct choice. One might have conjectured that such an adjustment process would
also occur with voluntary and costly voting—voters adjust their turnout decisions to
undo the particular voting rule and hence obtain the utilitarian outcome. Theorem
2 shows that this is not the case. While it is true that turnouts adjust depending on
the voting rule, permitting voters to express their intensity of preferences by voting
with their feet is not enough to guarantee good outcomes. The voting rule itself plays
a crucial role. In particular, supermajority rules, in effect, place “too much” weight
on the status quo.
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8 Aggregate Uncertainty

There are many random elements in the model considered so far. The size of the
electorate (N distributed as 7*) itself is random. For each potential voter, the direc-
tion of his or her preference (A with probability A and B with probability 1 — \) is
random, as is the intensity of preference (v distributed as G4 or Gg). Finally, the
costs of voting (¢ distributed as F') are random as well. In equilibrium, these elements
together serve to determine the key factor in individual voters’ decisions—the pivot
probabilities Pr [Piv4] and Pr [Pivp].

In this section, we amend the model to allow for aggregate uncertainty about the
parameter A, the fraction of A supporters. In other voting models, Mandler (2012)
has shown that aggregate uncertainty about some parameter of interest can overturn
welfare results concerning majority rule. In particular, as discussed in more detail
below, when there is aggregate uncertainty, the Condorcet Jury Theorem is weakened
by the presence of equilibria in which information does not aggregate.

In our model, aggregate uncertainty concerning A is of a fundamentally different
nature than uncertainty about the other elements of the model. The other ran-
dom elements are all independently distributed and as a result, when A is fixed and
commonly known, voters’ beliefs about the aggregate behavior of the population are
identical. Specifically, the voting propensities ¢4, gp and qo that an A voter uses
to calculate Pr[Pivy| are the same as those that a B supporter uses to calculate
Pr [Pivg|. But when there is uncertainty about A, an A supporter will hold different
beliefs about A than those that a B supporter will hold. Precisely, suppose that A is
distributed according to a continuous density h on [0, 1] with mean X. The posterior
density of A\ assigned by an A supporter is

h(M) A

ha(A) = T h(0)0do

JOE )

while the posterior density assigned by a B supporter is

JEh(0) (11— 0)do 1-A

hp () =

~—

Thus, as is natural, the posterior beliefs of A supporters put more weight on higher
values of A while those of B supporters put more weight on smaller values of A. This in
turn means that their posterior distributions over the voting propensities g4 = Apa,
g = (1= XN)pp and qo = 1 — q4 — qp will differ as well.

Once there is uncertainty about A, voters base their participation decisions on the
expected pivot probabilities, calculated according to their posterior beliefs h 4 and hp.
Our goal here is to explore how majority rule fares under these circumstances. Once
again, we are interested in large elections.

Two facts are key to our analysis.® First, when n is large, the Poisson pivot
probabilities P [Piva | A\] and P [Pivp | A], viewed as functions of A, are single-

Tn what follows, the analysis is simpler in the Poisson setting and so in this section, we assume
that the population follows a Poisson distribution with mean n.
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VnPr[Piv4]

10°

10%

n =103

0 \* 1

Figure 1: Asymptotic Behavior of Pivot Probabilities

peaked. Second, for large n, both pivot probabilities are maximized close to a crit-
ical value A* (determined by the asymptotic behavior of the participation rates)
and “spike” in a neighborhood around this critical value—for all A # \*, the ratio
P [Piva | \] /P [Piva | A*] goes to zero as n increases. The accompanying Figure 1
depicts /nP [Pivy | A] as a function of A for a particular sequence of participation
rates, pa and pp, and varying electorate sizes. Notice that, when the population of
potential voters reaches 10°, the pivot probabilities close to the critical value, \*,
overwhelm the pivot probabilities elsewhere.

The fact that P [Pivy | A] spikes at A* means that for large n, the expected pivot
probability Ej [P [Pivya | A]] is determined solely by the values of the pivot probability
in a small neighborhood of A*. The same is true for E) [P [Pivg | A]]. The study of
the asymptotic behavior of such expected probabilities goes back to Bayes himself in
the context of the following problem. Suppose a coin with an unknown probability
of heads is tossed 2m times. Bayes (1763) showed that if the probability of heads, q,
had a uniform prior, then the expected probability of a “tie”—that is, m heads and

m tails, is
1
2m\ ,, m 1
1- dq =
/0<m>q ( a)" g 2m+1

When m is large, the function (QWT) q™ (1 — )™ has a spike at ¢* = % Using this fact,
Good and Mayer (1975) and Chamberlain and Rothschild (1981) showed that if ¢

14



had a prior distribution with a continuous density h that is positive on (0, 1), then

. L /om m m 1
i 2m | <m>q (1-¢)"h(g)dg=h(3) (10)
The integral above is, of course, the expected probability of a tie in a majority election
with 2m voters with full participation (compulsory voting). In this case, g represents
the propensity to vote for A and is assumed to have a prior density of h. Notice that
the voting propensities do not depend on the number of voters.

Unlike the case of compulsory voting, where participation rates are fixed, when
voting is voluntary and costly, participation is determined endogenously. Moreover,
the voting propensities g4 = A\pa, gqg = (1 — A) pp and g9 = 1 — g4 — qp vary with
n, the expected size of the electorate. Hence, we require an analogous result to the
one above that takes account of this dependence. Proposition 8 generalizes, in the
Poisson model, equation (10) to situations where participation is endogenous. Note
that compulsory voting, i.e., pa = pp = 1, falls out as a special case of Proposition

8 since in that case, \* = %

Proposition 8 Suppose that there is a sequence of elections such that pAppr — A\ e
(0,1). Then for any continuous density h that is positive on (0,1),

1
lim 7 (pa +p3)/ P [Piva | n, Ak (N)dA = h (A*)
n—oo 0

and .
lim n(pa +pB)/ P [Pivg | n, Al h (X) dX = h (\")
n—oo 0

as well.

Proof. See Appendix C. m

Proposition 8 highlights the dominant role played by the critical value, \*, in
terms of the chance of being pivotal. In particular, suppose that the density A has
the feature that it puts almost all the probability mass in a small neighborhood of
the mean )\ and that \* is outside this neighborhood. The proposition says that even
though almost all the mass is close to ), the expected pivotal probability is, in the
limit, exclusively determined not by the most likely value X but rather by the very
unlikely but critical value \*.

This disconnect between the “true” value of A and the value voters use in deter-
mining expected pivot probabilities has the potential to create problems in terms of
the welfare properties of majority voting. Mandler (2012), for instance, has shown
that in the classic Condorcet jury set-up—compulsory voting, majority rule, and pure
common values—the presence of aggregate uncertainty about signal precisions can
lead to equilibria in which information does not aggregate. The reason is that there
is, as above, a disconnect between “true” signal precision and the “critical” signal
precision. Because of this disconnect, the Condorcet Jury Theorem is weakened when
there is aggregate uncertainty.

15



One might suspect that a similar possibility would arise in our setting as well.
After all, the crucial factor is the connection between the pivot probabilities and the
utilitarian evaluation of the candidates. If, as in the example above, the utilitarian
outcome obviously depends crucially on the mean and most likely value of A, that is
), while the pivot probabilities do not appear to depend on this at all. Below we show
that, despite this disconnect, the critical value \*, which is determined endogenously
by the participation rates, still contains the information required for the utilitarian
outcome to prevail.

Before proceeding with the analysis of equilibrium, it is useful to extend the utili-
tarian benchmark to the case where there is aggregate uncertainty about the fraction
of voters favoring each side. As usual, we study this from an ex ante perspective. A
utilitarian social planner will choose candidate A if and only if the expected welfare
of A supporters is higher than that of B supporters. In expectation, the fraction of
A supporters is X\. Thus, the expected welfare from selecting A is higher than the
expected welfare from selecting B if and only if

vy > (1 —X) VB

How does majority rule perform in these circumstances? The equilibrium con-
ditions when there is aggregate uncertainty (assuming uniform costs) generalize in
the usual way: Voters participate so long as voting costs fall below the benefits from
voting. Specifically, the equilibrium cost thresholds (which are equivalent to the
participation rates in the uniform-cost case) are:

1
pA = UA/ P[Pivag | n, Al ha (X)dA (11)
0

1
pp = UB/ P [Pivg | n,\| hp (X) dA (12)
0

When n is large, we can use Proposition 8 to write

pa  vaha(X")
pp vphp(\¥)

or equivalently, from (8) and (9),

pA __va A 1=\
pp  wvpl—X" X

pa ~ 1-\*

oo 7, we have

and since, in large elections,

Apa Ava
A-Nps VT Nos

Equation (13) shows that the expected vote ratio favors candidate A if and only
if the expected welfare ratio also favors A. In other words, even in the presence of
aggregate uncertainty, majority rule with voluntary and costly voting implements the
utilitarian outcome.

(13)
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Proposition 9 In large elections with aggregate uncertainty, the expected number
of votes for A exceeds the expected number of votes for B if and only if electing A
mazximizes utilitarian welfare. Precisely, Apa > (1 — )\) pp if and only if Avg >
(1 — X) vEB.

The workings of the proposition may be seen in the following example.

Example 1 Suppose vqa = 1, vg = 4 and that the fraction of A supporters, \, is
uniformly distributed, that is, h (\) = 1.

Note that for the example, from (8) and (9), the posterior beliefs of A and B
voters are hg (A) = 2X and hp (M) = 2(1 — ), respectively. Now, since A = %, the
equilibrium condition (13) implies that for large n,

PA _ Apa N Ava 1

pe (1-Npg | (1-Nwvg 2

and so, pp/ (pa +pB) =~ % and \* = % as well. Proposition 8 then implies that in
large elections,

Jo PPivs | n N hs (N dX _ hp(\) 1
JyP[Piva | n, A ha(N)dx  ha(X) 2

p

Figure 2 depicts the equilibrium values of pg/ (pa + pg) and p as functions of the
expected number of voters, n. The rapid convergence of these quantities to their
limits is particularly noteworthy.

Theorem 3 Suppose H, is a sequence of distributions (with continuous densities
hy) over [0,1] that converges weakly to the distribution Hy which is degenerate at
Xo € (0,1). Then

lim lim Pr[A wins| =1
T—00 N—00

if and only if Aova > (1 — Xg) vp.

Proof. Suppose \gvg > (1 — Ag) vp and consider some distribution H". The equilib-
rium conditions (11) and (12) imply that the equilibrium participation rates depend
on the distribution H" and not on any particular realization of A\. To make this de-
pendence explicit, let pa (n,r) and pg (n,r) denote the participation rates when the
expected size of the electorate is n and \ is distributed according to H". If A, is the
expected value of A under the distribution H", then from (13) we know that for all r,

. )\rpA (n’ T) X7‘7}14
li — = —
n—0o0 (1 — )\T) pB (n,r) (1 — )\r) vB

Since Agua > (1 — Xg)vp and A, — Ao, when 7 is large, the right-hand side of the
equality above exceeds one. Thus, there exists an R such that for all » > R,

)\@A (’I’Z,T‘)
n—o0 (1 - )\T) pp (n,r)

>1 (14)
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Figure 2: Ratios of Votes and Expected Pivot Probabilities in Example 1

Now, for a particular realization of A, let Pr[A wins | n,r, A] denote the prob-
ability that A wins calculated using the voting propensities g4 = Apa (n,r) and
g = (1 = X\) pp (n,r). Define

Sy = {)\ €[0,1] : lim Pr[A wins | n,r,\] = 1}

n—oo

and

. Apa (n,r)
Sl =3Xxe(0,1]: 1 ’ > 1
= e 2R
Proposition 5 then implies that for all » > R, S C S,..
Finally, since H,, — Hy which is degenerate at \g, for all €, there exists an R’ > R,
such that for all » > R', Pr[S]] > 1—¢ and so Pr[S,] > 1—¢, as well. This completes
the proof. m

A Asymptotics

The purpose of this appendix is to provide a proof of Proposition 4. This is done via
Lemmas A.7 and A.8 below.

When studying the asymptotic behavior of the pivotal probabilities, it is useful to
rewrite these in the form given in (2) and (4). We begin by establishing these “roots
of unity” formulae.
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A.1 Roots of Unity Formulae

1
w = exp <2m'>
m

Since w™ = = 1 w is an mth (complex) root of unity. Note that ZT, o W=

(1- )/( )

Lemma A.1 For z,y, z positive,

m—1
m k, k. m—2k __ l r -r miyl o m m
<k7k>:cyz (m;)(w:c—&—w Y+ 2) ) (@™ +y™)

7

For m > 1, let

gl

Proof. Using the trinomial formula, for r < m,

m m
(wrx_i_wfry_i_z)mzzz <k7:nl>wrkka rlylzm k-l

k=

0
and so, averaging over r =0,1,...,m — 1,

1 m—1 1 m—1 m m m
LR e = SEEE (oo
r=0 =0 k=0 I=0
1 m m m m—1
_ L r(k=1) \ k1 m—k—l
S X () ()
k=0 =0 r=0
m—1 m—1
_ ixm wrm) _’_lym (Zw 'rm)
r=0 r=0
m—1m—1
+i < ) (Zwr(k 1)> byl k=l
m k=0 I= r=0
Now observe that since w™ =1,
m—1 m ifk=morl=m
W=D — m if k=1
r=0 % =0 otherwise
Thus,
1 m—1 1 m—1 m m—1
r —r m m m k, k_m—2k
il — il 1
mr:o(wx%—w y+2) " +y +mkzo<k’k><rz::0 )myz

m—1
m
— $m+ym+ < >xkykzm 2k
0

"Recall the convention that if m < k + I, then (;nz) =0.
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Lemma A.2

m—1 m 1 m—1
3 (k " 1>mkyk+1zm_2k_1 - (m S (W ey z)’“> e

k=0 r=0

Proof. The proof is almost the same as that of Lemma A.1 and is omitted. m

The following lemma studies the asymptotic properties of the tie probability when
the propensities to vote and abstain remain fixed as n increases.

Lemma A.3 For z,y, z positive, satisfying x +y + 2z =1,

—_

—
Z (Wz+wy+2)" =0
r=0

lim
m

=

Proof. First, note that since |w"| =1 = |w™"|,

Wrt+wy+z] < Wzt |w " y+2

= 1
As a result, for all K and for all m > K
1 m—1 1 m—1
- r —r m < r —r m
mZ(waz+w y+2)" < mZ‘wx—Fw Y+ 2|
r=0 r=0
1 m—1
< — ‘w’“a:—i-w*’"y—i-z‘K
m
r=0
and thus for all K,
1 m—1 1 m—1 X
: T -r m s r -
i A et < LS vy
r=0 r=0
1 m—1 X
= ngnoo -~ ZO ‘exp (QTFZ'%) T+ exp (—27ri%) Y+ z|
r=
1
= / lexp (2it)  + exp (—2mit) y + 2|~ dt (15)
0

using the definition of the Riemann integral.
Since

lexp (27it) x + exp (—2mit)y + z| < |exp (2mit)| x + |exp (—2mit)|y + 2
= r+y+z
=1
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with a strict inequality unless t = 0. To see this, first note that the inequality above

is strict for t = 1. For all t # 0, 1, observe that

’ Qo

lexp (27it) @ + exp (—2mit)y| = /224 y2 + 2zy cos (4nt)
< |r+y)

Thus, for all ¢ # 0, |exp (27mit) z + exp (—27it) y + z| < 1. Hence, the integral on the
right-hand side of (15) is decreasing in K and converges to zero as K — co. m

Lemma A.4 For z,y, z positive, satisfying x +y + z = 1,
mimz (W +w™” +z)m—0
m m = y o

Proof. Note that

1 m—1 1 m—1
— Z ‘wr (ofx%—w_ry—{—z)m‘ = — |w"| ’ w :U—I—w_Ty%—z)m‘
m m
r=0 r=0
1 m—1
- — ‘(wrx+w_ry+z)m|

Il
=)

r

since |w"| = 1. The result now follows by applying the previous lemma. m

A.2 Asymptotic Participation Rates

Lemma A.5 Along any sequence of equilibria, either limpsq = 0 or limpg = 0 (or
both).

Proof. Suppose to the contrary that neither is zero. Then there exists a subse-
quence such that limpy (n) = p% > 0 and limpp (n) = pj; > 0. Setting z = Ap¥
and y = (1 —\)pp in Lemmas A.3 and A.4 implies that, along this subsequence,
limy, 00 P[Pivg | m] = 0.

Fix any € > 0. Then there is a K such that for all m > K, P[Piv4 | m] < . As
a result,

K 00

Pr(Piva] = Y mn(m)P[Piva|ml+ > mn(m)P[Piva|m]
=0 m=K+1
K 0o

< an(m)+€ Z T (M)

=0 m=K+1

But since lim,, oo Y25 _ 7, (m) = 0, for all &, lim sup Pr [Piva] < € and so lim Pr [Piv 4] =
0.

A similar argument shows that lim Pr[Pivg] = 0 as well. But the equilibrium
conditions (5) and (6) now imply that along the subsequence, limpa (n) = 0 and
limpp (n) = 0, contradicting the initial supposition. =
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Lemma A.6 Along any sequence of equilibria, 0 < lim inf Z—g < lim sup % < 00.

Proof. Suppose that for some subsequence, lim 24 = (. This implies that for all n
large enough, along the subsequence, g4 = Apa (n) < (1 — X\) pp (n) = ¢p and so from
Lemma 1, Pr[Piva] > Pr[Pivp]|. It now follows from the equilibrium conditions: for
all v :

ca(v) = vPr[Pivy|

cg (v) = wvPr[Pivp]

that when n is large enough, for all v

ca (v) > cp (v)

and hence, for all v,

pa(v) =F " (ca(v)) > F~' (e (v) = pp (v)

The fact that lim £ = 0 implies that limpa = 0 and since py = fol pa(v)dG4 (v),
for almost all values of v, limpa (v) = 0. Since p4 (v) is continuous in v, we have that
forall v, limpy (v) = 0. Now because pa (v) > pp (v), it is the case that limpp (v) = 0
as well. This in turn implies that limca (v) = 0 = limcp (v) .

Thus, along the subsequence, when n is large enough,

1
DA :/ F(ca(v)dGa (v) = / F'(0)vPr[Piva]dGa (v) = F' (0) Pr [Piva]va
0 0
Similarly, pg ~ F’ (0) Pr [Pivg]vg. Thus, for all large n,
pa(n)  Pr{Pivalva _ va
> —
ps (n) ~ Pr[Pivglvg ~ up

since Pr[Piva] > Pr[Pivg]. Since the right-hand side of the inequality above is
independent of n, this contradicts the assumption that lim % =0. m

Lemma A.7 In any sequence of equilibria, the participation rates pa (n) and pp (n)
tend to zero.

Proof. Lemmas A.5 and A.6 together complete the proof of Lemma A.7. =

Lemma A.8 In any sequence of equilibria, the expected number of voters npa (n)
and npp (n) tend to infinity.

Proof. Suppose to the contrary that there is a sequence of equilibria in which, say,
limnpa < co. Lemma A.6 then implies that lim npp < oo as well. First, recall that

an P[T | m]
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Second, for all m,
[P[T" | m]=PI[T|m] <qa+qp

where P [Pivg | m| is the probability of Pivg calculated according to a Poisson
multinomial distribution with an expected population size of m (see Appendix D).
Combining these, we can write

Pr[I] = ma(m)P[T | m]| < qa+4qsp
m=0

But if limy, 00 mga = M4 and limy, oo mga = Mp, then using the formula for
tie events using Poisson probabilities,

lim P [T | m] = ¢~ Ma-Mz 3 (kfll)( ;j)
k=0 ) '

>0

Since for all K, limy, o0 Y oo je Tn (M) = 1 and limy, 00 g4 = 0 = lim, o0 gB

lim Pr[T] >0
n—oo
and thus lim,_,o Pr[Piv4] > 0 as well.
But now from the equilibrium conditions it follows that lim, .., p4 > 0, contra-
dicting Lemma A.7. m

B Supermajority Rules

This appendix provides a proof of Proposition 7 and hence of Theorem 2. Through-
out, we assume that the population is Poisson distributed with mean n. We will then
show that as long as a > b, no aL—l—b supermajority rule is utilitarian in large elections.
Thus we will have shown that Theorem 1 does not extend to general supermajority

rules: only majority rule is utilitarian.

Pivot Probabilities As before, an event (j, k) is pivotal for A if a single additional
vote for A will affect the outcome of the election and denote the set of such events
by Piva4. Given a supermajority rule, the events in Piv4 can be classified into three
separate categories:

A1l. There is a tie and so a single vote for A will result in A winning. A tie can
occur only if number of voters is a multiple of a + b. The set of ties is thus

T = {(la,1b) : | > 0} (16)

A2. Candidate A is one vote short of a tie. The set of such events is®

T —(1,0) = {(la—1,1b) : 1 > 1}

80f course, we assume that the number of votes cast is nonnegative, so that the point (=1,0) is
excluded from this set.
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A3. Aislosing but a single additional vote will result in his winning. For any integer
k such that 1 < k < b, events in sets of the form

a a
_ _ — I _ . >
T ([bk],k) {(la {bk],w k) z_1}
have the required property.® This is because for any k& < b the condition that
la — [%lﬂ e la — [%k} +1
Ib—k b Ib—k
is equivalent to
a a a
5] > 5> [5H] -1

Similarly, events that are pivotal for B can also be classified into three categories:

B1. There is a tie and so a single vote for B will result in B winning. This occurs
for vote totals in the set T' as defined above in (16).

B2. Candidate B is one vote short of a tie. The set of such events is

T-(0,1) = {(la,lb—1) : 1 > 1}

B is losing but a single additional vote will result in her winning. For any integer
j such that 1 < j < a, events in sets of the form

T — (5, [25]) = {(la— j,1b— [L]) : 1> 1}
have the required property. This is because for any j < a, the condition that

la—3j a la—3j

Ib—[%5] e (2] +1

a a

[b.-‘ b . [b-‘
—Jl—1<—=3<|=J
a a a

(Under majority rule, of course, there are no events of the kind listed in A3. and
B3.)
As usual, let g4 be the probability of a vote for A and ¢p the probability of a

vote for B. Under the _f;-supermajority rule, the probability of a tie is

is equivalent to

00 ka kb
) [T] _ Z e~ n4A (TZQA e~ 4B (HQB)

)
2 (ka)! (k). (17)

97%] denotes the smallest integer greater than z.
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Approximations Now suppose that we have a sequence (g4 (n),¢p (n)) such that
both nga (n) — oo and ngp (n) — oco. Myerson (2000) has shown first that in that
case, for large n, the probability of a tie in state a, given in (17), can be approximated
as follows:

exp ((a +b) ("ZA)“L“’ (H%B)“L“’ —nga — anB>

1
_a_ _b _\ 2
<27r (a+D) (ntIA) a+b (anB) a+b) 2 (ab)%
Second, Myerson (2000) has also shown that the probability of “offset” events of
the form 7' — (4, k) can be approximated as follows

PT) ~ (18)

PT — (j,k)] ~ P[T] x a®—k (19)

1
qab

The probabilities of the pivotal events can then be approximated by using (18)
and (19):

where

B b—1
PlPiva] ~ PIT]x |1—t+ta+ > a'liF] —ak] (20)
L k=1
[ a—1
PlPivg] ~ PT]x [t+(1—-t)a o+ Y a¥ales] (21)
j=1

where t is the probability that a tie is resolved in favor of A. Next, using the fact that

{b {%k] —ak:k=1,2,....b— 1} =1{1,2,...,b — 1} and similarly, that {a [ ] bj:j=1,2,..

{1,2,...,a — 1}, we can rewrite (20) and (21) as

i b—1
PlPiva] ~ PIT]x |1—t+ta®+> aF (22)
L k=1
PlPivg] ~ P[T]x [t+(1—t)z "+ a (23)
Lemma B.1 If for all n large, “EZ% > ¢, then lim sup p{gﬁ <2 b Similarly, if for

all n large, qggn; < %, then limsup % > g.

Proof. Using the formulae in (22) and (23) we have that the ratio of the pivotal
probabilities

P[PZ'UA}N 1—t+tab + 301 1:1:

P[P’M)B] (1—t)aj a+zj lx]
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Now note that the numerator is increasing in x, while the denominator is decreas-
ing. Thus, the ratio of the pivotal probabilities is increasing in x. Also, when x =
L,

P [Piv4] b

P [Pivg]  a
If, for all n large, 3283 > ¢, then x < 1 and so for all n large, 77;{52‘1;,4% g. If there is
a subsequence along which 2 = £ and along this subsequence lim P{gzzg} > b then
this contradicts the fact that T = 1 implies that szz"‘% R E' Thus, if for all n large,

A(n) < P[Piva]l ~ b
qB(Z) , then lim sup % PP WA] <o m
The equilibrium conditions imply
qa Mg P[Pivy]

a5 (1 =X vp P |[Pivp|

Note that under supermajority rules, voluntary voting has more of a status quo
bias than does compulsory voting (assuming that ﬁ > 7).

Lemma B.2 If

Avg a\ 2
(1=XNwp = <g>
then, in large elections, A is elected with probability 1.

Proof. We first claim that for all large n, g—g > ¢; that is, the vote shares favor A.

Suppose to the contrary there is a sequence along which q—“‘ < % and so by Lemma

B.1, along this sequence g{g:;}ﬂ > . The equilibrium CODdItIODb now imply that

qA Avg  PlPival _ a
i ' > —
g8 (1 =X vpP[Pivg] ~ b

which is a contradiction. Thus we have argued that in all large elections it must be
that

1

<QBG>““’ <1
qab

We also claim that lim inf g—g > ¢ or equivalently that, z > 1. Otherwise, there is
a sequence T, such that limx, > 1. So along the sequence we have

bga (n) _ Ava b P[Piva](n)
aqp (n) (1 =X vpaP[Pivg](n)
S ()
o -
which is a contradiction since lim inf % > 3 while lim x,, —(a+h) <l. =
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Lemma B.3 If
AUy a\2
s <)
(1=XNwp b
then, in large elections, B is elected with probability 1.

Proof. The proof is identical to that of Lemma B.2 and is omitted. m

C Aggregate Uncertainty

In what follows, we make use of the following identity

! 1 k+0\"!
k4l
24
/O(a t)tdtkl1<k> (24)

The identity is easily verified by using induction on k (say).

Lemma C.1 Forallz € (0,1), ifga=(1—2)\, qg =2 (1 — \) and qo = 1—qa—qsp,

then
/0 Z(k k) (00)" (4)" ()" A = — (25)

Proof. Note that since go = 1—ga—¢p = zA+(1 — ) (1 — \), the binomial theorem
implies that

m—2k
@) @) @ = 3 (") @ o -yt

=0 ~ 7
Thus, using (24),

1
/0 (aa)* (g5)" (0)™ 2 X

m—2k 1
_9 , . , .

= > (m , k) 2R (1 — g)ymkd / MR (1 — )R gy

=0 J 0

m—2k —1
1 m — 2k m 4 ;

— Jj+k 1— m—k—j

m+12< j ><j+k> v (-2

Jj=0

and so the left-hand side of (25) equals

1 m/2] m\ =2k o m \ !
- Jtk (] _ pym—k—i
m+1 & <kk> JZ_; < j ><j+k> Zr L)

_ m+1Ln§Jm§k< ><m—:—j>$j+k(1_x)mkj
- m+1Ln§JjZk<>< >xl<1_m)m_l
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Interchanging the order of summation, the last expression can be rewritten as
m min{m—I,l} I I
m— l m—1
1—
sy 2 (W)

1 (m) m—I
- - 1—
m+1l_0<l>$( 2

which follows from the fact that for all [ < m,

l m—I
I\ (fm-—1 m I\ /m-—1
> () ()= -2 00 )
k=0 k=0
a consequence of the Vandermonde combinatorial identity (see, for instance, Feller,
1968, p. 64). =
Lemma C.2 Forxz € (0,1), ifqga=x(1—=X),qgp=(1—2) X and g0 = 1 — g4 — g5,

then

1 m m . 1 -~
L2 (') @0 @ @ o= g aan e

Proof. The proof is almost identical to that of Lemma C.1 and is omitted. m

Corollary C.1 Forz € (0,1),ifga=(1—z) A, qgg =z (1 — ), then

1 00 k k
/ enlantan) 3 (094) (4B)7 50 L oy
k=0
Proof. Since
o0 k k o0 m m
n nga)” (ngp . m —
e ((IA‘H]B)Z( k') ( kl) _ Z e WZ <k k) (QA) (qB)k (qo) 2k
k=0 m=0 k=0 N
Lemma C.1 implies that
1 0 k k o m
—n(ga+qs) (TlQA) (an) _ 7nn7 1
) e S = S e
k=0 m=0
1
= —(1—e™
L)

Corollary C.2 Forz € (0,1), ifga=(1—2) X and gqgg = x (1 — \), then

(n (ngp)*! 1 e — e "
/ —n(qa+qB) Z QA QB d==-1(1-=
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Proof. Follows easily by using the fact that

00 k+1 0 nm m
enaatan) §° ”‘IA * (nap)" =Y e Z (0a)* (g5)F (go)™ 21
Sy bk 1

k=0 k=0

and applying Lemma C.2. m

Lemma C.3 Suppose that there is a sequence of elections for which lim
(0,1). Then

p+p €

1
lim n(pA+pB>/ PIT | A dA =
n—oo O

where P [T | n, A] denotes the Poisson probability of a tie when the voting propensities
are Apa (n) and (1 — X)pp (n), respectively.

Proof. If we set x = then

/PT\n)\

p+p’

oo k
— / —n(Apa+(1-A)ps) Z n)\pA n(l—\)pg) I
0 k!
k=0
_ /ﬂgﬂmﬁmﬂlxXMIA 53 pA+pB(1—@Af(n@A+pBM%1—A»ﬁM
_ -
0 .

k=0
1 — e~ n(PatpB)

n(pa+pB)

where the last equality follows from Lemma C.1, using n (p4 + pp) in place of n.
Since n (pa + pp) — o0 as n — o0, taking limits yields the result m

Lemma C.4 Suppose that there is a sequence of elections for which lim pAppr €
(0,1). Then

1
lim n (pa —|—p3)/ PlT-1|n,Ad\=1
n—oo 0

where P [T_1 | n, ] denotes the Poisson probability that A is one vote behind when
the voting propensities are Apa (n) and (1 — X) pg (n), respectively.

Proof. The proof is almost the same as that of Lemma C.3 and is omitted. m

Lemma C.5 Suppose that there is a sequence of elections for which lim
(0,1). Then

vits €

1
lim n (pa —i—pB)/ P[Pivg | n,AJdA =1
n—oo 0

Proof. Follows immediately from Lemmas C.3 and C.4. m
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Proof of Proposition 8. We prove the result for Piva. The proof for Pivg is
analogous.
First, using the asymptotic formulae for the Poisson probablity of Piv 4, observe
that for all A # \*,
P [Piva | n, A
P [Piva | n, Y]

i <1 + <1A)pB> . (VA yrTp)” (1 + \/m>
\/4Trn\/ Apa(1-N)pp APA \/47m\/>\*pA(1*)\*)pB A'pa

(VAT mm) (VAT 3E) v

NI

Q

=) o f¢ (A, A*)%

where ¢ (A) = 2,/pap VA (1 —=A) — Apa — (1 — A)pp and K (A, \¥) is a rational
function that does not depend onn p A O PB. It is routine to verify that the strictly
concave function ¢ (A) is uniquely maximized at A = —2E—_ Since —2E— — \*, for

PA+PB PA+PB
all large n, ¢ (\) < ¢ (\*). Moreover, since

n¢(\) = n(pa+ps) (2 pA+pB pA+pB VAL~ )‘pAppr (1=2) pffps)
~ n(ps+pp) (2\/)\* TANVAL =) A (L= A) = (1- ) X‘)

and n (p4 + pp) — 00, it follows that n (¢ () — ¢ (A\*)) — —oo. This implies that the
ratio P [Pivg | n, A] /P [Piva | n, \*] converges to zero as n — 0.

Fix an € > 0 and let n be large enough so that pAppr > A" —e. As in the

expression above, we can write for all X' < X' < \* —¢

P [Piva | n, \"]

— 6= 5 g (N V)T
P [Piva | n, X] ¢ X E(N)

and since ¢ (A) is strictly concave and reaches a maximum at - +p3 > N—g, ¢ (N) >
¢ (X') . Thus, for n large enough, P [Piva | n,\"] > P [Piva | n, \'] . Analogously,
for all N, \" satisfying \* +¢ < ) < NP [PZ'UA | n, )\’] > P [Pi’UA | n, )\”] once n
is large enough.

For any ¢ > 0, as n — oo, P[Piva | n,\] converges to zero uniformly for all
A € [0,\" —¢]. Similarly, for any € > 0, P [Pivya | n, A] converges to zero uniformly
for all A € [\* +¢,1]. As a result, if we denote by I (¢) the interval [\* — e, A\* +¢],
then

limn (pa + pB) P[Pivg | n,AJd\ =0
I(e)°

and

limn (pa + pB) P [Piva | n,AJh(X)dXA =0
I(e)°
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as well. Thus,

1
limn (pa —|—p3)/ PlPivg | n,AJd\ = limn(pa —|—p3)/ P [Pivg | n, A] dA
I(e) 0
=1
using Lemma C.5.
Since h is continuous, for any § > 0, we can pick an € small enough so that for all

AEN —e, N +¢],
h(N)—=6<h(\) <h(\)+4d

Thus, we have
(h(A\") = 0)n(pa + pB) /( )73 [Pivy | n, A] dA
I(e

< n(pa+ps) | P[Piva|n,\h(\)d\
I(e)

(h(X)+0)n(pa+pB) | P[Piva|n, A dA
I(e)

IN

and so
h(A*) =6 <limn (pa +p5)/ P [Piva | n, N R (N dX < h(\)+6
1(e)

or
1
RV =8 <limn (pa+ pm) [ PIPiva [n BN AA<BOY) +9
0

and since 0 was arbitrary, the proof is complete. B

D Poisson Approximations of the Multinomial

We are interested the distribution of the sum of independent Bernoulli vector variables
(X4, Xp) where

Pr{(Xa,Xp) =(1,0)] = qa
Pr{(Xa,Xp)=(0,1)] = g¢n
Pr{(X4,Xp)=(0,0)]] = 1-qa—gs

where g4 + g < 1. If g9 = 1 — q4 — qp, then the probability that after m draws, the
sum of the variables (X4, Xp) is (k,1) is

itk [l = () (@) a0’ ()"
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Now consider a multivariate Poisson distribution with means mqga and mqpg, re-

spectively. The probability P [(k,)] that the total number of occurrences of A and
B will be k and [, respectively, is

(mqa)” (mgp)"
il Il

P(k,1) | m] = ¢ m9a—ma
Roos (1999, p. 122) has shown that

sup |[P[S[m] —P[S|m][<qa+agn
sczi
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