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This paper considers two modes of organizing a one-worker firm and compares them with
regard to social welfare. In the Centralized mode, worker-control techniques, together
with adequate compensation, insure that the worker chooses a surplus-maximizing effort.
In the Decentralized mode the worker is not controlled. Instead a profit-driven Principal
contracts with a self-interested Agent (the worker) who freely chooses an effort and bears
its cost. The Principal rewards the Agent once she sees the revenue generated by the
Agent’s hidden choice. The welfare loss when the Principal induces her favorite effort
is called the Decentralization Penalty. For certain common contract types, the paper
studies the behavior of the Penalty in response to changes in production technology. In
a previous paper the set of possible efforts was finite. In this paper the set is the entire
interval [0,1]. The Decentralization Penalty turns out to be continuous and to have a
unique peak. Early improvements in technology cause a rise in the Penalty and further
improvements lead to the Penalty’s peak. Then the Penalty descends. When technology is
sufficiently advanced, the Penalty is zero, because surplus-maximizing effort and the effort
the Principal induces are both the highest possible effort (the effort 1). While advances
in worker-control technology always strengthen the social-welfare case for the Centralized
mode, advances in production technology may do the opposite.
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1. Introduction.

How does the rapid stream of technical advances that we currently see affect the best way to
organize a firm? The question is complex and it is natural to begin with very simple models. We
consider a one-worker firm. The worker selects an effort, which yields a non-negative revenue.
That revenue only becomes known after the effort is selected, but for a given effort, the probability
of every revenue is common knowledge. In a previous paper (Marschak and Wei (2022)) the
possible efforts comprise the finite set {1, . . . , E} of positive numbers, and the possible revenues
comprise the finite set {R1, . . . , RS} of nonnegative numbers. In each set, each element exceeds
its predecessor; E and S are arbitrary large. In this paper, on the other hand, the set of possible
efforts is the entire interval [0, 1] and there are just two revenues.

Many technical advances fit the traditional model: they increase the quantity produced by a
unit of workers’ effort (for given capital) and so they decrease the cost of every product quantity.
We shall call them advances in production technology. But advances may also be of a novel type:
they make it easier for the firm to influence a worker’s choice of effort and they reduce the cost
of ensuring that a worker chooses the effort the firm desires. Those advances include devices
and techniques that instantly track worker’s activities, convey quick instructions from remote
locations, and compile detailed worker histories. We shall call them advances in the technology
of control.1

We ask whether — for a given control technology — changes in production technology weaken
or strengthen the social-welfare case for decentralizing the firm. We assume that advances in
production technology and in control technology are external to the firm: the firm plays no role
in achieving them. We say that our one-worker firm is in the Centralized mode when it uses
control devices and techniques to ensure that the worker selects a specific effort. The worker
may find the controlled workplace unpleasant but accepts it if given sufficient compensation.

In the Decentralized mode, on the other hand, there are no controls. Instead the firm faces
moral hazard. The worker, whom we now call the Agent, pays the cost of the effort he freely
chooses but is rewarded by a Principal. The Agent’s effort choice is hidden until revenue is
realized. The Principal sees the realized revenue and then makes a non-negative payment to
the Agent. The payment is specified in a contract which the Principal proposes and the Agent
accepts. We shall be particularly interested in bonus contracts, where a positive payment is only
made to the Agent when the highest revenue is realized, and in fixed-share contracts, where the
payment is a fixed share of the realized revenue. The Agent is risk-neutral. He chooses the effort
which maximizes his net gain — his expected payment minus the effort’s cost. The Principal is
also risk-neutral and her net gain for a given contract is expected revenue minus the expected
value of her payment to the Agent. She uses a contract for which the induced effort maximizes
her net gain. The surplus achieved by a given effort is the expected revenue generated by the
effort minus the effort’s cost. The social-welfare measure of the Decentralized mode is the surplus
achieved by the effort the Principal induces. That will be called Decentralized surplus.

Returning to the Centralized mode, what is the effort the firm requires its worker to select?
We shall suppose that it is an effort that maximizes surplus. Ensuring that its worker maximizes

1The finite-effort paper provides references to papers that describe these devices and techniques.
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surplus fits a scenario where the firm has to satisfy the makers of public policy. The firm, might,
for example, be regulated. It might propose one of the two modes to the regulator, who would
judge the proposal from the social-welfare point of view.2 In judging the Centralized mode, the
regulator considers not only maximal surplus, which the firm achieves by using control devices
and techniques, but also the cost of those devices and techniques and the compensation that the
controlled worker requires.

To state this more precisely, let K > 0 be the “social cost” of the firm’s control devices
and techniques. That cost is the sum of (1) the cost of the control devices and techniques that
the firm uses, and (2) the compensation which the worker requires if he is going to accept the
unpleasantness of the controlled workplace. To evaluate the Centralized mode, the judge asks:
“given that the firm uses control devices and techniques, which enable it to direct the worker’s
effort, what effort maximizes social welfare?” The answer is: an effort that maximizes surplus.
So if the firm wants the judge to favor the Centralized mode, it must specify that in that mode
it will use its control capability to ensure that the worker’s effort is indeed surplus-maximizing.
Then the judge, when comparing the two modes, will use

(maximal surplus)−K

as the social-welfare measure of the Centralized mode.

Note that as control technology advances, fewer resources, and perhaps less compensation,
are needed, so K drops. Recall that control-technology advances are external to the firm. We
shall assume, moreover, that control technology is fixed. Production technology is also external
to the firm, but we shall allow it to change. When production technology advances, the cost of
every effort drops. When we say “a change in production technology strengthens (weakens) the
social-welfare case for the Centralized mode”, we mean that the change increases (decreases)

[maximal surplus - K] − [Decentralized surplus].

That brings us to the Decentralization Penalty, which is our main concern. The Penalty is
the amount by which maximal surplus, achieved in the Centralized mode, exceeds Decentralized
surplus. We are interested in the way the Penalty behaves when those advances occur. As we
noted, the social-welfare measure of the Centralized mode is maximal surplus minus K, the social
cost of control. Hence:

The Centralized mode is welfare-superior (welfare-inferior) to the Decentralized mode if
the Penalty exceeds (is less than) K

.

We can rephrase our question in the standard language of Principal/Agent theory: when does
a drop in the cost of effort increase (decrease) the welfare loss due to the Agent’s “second-best”
effort choice? Papers which focus on this question appear to be quite scarce, even though the
Principal/Agent literature is voluminous.

2The finite-effort paper briefly considers another way to judge the two modes. They are judged from the point
of view of an “owner”, who seeks maximum profit and is not concerned with social welfare.
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Using the finite-effort paper’s notation, we now describe that paper’s model more precisely.
Some of its results are then summarized in the subsection which follows.

There are E ≥ 2 efforts. They are denoted 1, 2, 3, . . . , e, . . . , E, where each is higher than its
predecessor. The cost of effort e is tCe, where Ce is positive and strictly increasing in e and t > 0
is a technology parameter, which drops when production technology advances. There are S ≥ 2
possible revenues, denoted R1, R2, . . . , RS, where 0 ≤ R1 < R2 < · · · < RS. The probability
distribution of revenue depends on the effort chosen. When effort e is chosen, the probability
that revenue will turn out to be Rs is pe

s. We let pe denote the vector (pe
1, . . . , p

e
S). So the problem

is defined by the triple ({Ce}e=1,...,E , {Rs}s=1,...,S , {pe}e=1,...,E). For effort e, we let R
e

denote

the average revenue (i.e., R
e

=
∑S

s=1 pe
sRs). Then surplus, at the effort e and the production

technology defined by t, is R
e − tCe.

As is common in the moral-hazard literature, we assumed, in the finite-effort paper, that the
revenue distributions have the Monotone-Likelihood-Ratio (MLR) property. That means:

pe
s∗

pe
s

>
pf

s∗

pf
s

whenever e > f, s∗ > s.

(When effort increases, so does the ratio of the probability that we will see a given revenue to
the probability that we will see a lower one). MLR implies that (1) expected revenue strictly
increases when effort increases, and (2) the probability pe

S of the highest revenue RS strictly
increases when effort increases. In the main model of the present paper there are only two
revenues (S = 2) and the MLR condition is trivially met.

There may be more than one surplus-maximizing effort. The finite-effort paper considers a
second condition, called Approximate-concavity. It says that for fixed t, the surplus R

e − tCe is
single-peaked in e: as the effort e rises above zero, surplus rises until it reaches a peak — where it
may stay for a while as effort increases a bit further — and then it may descend. The condition
implies that if two efforts are less than the smallest maximizer of surplus, then surplus is less at
the smaller of those two efforts; if two efforts exceed the largest maximizer, then surplus is less
at the larger of those two efforts.

In the Decentralized mode, the Principal offers the Agent a contract. In the notation of the
finite-effort paper, the contract is a vector w = (w1, . . . , wS). The wage ws ≥ 0 is paid to the
Agent if revenue turns out to be Rs. Both the finite-effort paper and the present infinite-effort
paper consider two contract types. In a bonus contract, the wage is positive only if revenue turns
out to take its highest value. In a fixed-share contract, the Agent always receives the same fixed
share (i.e., the same fraction r ∈ [0, 1]) of the realized revenue.

Using the notation of the finite-effort paper, let we denote the average wage received if the
Agent indeed chooses the effort e. Thus we =

∑S
s=1 pe

sws. If the Agent willingly chooses e,
then w must satisfy two conditions. The first of these is we − tCe ≥ 0. That is the Individual
Rationality (IR) requirement. The second condition is we − tCe ≥ wf − tCf for all f 6= e. That
is the Individual Compatibility (IC) requirement: the Agent’s net gain from choosing effort e is
not less than his net gain from any other effort.
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If a contract w satisfies the IR and IC conditions for the effort e, we say that the Principal
induces e when she uses that contract. That means we will see the Agent choosing the effort
e even if it gives him the same net gain as some other effort. So we make the conventional
assumption that if there is such a tie, then the Agent breaks it in favor of the effort the Principal
desires.

1.1 Some finite-effort results.

Since the Principal (like the Agent), is risk-neutral, we informally say that a contract w which
induces e costs the Principal we. There may be many contracts that induce e. Among them the
Principal seeks a contract that is cheapest. The Principal solves a linear-programming problem
which we call the optimally-induce-e problem:

Find a vector w = (w1, . . . , wS) of nonnegative wages which minimizes we subject to the
IR and IC constraints.

We restrict attention to situations where the optimally-induce-effort-e problem has a solution.
In the present infinite-effort paper we shall see that the linear-programming problem is replaced
by a “semi-infinite” programming problem, since there is now a continuum of IC constraints, one
for each effort in [0, 1].

Suppose w solves the optimally-induce-effort-e problem for a given t. In the finite-effort paper
we let the symbol Ae(t) denote the average wage we. So Ae(t) is the lowest cost of inducing e.
The Principal (weakly) prefers the effort e to the effort f if her expected net gain is not lower

for e, i.e., R
e − Ae(t) ≥ R

f − Af (t). In both the finite-effort paper and the present one, we are
concerned, for every technology t, with two efforts: the surplus-maximizing effort, denoted γ(t),
and the Principal-favorite effort, denoted δ(t).

In the finite-effort case, γ(t) is the largest effort in the set

argmaxe∈{1,...,E}
[
R

e − tCe

]
,

and δ(t), is the largest effort in the set

argmaxe∈{1,...,E}
[
R

e − Ae(t)
]
.

In the present continuous-effort paper, the two definitions are analogous. The effort set is now
the interval [0, 1], γ(t) is the largest surplus-maximizer in that interval, and δ(t) is the largest
maximizer of the Principal’s expected net gain.

Note that in the finite-effort case the functions γ(·), δ(·) are step functions. Each takes at
most E values and ties, if any, are broken upward.

The Decentralization Penalty, denoted D(t), is the difference between maximal surplus and
surplus under the Principal-favorite effort. So, in the notation of the finite-effort paper,

(+) D(t) = [R
γ(t) − tCγ(t)]− [R

δ(t) − tCδ(t)] = [R
γ(t) −R

δ(t)
] + t ·

(
Cδ(t) − Cγ(t)

)
.
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Note that the Penalty is never negative. (If it were positive, γ(t) would not be a surplus
maximizer). The Penalty equals zero if the surplus-maximizer and the Principal “agree”, i.e.,
γ(t) = δ(t). The behavior of the function D(·) is our main concern.

For the infinite-effort case it will be useful to retain a definition used in the finite-effort study.
We say that the Principal squanders at t if her favorite effort exceeds the surplus-maximizing
effort (γ(t) ≥ δ(t)). The No-squandering condition says that this never happens.

Now consider the finite-effort case. Typically there will be t-intervals where γ(t) and δ(t) are
constant but not equal. Suppose [tL, tH ] is such an interval, where 0 < tL < tH . Inspecting the
second term in the second formula for D(t) in (+), we see that if we indeed have No-squandering,
and if the Penalty continuously changes in the interval [tL, tH ], then it must rise as technology
improves (t drops) in that interval. We establish No-squandering in the finite-effort paper and
again in the present infinite-effort paper. In both papers we also show that the functions γ(·)
and δ(·) are nonincreasing: as technology advances, both the surplus-maximizing effort and the
Principal-favorite effort rise or stay unchanged.

In the finite-effort case, when technology advances (t drops), the Decentralization Penalty
may have jumps when technology advances, as well as intervals where the Penalty continuously
rises. One of our main results in the finite-effort paper uses the Approximate-concavity condition
to show that for bonus contracts and for fixed-share contracts the jumps are always downward
jumps. One might interpret such jumps as technical “break-throughs”. When a break-through
occurs the Penalty always drops, so the social-welfare case for the Decentralized mode becomes
stronger. We also show that once a sufficiently advanced technology has been reached (t has
become sufficiently small), both the Principal and the surplus-maximizer choose the highest
effort so the Penalty is zero. On the other hand, when technologies are primitive (t is large),
both choose the lowest effort and the Penalty is also zero.

In our infinite-effort model, as we shall see, there are no jumps in the Penalty. There are,
however, “kinks”, i.e., jumps in the Penalty’s derivative. We again find that for sufficiently small
t the Penalty is zero. We also find that the Penalty can be made arbitrarily small (but still
positive) by choosing a sufficiently large t.

Here is a finite-effort example which illustrates how technical improvement leads to downward
jumps in the Penalty as well as continuous rises. The contract used is either of the bonus type
or the fixed-share type.

There are three efforts and three revenues (E = S = 3). The revenue distributions for the
three efforts are as follows:

R1 R2 R3

effort 1 p1
1 = 3

10
p1

2 = 2
10

p1
3 = 5

10

effort 2 p2
1 = 2

10
p2

2 = 2
10

p2
3 = 6

10

effort 3 p3
1 = 1

10
p3

2 = 1
10

p3
3 = 8

10
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Decentralization Penalty
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t

Figure 2 (Example 2)
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Let (C1, C2, C3) = (2, 3, 9) and let (R1, R2, R3) = (1, 3, 10).

Note that MLR is satisfied. We can verify that Approximate-concavity is also satisfied. The
Penalty is graphed in Figure 1.3

[FIGURE 1 HERE]

We label the values of γ and δ in five intervals. When we move from right to left, these values
do not decrease. We find two points of t where the Penalty suddenly drops to zero. Each drop is
indicated by broken vertical lines. Each drop is preceded by an interval where the Principal does
not squander and the Penalty linearly rises as t decreases. Suppose K is the social cost of the
perfect control that is achieved in the Centralized mode. Then we can identify the production
technologies where the Decentralized mode is welfare-superior to the Centralized mode. Thus for
t ∈ (.25, .9) and t ∈ (.48, .6), the Decentralized mode is superior if K > .9 and the Centralized
mode is superior if K < .9.

Consider, on the other hand, an example which can be shown to violate the Approximate-
concavity condition. Now the Penalty no longer behaves as in Figure 1. There are again three
efforts and three revenues (E = S = 3). The revenue distributions for the three efforts are as
follows:

R1 R2 R3

effort 1 p1
1 = 5

10
p1

2 = 3
10

p1
3 = 2

10

effort 2 p2
1 = 4

10
p2

2 = 3
10

p2
3 = 3

10

effort 3 p3
1 = 1

10
p3

2 = 1
10

p3
3 = 8

10

Let (C1, C2, C3) = (2, 4, 8) and let (R1, R2, R3) = (2, 3, 4).

Note that MLR is again satisfied. But now, as we can show, Approximate-concavity is
violated. The Penalty is graphed in Figure 2.4

[FIGURE 2 HERE]

We find that for t < .58 and t ≥ .61 we have δ(t) = γ(t), so the Penalty is zero. For
.59 < t ≤ .61 we have δ(t) < γ(t). The Principal does not squander and the Penalty rises when t
drops. But for .58 < t ≤ .59 we have δ(t) > γ(t). The Principal squanders and the Penalty falls
when t drops.

1.2 Plan of the rest of the paper

In Section 2 we introduce our extremely simple infinite-effort model. There are just two
revenues, the effort set is [0, 1], and the probability of the high revenue when e is the effort is

3In Figure 1 the Decentralization Penalty is calculated for all t in
{

1
100 , 2

100 , · · · , 99
100 , 1

}
.

4As in Figure 1, the Penalty is calculated for all t in
{

1
100 , 2

100 , · · · , 99
100 , 1

}
. The graph is not drawn to scale,

so that the narrow interval [.58, .61] can be more easily visualized.
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just e itself. We establish infinite-effort versions of the three Propositions that we described
above: the surplus-maximizing effort γ(·) is non-increasing in t; so is the Principal-favorite effort
δ(·); and we again have No-squandering (δ(t) ≤ γ(t)). Prior to Section 2.4, the arguments do
not require differentiability of the cost function. In Section 2.4 differentiability is required and
we introduce a condition — called Surplus-concavity — on the first and second derivatives of
the cost function. We establish several general implications of that condition. In Section 3 we
study, in detail, a class of surplus-concave effort-cost functions C, namely C(e) = ea, a > 1. The
Decentralization Penalty is found and it is interpreted in detail. It is illustrated in a new figure
(Figure 3). We discuss the possibility of generalizing these results, using Surplus-concavity alone.
Section 4 provides some concluding remarks and an Appendix provides proofs.

2. The two-revenue continuous-effort model.5

2.1 Fundamentals.

The set of possible efforts is the entire interval [0, 1]. There are just two revenues: R1 = 0
and R2 = 1. We let the cost of effort e be tC(e), where t > 0 and C is strictly increasing, with
C(0) = 0. At this stage we make no differentiability assumptions about C. That will come
later, in Section 2.4. We let the probability of R2, when effort is e, be e itself. So e is both the
probability that revenue is R2 = 1 and the expected revenue at the effort e. In the notation of
our finite-effort-set study, we have R

e
= e. We shall study examples. An example is uniquely

defined by the function C.

Surplus at (e, t) is e − tC(e). In the Centralized mode the worker selects an effort which
maximizes surplus. In the Decentralized mode the worker is an Agent. A Principal pays the
Agent zero if revenue turns out to be R1 = 0 and w ≥ 0 if revenue turns out to be R2 = 1. We
refer to w as a contract.

As in the finite-effort model, Principal and Agent are both risk-neutral. If the Agent chooses
e in response to w, then the Principal’s expected net gain is

e− we = e · (1− w)

and the Agent’s expected net gain is we − tC(e). If the Principal chooses w = 0, the Agent
responds by choosing e = 0 and Principal and Agent each have a net gain of zero. If the
Principal chooses w > 1, then her net gain at any effort in [0, 1] is negative. So the Principal
confines attention to contracts w ∈ [0, 1]. We shall call those contracts admissible.

Note that the contract we study has both the bonus property and the fixed-share property. It
is a bonus contract because the Agent receives a positive reward only if revenue turns out to take
its highest value. It is a fixed-share contract since w lies in [0, 1], so the Agent receives the share
w of the expected revenue which his effort yields. (Recall that expected revenue at the effort
e equals e itself). In establishing a continuous-effort version of No-squandering (Proposition
3) we have our choice of two techniques: fundamentals of linear programming and monotone
comparative statics. We present two proofs; each uses one of these techniques.

5A similar model (two revenues and a continuum of effort levels) is studied in Laffont and Martimort (2002),
Section 5.1.2, and in Salanié (2005), Section 5.3.2.
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2.2. Inducing an effort.

We shall say that for a given t, the contract w induces an effort e if the following IC condition
is met:

we− tC(e) ≥ wf − tC(f) for all f ∈ [0, 1].

So there is a continuum of IC constraints, one for each f in [0, 1]. Note that

(1) the IR condition we ≥ tC(e) is implied by the IC condition.

That is the case since C(0) = 0 and zero is a possible value of the term “f” in the IC condition.

2.2.1 The optimally-induce-e problem

Among all admissible contracts that induce e, the Principal seeks a contract that does so in
the cheapest way. To find it, she solves the following problem.

Find w which minimizes we subject to:

• The IC condition: we− tC(e) ≥ wf − tC(f) for all f ∈ [0, 1].

• 0 ≤ w ≤ 1.

It will be useful to verify that it never costs the Principal less to optimally induce a higher
effort. More precisely, when the induced effort rises, the average amount she pays the Agent
never drops.6

To state this formally, we first introduce a new symbol:

w̃(e, t) ≡ the smallest solution to the optimally-induce-e problem when the technology is t.

We claim:

(2) If e > f, then ew̃(e, t) ≥ fw̃(f, t).

Since e > f it suffices to show

(3) w̃(e, t) ≥ w̃(f, t).

But w̃(e, t) satisfies the “e-is-not-worse-than-f” IC inequality

ew̃(e, t)− tC(e) ≥ fw̃(e, t)− tC(f),

or

(4) w̃(e, t) · (e− f) ≥ t · (C(e)− C(f)).

6We shall use this fact in one of our two proofs of No-squandering (Proposition 3).
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On the other hand, since w̃(f, t) induces f it must satisfy the “f -is-not-worse-than-e” IC in-
equality

w̃(f, t) · (f − e) ≥ t · (C(f)− C(e)).

Both sides of this inequality are negative. Multiplying by −1, we obtain

(5) w̃(f, t) · (e− f) ≤ t · (C(e)− C(f)).

Since (4) and (5) imply w̃(e, t) ≥ w̃(f, t), we indeed have (3) and hence we have (2).

The optimally-induce-e problem is a semi-infinite programming problem; there is a contin-
uum of IC constraints, one for each f in [0, 1]. As we shall establish in proving Proposition 2,
introduced in Section 2.3 below, the semi-infinite problem can be replaced with an equivalent
finite linear-programming problem.

2.2.2 The “best contract” problem

Consider the problem the Agent solves when responding to a given w. The Agent wants to
maximize

we− tC(e)

subject to the constraint e ∈ [0, 1]. We let ê(w, t) denote the Agent’s largest solution. Formally:

ê(w, t) ≡ max
(
argmaxe∈[0,1] [we− tC(e)]

)
.

The Principal’s net gain when she optimally induces e is

ê(w, t)− wê(w, t) = ê(w, t) · (1− w).

The Principal maximizes her net gain when she uses a best contract, which we denote w∗(t).
That is the smallest maximizer of ê(w, t) · (1− w). Formally:

w∗(t) ≡ min
(
argmaxw∈[0,1] [ê(w, t) · (1− w)]

)
.

The effort the Principal chooses to induce is the effort the Agent chooses in response to w∗(t).
As in the finite-effort study, we call it the Principal-favorite effort and we denote it δ(t). Thus7

δ(t) ≡ ê(w∗(t), t).

2.3 Three propositions that do not require C to be differentiable.

7For reference, here is a summary of the notation used in Sections 2.2.1 and 2.2.2.

• w̃(e, t) is the smallest admissible contract among those that optimally induce e.

• ê(w, t) is the largest effort in [0, 1] among those that maximize the Agent’s net gain given the contract w.

• w∗(t) (the Principal’s best contract) is the smallest admissible contract among those that maximize the
Principal’s net gain (that gain is ê(w, t) · (1− w)).
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Analogously to the finite-effort study, we let γ(t) denote the smallest maximizer of the surplus
e− tC(e).

Proposition 1

γ(·) is nonincreasing in t.

Note that if w = 1, the Agent becomes a welfare-maximizer. He chooses the largest maximizer
of the surplus we− tC(e) = e− tC(e). The simple proof of Proposition 1 is the same as in the
finite-effort model. We have to rule out an effort pair (e, f) for which the following holds: (i) e
maximizes surplus at t = tH ; (ii) f maximizes surplus at t = tL; and (iii) e > f . If we had such
a pair (e, f), then, in particular, we would have the following:

e− f ≤ tL · [C(e)− C(f)].

Since C(e) > C(f), that implies

e− f < tH · [C(e)− C(f)],

which contradicts (i). So the pair (e, f) cannot exist and the proposition is established.

Next consider the Principal-favorite effort. We claim:

Proposition 2

The Principal-favorite effort δ(·) is nonincreasing in t.

To prove this, consider tL, tH , where 0 < tL < tH . We have to rule out δ(tH) > δ(tL). To
do so, we prove a stronger proposition. It says that if the Principal weakly prefers the larger of
two efforts at tH then she cannot strongly prefer the smaller effort at tL. (That is exactly what
would happen if δ(tH) > δ(tL)).

Using the notation introduced in Section 2.2.1, w̃(e, t) is the smallest solution (for a given t)
to the principal’s optimally-induce-e problem. We claim the following:

(†) If e− ew̃(e, tH) ≥ f − fw̃(e, tH), and e > f > 0, then e− ew̃(e, tL) ≥ f − fw̃(e, tL).

That implies that δ(·) is indeed nonincreasing. The proof of (†), in the Appendix, uses
the fact that under the assumptions we make, the optimally-induce-e problem is a semi-infinite
programming problem, but all except a finite subset of the infinitely many IC constraints are not
binding. Hence the semi-infinite problem can be replaced by a standard finite linear-programming
problem where strong duality holds.

Our third proposition compares the functions γ(·) and δ(·) and states that the No-squandering
condition holds.

Proposition 3

δ(t) ≤ γ(t) for all t > 0.
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In the Appendix we provide two proofs. The first uses the bonus property of a contract: the
Agent receives w ∈ [0, 1] only if the realized revenue is maximal. The second proof uses the
fixed-share property: the Agent always receives the share w of the realized expected revenue.

2.4 The surplus-concavity condition.

We have assumed so far that C(·) ≥ 0, that C(0) = 0 and that C is strictly increasing. We
have not required C to be differentiable. Consider now the following condition, which we call
surplus-concavity.

Surplus-concavity.

The function C, with C(·) ≥ 0 and C(0) = 0, is surplus-concave if it is twice differentiable and

(i) C ′(e) > 0 at all e > 0.

(ii) C ′′(e) > 0 at all e > 0.

Informally, at all positive efforts the “marginal cost” C ′ is positive and increasing. So the
surplus e − tC(e) has negative second derivative at every pair (e, t) with e > 0, t > 0. The
graph of surplus (with e on the horizontal axis) equals zero at e = 0. The first-order condition
for surplus-maximization is 1 = tC ′(e). If that is satisfied at some ẽ > 0 for which the surplus
ẽ− tC(ẽ) is positive, then, following e = 0, the graph rises to a peak at ẽ and then it descends.
The effort ẽ may lie inside the interval [0, 1] or outside it. If it lies outside, the peak cannot be
attained and surplus is maximized at e = 1.

We have exactly analogous statements when we replace “surplus” with “the Agent’s net gain
when the contract is w ∈ [0, 1] and his effort is e”. The graph of the net gain we− tC(e) (with
e on the horizontal axis) rises until it reaches a peak. The peak may occur in [0, 1] or outside it.
If it lies outside, then the Agent maximizes his net gain by choosing e = 1.

It will be useful to consider the inverse of C ′, which we denote h. So C ′(h(y)) = y. Under
surplus-concavity we have the following:

(6) if y > 0, then h(y) > 0, h′(y) > 0.

If ẽ satisfies the first-order condition for surplus maximization and ẽ maximizes surplus then
we have

ẽ = h

(
1

t

)
.

If e′ satisfies the first-order condition for maximization of Agent’s net gain when the contract is
w, then we have

e′ = h
(w

t

)
.

Notice that the Agent behaves like a surplus-maximizer if he is presented with the contract
w = 1.

12



Surplus-concavity is silent on the value that C ′(·) takes when its argument is zero. Thus, for
example, surplus-concavity is satisfied for C(e) = e2, where C ′(0) = 0, but it is also satisfied for
C(e) = e2 + e, where C ′(0) = 1. In the latter example, the Agent cannot be induced to choose
a positive effort when t is sufficiently large, even if he is offered the largest admissible contract,
namely w = 1. The Agent’s net gain for w is we− te2− te. If, for example, t = 1, then the Agent
finds his net gain for w = 1 to be −e2 and will choose effort zero. We would avoid difficulties of
this kind if we required C ′(0) = 0.

2.5 The Complete Inducibility Assumption

We now consider a general condition that eliminates the difficulty just described. The class
of examples which we shall consider in detail in Section 3 below — the class C(e) = ea, a > 1 —
satisfies this condition. We call the condition Complete Inducibility.

Complete Inducibility

For every t > 0 and every e in [0, 1], the optimally-induce-e problem has a solution.

We assume that if more than one contract solves the problem, then the Principal uses the
smallest one. For e = 0, the solution is w = 0.

We now claim the following seven-part Proposition. Two of the parts concern two concepts which
will be important in our detailed discussion of the class of examples C(e) = ea, a > 1. These
are the welfare-critical technology tM and the Principal-critical technology tP . The first of these
is the highest t at which the surplus-maximizer chooses the highest effort, namely e = 1. The
second is the highest t at which the Principal chooses to induce e = 1.

Proposition 4

Suppose the function C has the following properties:

• C is surplus-concave.

• Complete Inducibility is satisfied.

Then the following statements hold:

(i) C ′(0) = 0.

(ii) For every w ∈ (0, 1] and every t > 0, the Agent’s net-gain function we− tC(e) has
a unique peak: there is one and only one positive effort, say e∗, where the first-
order condition w = tC ′(e) is met, and the Agent’s net gain is falling at every
e > e∗. The effort e∗ may lie in the interval [0, 1]; it may also lie outside it.

(iii) For any t > 0, there is a unique effort γ(t) which maximizes h

(
1

t

)
subject to

0 ≤ e ≤ 1. We have γ(t) = 1 for t ≤ 1

C ′ and γ(t) < 1 for t >
1

C ′ . Thus the welfare-

critical technology is tM =
1

C ′(1)
.

13



(iv) The function γ(·) is continuous at every t > 0.

(v) If, for every t > 0, the contract w∗(t) (the Principal’s best contract) is the unique

maximizer of the Principal’s net gain h
(w

t

)
· (1− w) subject to 0 ≤ w ≤ 1, then

the Principal-favorite effort is δ(t) = h

(
w∗(t)

t

)
. There exists a Principal-critical

technology tP such that δ(t) = 1 for t ≤ tP and δ(t) < 1 for t > tP . If w∗(·) is

constant-valued, then tP =
w∗

C ′(1)
.

(vi) If w∗(t) is the unique maximizer of h
(w

t

)
· (1− w) subject to 0 ≤ w ≤ 1, then the

function δ(·) is continuous at every t > 0.

(vii) If, for every t > 0, the maximizer w∗(t) exists and is unique, then the Decen-
tralization Penalty D(·) is continuous at every t > 0.

Some parts of this Proposition follow from Propositions 1 and 2. Others follow from remarks
made in the preceding section’s discussion of Surplus-concavity. Statement (vii) follows from
statements (iv) and (vi), since — for fixed t — the function γ− tC(γ) is continuous in γ and the
function δ − tC(δ) is continuous in δ.

3. A class of surplus-concave functions C where the Principal has a unique best
contract and that contract does not depend on t: the case C(e) = ea, a > 1.

The function C(e) = ea, with a > 1, meets the surplus-concavity conditions. We have
C(0) = 0, C ′(e) = aea−1 > 0, C ′′(e) = a · (a − 1) · ea−t > 0. Note that C ′(0) = 0. As we saw
at the end of Section 2.4, that is the case as long as every effort can be induced at every t > 0
(Complete Inducibility) and Surplus-concavity holds.

Note that C ′(e) = aea−1. For h, the inverse of C ′, we have

h(y) = a
1

1−a · y
1

a−1 .

Consider the behavior of the Penalty D(·) as we move “from left to right”, i.e., as t rises
above zero. We will show that for this class of cost functions, the Penalty has three phases.
They are determined by the two critical technologies (values of t) discussed in the previous
section: the Principal-critical technology tP and the welfare-critical technology tM . We shall see

that tP =
1

a2
and tM =

1

a
. Since a > 1, we have tP < tM .

A technology t is in Phase 1 if 0 < t ≤ tP . It is in Phase 2 if tP < t ≤ tM . It is in Phase
3 if t > tM .

3.1 γ(t) and maximal surplus.
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For a given t, surplus e − tC(e) = e − tea, is strictly concave on [0, 1]. The surplus has a
unique peak, where the first-order condition 1 = tC ′(e) = taea−1 holds. That occurs at an effort

which we shall call the peak effort at t. The unique peak effort for a given t is e = (at)
1

1−a .

A critical value of t is t = 1
a
. There the unique peak effort is e = 1. So γ( 1

a
) (the surplus-

maximizing effort at that t) is e =

(
a · 1

a

) 1
1−a

= 1. Since γ( · ) is nonincreasing, we have8:

γ(t) =


1 if 0 < t < 1

a

(at)
1

1−a if t ≥ 1
a
.

Since (at)1−a = 1 at t = 1
a
, the function γ( · ) is continuous at all t > 0. Moreover, for t ≥ 1

a
,

γ( · ) is differentiable. Its derivative is negative, since a > 1. We conclude that

(7) t =
1

a
is the largest t for which the surplus-maximizing effort is e = 1.

So

the welfare-critical technology is tM =
1

a
.

Maximal surplus at t is γ(t) − t · (γ(t))a. For t < 1
a
, γ(t) = 1 and maximal surplus equals

1− t. For t ≥ 1
a
, maximal surplus can be written in a more useful form. To do so, note that

t · [γ(t)]a−1 = t ·
[
(at)

1
1−a

]a−1

= t · 1

at
=

1

a
.

So maximal surplus is

γ(t) · [1− t · (γ(t))a−1] = γ(t) · a− 1

a
= (at)

1
1−a · a− 1

a
= a

1
1−a · a− 1

a
· t

1
1−a .

Define

M(t) ≡ a
1

1−a · a− 1

a
· t

1
1−a .

We have:

(8) maximal surplus =

1− t for t ≤ tM = 1
a

M(t) for t > tM = 1
a
.

The behavior of maximal surplus as a function of t is similar to the behavior of the surplus-
maximizing effort: it is continuous and nonincreasing in t. At all t with 0 < t ≤ tM , maximal

8Note that we can also obtain γ(t) = (at)
1

1−a by interpreting a surplus maximizer as a Principal who uses the

contract w = 1 and hence receives none of the surplus. That contract induces the effort h
(

1
t

)
= a

1
1−a ·

(
t−1

) 1
a−1 =

(at)
1

1−a .
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surplus is 1 − t, which is strictly decreasing in t. At all t with t > tM = 1
a
, maximal surplus is

M(t), which is twice differentiable. We have: 9

(9) M ′(t) < 0 at all t > 0.

A second statement about maximal surplus will turn out to be useful:

At all t > 0 the derivative of maximal surplus is nonincreasing.

The derivative of maximal surplus at any t with 0 < t ≤ tM = 1
a

(where maximal surplus is 1− t)
is −1. Moreover,10

(10) at all t > 0, we have M ′′(t) > 0.

3.2 δ(t) and Decentralized surplus.

We start by considering the function h (the inverse of C ′) and noting that

h
(w

t

)
= a

1
1−a ·

(w

t

) 1
a−1

= (at)
1

1−a · w
1

a−1 .

The best-contract problem, introduced in Section 2.2.2, now becomes:

maximize (at)
1

1−a · w
1

a−1 · (1− w) subject to 0 ≤ w ≤ 1.

That is equivalent to the problem

maximize w
1

a−1 · (1− w) subject to 0 ≤ w ≤ 1.

Consider the function w
1

a−1 · (1−w). It equals zero at w = 0 and at w = 1 and it takes positive
values in between. If there is exactly one w ∈ (0, 1) at which the first-order condition for max-
imization holds, then that w solves the best-contract problem.11 The first-order maximization
condition is

9To prove (9), note that

M ′(t) = a
1

1−a · a− 1
a︸ ︷︷ ︸

>0, since a>1

· 1
1− a︸ ︷︷ ︸

<0

· t
1

1−a−1,

which is negative.
10To obtain (10), note that

M ′′(t) = a
1

1−a · a− 1
a︸ ︷︷ ︸

>0

· 1
1− a︸ ︷︷ ︸

<0

· 1
1− a

− 1︸ ︷︷ ︸
<0

· t
1

1−a−2,

which is positive. (The indicated signs use the fact that a > 1).
11Can we use the sign of the second derivative of w

1
a−1 · (1−w) as an alternative argument? While the second

derivative is indeed negative for a ≥ 2, it is positive for some a in (1, 2).
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1

a− 1
· w

1
a−1

−1 =
a

a− 1
· w

a
a−1

−1,

which simplifies to

w
2−a
a−1 = a · w

1
a−1 .

Multiplying by w
a−2
a−1 , we obtain

w0 = aw
1

a−1
+a−2

a−1 ,

or 1 = aw. So the best contract is (using (v) of Proposition 4):

w =
1

a

and the Principal-favorite effort is

h

(
1/a

t

)
= (at)

1
1−a ·

(
1

a

) 1
a−1

.

Simplifying, we obtain

(11) δ(t) = t
1

1−a · a
2

1−a .

Since δ( · ) is nondecreasing we have:

δ(t) =


1 if 0 < t ≤ 1

a2

t
1

1−a · a
2

1−a if t > 1
a2 .

Note that δ( ·) is continuous since δ

(
1

a2

)
= a

2
a−1 · a

2
1−a = a0 = 1. Moreover for t ≥ 1

a2 , δ( ·)

is differentiable and its derivative is negative (since a > 1). We conclude — analogously to (7)
— that

(12) t =
1

a2
is the largest t for which the Principal’s favorite effort is e = 1.

Thus

the Principal-critical technology is tP =
1

a2
.

Decentralized surplus at t is δ(t) − t · [δ(t)]a. For t ≤ 1
a2 , we have δ(t) = 1, so Decentralized

surplus is 1− t. (That is also true, as we saw, for maximal surplus at t > 1
a

and hence at t > 1
a2 ).

Analogously to our treatment of maximal surplus, Decentralized surplus can be written in a more
useful way. To do so, note that

(δ(t))a−1 =
[
a

2
1−a

]a−1

·
[
t

1
a−1

]a−1

= a−2 · t−1 =
1

a2t
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and hence

t · [δ(t)]a−1 =
1

a2
.

So Decentralized surplus is

δ(t) · [1− t · (δ(t))a−1] = a
2

1−a · t
1

1−a ·
(

1− 1

a2

)
.

Define

∆(t) ≡ a
2

1−a · t
1

1−a ·
(

1− 1

a2

)
.

We have

(13) Decentralized surplus =

1− t for t ≤ 1
a2

∆(t) for t > 1
a2 .

Note that the function ∆( ·) is twice differentiable.

In our discussion of maximal surplus we noted that maximal surplus behaves like surplus-
maximizing effort: both are nonincreasing functions of t. Analogously, we now find that De-
centralized surplus — like the Principal-favorite effort — is nonincreasing in t. At all t with
0 < t ≤ tP = 1

a2 , Decentralized surplus is (1− t) (strictly decreasing). Moreover: 12

(14) at all t > 0, we have ∆′(t) < 0.

We noted above that the derivative of maximal surplus is non-increasing. The same is true
for Decentralized surplus. At every t with 0 < t ≤ tP = 1

a2 , the derivative is −1. Moreover: 13

(15) at all t > 0 we have ∆′′(t) > 0.

3.3 The Decentralization Penalty and its interpretation.

12To obtain (14), note that

∆′(t) = a
2

1−a ·
(

1− 1
a2

)
·

(
1

1− a

)
︸ ︷︷ ︸

<0

· t
1

1−a−1 < 0.

(The indicated sign follows from the fact that a > 1).
13To obtain (15) note that

∆′′(t) = a
a

1−a ·
(

1− 1
a2

)
·

(
1

1− a

) (
1

1− a
− 1

)
︸ ︷︷ ︸

>0

· t
1

1−a−2 > 0.

(The indicated sign follows from the fact that a > 1).
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Since we have identified maximal surplus and Decentralized surplus, we have established the
following Proposition:

Proposition 5

The Decentralization Penalty is:

D(t) =


0 if t ≤ 1

a2

1− t−∆(t) if 1
a2 < t ≤ 1

a

M(t)−∆(t) if t > 1
a
.

The Penalty is continuous at every t > 0.

To see that we have the claimed continuity, first note that M(·) and ∆(·) are continuous.14

Moreover:

(i) at t = 1
a2 we have 1− t−∆(t) = 0.

(ii) at t = 1
a

we have 1− t−∆(t) = M(t)−∆(t). 15

To interpret the Proposition, consider the graph of the Decentralization Penalty (with t on
the horizontal axis). When we move “from left to right”, the Penalty passes through the three
phases which were introduced at the start of Section 3:

14Recall that
M(t) = a

1
1−a · a− 1

a
· t

1
1−a

and

∆(t) = a
2

1−a · t
1

1−a ·
(

1− 1
a2

)
.

15Statement (i) is equivalent to

1− 1
a2

= ∆
(

1
a2

)
.

That holds since (
1
a2

)1/(1−a)

= a2/(a−1)

and
a2/(1−a) · a2/(a−1) = a0 = 1.

Statement (ii) is equivalent to

1− 1
a

= M

(
1
a

)
= a1/(1−a) · a− 1

a
·
(

1
a

) 1
1−a

.

That holds since
(

1
a

)1/(1−a) = a1/(a−1) and a1/(1−a) · a1/(a−1) = a0 = 1.
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• In Phase 1, t ≤ 1
a2 = tP and the Penalty is zero, for then the surplus-maximizing effort and

the Principal’s favorite are both e = 1.

• In Phase 2 we have 1
a2 < t ≤ 1

a
= tM and the Penalty equals 1− t−∆(t) since the surplus-

maximizing effort remains e = 1, but the Principal-favorite effort is now t
1

1−a · a
2

1−a , which
yields the surplus ∆(t).

• In Phase 3 we have t > 1
a

= tM and the Penalty equals M(t) − ∆(t), because now the

surplus-maximizing effort is (at)
1

1−a , which yields the surplus M(t), while the Principal-

favorite effort continues to be t
1

1−a · a
2

1−a .

Between Phases 1 and 2, and between Phases 2 and 3, the graph of D exhibits a kink — a jump
in the derivative of D.

We now provide a more detailed interpretation of the Penalty. We first move “from left to
right”. We then reinterpret, moving “from right to left” — from early “inferior” technologies to
later and more advanced technologies.

3.3.1 A “left-to-right” interpretation.

Proposition 6, which follows, describes in detail the left-to-right behavior of the Penalty
through all three phases. It states that the Penalty has a unique peak, which occurs at the

technology t̂(a) = (a+1)
a−1

a

a2 . The Penalty (weakly) rises until t̂(a) is reached and after that it
strictly falls.

Proposition 6

(1) The Penalty D(·) has its first “kink” (a discontinuity in its derivative) at tP , which is the end of
Phase 1. (Phase 1 is the interval (0, tP ]).

(2) D(·) has a unique peak at t̂(a) =
(a + 1)

a−1
a

a2
. We have D′(t̂(a)) = 0.

(3) We have tP < t̂(a) < tM .

(4) After tP = 1
a2 and before t̂(a) is reached, both surpluses drop when t grows, but maximal

surplus drops faster, so the Penalty D(t) is positive but grows more and more slowly until t̂(a)
is reached.

(5) After t̂(a) is reached, both surpluses continue to drop when t grows, but now Decentralized
surplus drops faster. So the Penalty D(t) drops after t̂(a). The absolute value of its slope gets
smaller until tM = 1

a
is reached. There the slope of the Penalty remains negative but abruptly

changes; 1− t−∆(t) is tangent to M(t)−∆(t) and we have a second “kink”.

(6) Throughout Phase 3, both maximal surplus and Decentralized surplus drop but maximal surplus
drops faster. The Penalty D(t) is always positive. It drops throughout Phase 3, but more slowly
than it dropped between the peak and 1

a
(in Phase 2). We have limt→∞ D(t) = 0.
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3.3.2 A “right-to-left” characterization of the technology’s three phases

The proof of the following Proposition uses the Appendix argument for Proposition 6.

Proposition 7.

Consider an“early” technology t# > 1
a

= tM in Phase 3. As technology improves (as t falls below
t#) but remains in Phase 3 (t remains above 1

a
), the efforts γ(t) and δ(t) both rise, but γ(·) rises

faster. Moreover the maximal surplus and the Decentralized surplus both rise, but maximal surplus
rises faster. The Penalty rises until the technology t = 1

a
= tM is reached.

When t = 1
a

= tM has been reached (Phase 2 starts), a surplus-maximizer chooses the highest
effort, e = 1, and continues to do so for all subsequent advances in technology. The Principal,

however, continues to choose an effort less than one, namely δ(t) = a
2

1−a · t
1

1−a , which moves
closer to one as technology further improves. When technology has advanced to a level t̂(a), the

Penalty reaches a peak and the Principal chooses the effort δ(t̂(a)) = (a + 1)
−1
a . After t̂(a) and

before 1
a2 = tP , the Principal continues to increase her effort. Both surpluses rise, but Decentralized

surplus rises faster. The Penalty drops. When technology has advanced to t = 1
a2 = tP , we enter

Phase 1, where the Principal finally joins the surplus-maximizer: they both choose the highest effort,
so the Penalty becomes zero. It stays there as technology continues to advance.

3.3.3 The case a = 2

Here we have:

γ(t) =

{
1 if t ≤ 1

2

1
2t

if t > 1
2

; δ(t) =

{
1 if t ≤ 1

4

1
4t

if t > 1
4

The critical values of t are tP = 1
a2 = 1

4
and tM = 1

a
= 1

2
. To state the Decentralization Penalty,

first note that

M(t) = 2−1 · 1

2
· t−1 =

1

4t
; ∆(t) = 2−2 · t−1 · 3

4
=

3

16t
.

So

1− t−∆(t) = 1− t− 3

16t
; M(t)−∆(t) =

1

16t
.

Hence:

D(t) =


0 if t ≤ 1

4

1− t− 3
16t

if 1
4

< t ≤ 1
2

1
16t

if t > 1
2
.

The figure identifies the technology t̂(a) = (a+1)
a−1

a

a2 =
√

3
4

where the Penalty reaches its unique
peak. The two “kinks” are illustrated. The first occurs at t = tP = 1

a2 = 1
4
. The second occurs

at tM = 1
a

= 1
2
, where 1− t−∆(t) is tangent to M(t)−∆(t). Note that in Phase-3 the Penalty

gets arbitrarily close to zero but it never reaches zero.
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FIGURE 3 HERE

3.4 Possible generalizations of the three phases.

Can we characterize the three phases beyond the class of cost functions that we have studied,
the class C(e) = ea, a > 1? Let there again be just two possible revenues, R1 = 0 and R2 = 1.
Let the effort set again be [0, 1], and let the probability of the high revenue at the effort e again
be e itself. Do the three phases again have the properties we have found for our class of cost
functions, if we now assume only Surplus-concavity and Complete Inducibility?

It would be especially interesting to generalize Phase 2. There we have a unique peak in the
Decentralization Penalty. The unique peak has an interesting implication: for a given perfect-
control cost K, we can identify those production technologies at which Decentralization is welfare-
superior to perfect control. Advances in control technology lead to a lower K. What is the
smallest K at which Decentralization is still welfare-superior for some production technologies?
What are those technologies? The unique-peak property provides some answers. Let us use the
term hump to denote the portion of the graph (in Phases 2 and 3) which rises to the peak and
then descends. On the graph of D simply draw a straight line through the hump, at a height of
K > 0. If K is above the peak, then Decentralization is superior for all production technologies.
But if there is a t-interval where the horizontal K-line intersects the hump, then Decentralization
is superior for all t in that interval. (Figure 3, where a = 2, shows, for example, that if K = 0.1,
then Decentralization is superior for all t ∈ [.32, .6]).

Generalization of the unique-peak property of Phase 2 (and the phase’s other properties)
remains to be explored. We can, however, provide a modest generalization of the Phase 3 results
which we obtained for our class of cost functions C(e) = ea, a > 1. That phase starts just above
the welfare-critical technology tM . For our class of cost functions, the Penalty is decreasing and
differentiable throughout Phase 3. (That is not the case for Phase 2, for there the Penalty’s
derivative has a discontinuity at the Penalty’s peak). Suppose we now require that the best
contract be independent of t (as in our class of cost functions) and that we impose a condition
on the third derivative C ′′′, about which we have so far been silent. We shall assume it to be
nonnegative.16 The following proposition says that under those assumptions the Penalty is again
decreasing in any t-interval where the Penalty is differentiable.

Proposition 8

Suppose that Surplus-concavity holds, that C ′′′(e) ≥ 0 at all e > 0, and that w∗(t), the Principal’s
best contract, is independent of t. Then D(·) is nonincreasing in any t-interval [tL, tH ] where D(·) is
differentiable and tH > tL > tM .

Proof:

Since C ′′ > 0, C ′′′ ≥ 0, we have the following for the inverse h of C ′:

(18) h′ > 0, h′′ ≤ 0.

16That is the case for a slightly narrower version of our class of cost functions, namely C(e) = ea, a ≥ 2.
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Figure 4: The Decentralization Penalty D(t) when there
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effort e is tC(e) = tea: the case a = 2.
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The Penalty equals maximal surplus minus Decentralized surplus. We shall show that for
t > tM :

(19)
d

dt
[maximal surplus] ≥ d

dt
[Decentralized surplus].

We use the symbol w∗ to denote the Principal’s best contract, which, by assumption, does
not depend on t. At t > tM , the welfare-maximizing effort is less than one. No-squandering tells
us that the Principal never induces an effort greater than a surplus-maximizing effort. So the
Principal’s w∗ must be less than one. (The contract w = 1 would induce the effort h

(
1
t

)
= 1,

which exceeds the surplus-maximizing effort if t > tM). We have:

(20) γ(t) = h

(
1

t

)
< 1 and δ(t) = h

(
w∗

t

)
< 1.

But (20) implies (using (18) and the fact that w∗ < 1) that we have

(21) γ′(t) ≤ δ′(t).

Now consider a t-interval [tL, tH ] where D(·) is differentiable and tH > tL > tM . We want to
show that at any t in the interval:

D′(t) =
d

dt
[γ(t)− tC(λ(t)]− d

dt
[δ(t)− tC(δ(t)] ≤ 0

or
γ′(t)− [tC ′(γ(t)) · γ′(t) + C(γ(t))] ≤ δ′(t)− [tC ′(δ(t)) · δ′(t) + C(δ(t))]

or
γ′(t)− δ′(t) < t · [C ′(γ(t))− C ′(δ(t))] + [C(γ(t))− C(δ(t))].

Since C(·) is strictly increasing and γ(t) ≥ δ(t) (by Proposition 3), the final term in square
brackets is nonnegative. So to establish (19) it suffices to show

(22) γ′(t)− δ′(t) ≤ t · [C ′(γ(t))− C ′(δ(t))].

In view of (21), the left side of this inequality is negative or zero. The right side is nonnegative,
since C ′(·) is stricty increasing and γ(t) ≥ δ(t) (by Proposition 3). So (22) holds, and hence (19)
also holds.

That completes the proof. 2

4. Concluding remarks

The current dramatic advances in production and control technologies provide a strong moti-
vation for a better understanding of a firm’s organizational modes and their welfare comparison.

We have found it challenging to characterize the Decentralization Penalty when the effort set
is continuous. In our extremely simple introductory exploration the effort set is [0, 1], there are
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just two revenues — zero and one —, and the probability of the high revenue when effort is e is
just e itself. But even in our extremely simple model, much remains to be learned. We remain
in the dark as to whether the three phases that we established for the case C(e) = ea, a > 1
can be reestablished if we assume nothing beyond surplus-concavity. We do not know, moreover,
whether our results extend to the case where the probability of the high revenue at the effort e
is a more general increasing function of e.

Moving beyond our simple model, it remains plausible that there is a critical technology where
the surplus-maximizer starts to choose the highest effort, and a more advanced critical technology
where the Principal does so. It remains plausible that there are production-technology intervals
where technical improvement strengthens the case for decentralizing, and other intervals where
it weakens the case. So far, the general issue has not been studied. The present paper and its
finite-effort predecessor are modest beginnings.

APPENDIX

Proof of (†), which implies Proposition 2.

We use an argument found in Nasri, et al (2015) and Nasri (2016), based on basic propositions
in semi-infinite programming. (Those are found in surveys of the extensive literature by, for
example, Hettich and Kortanek (1993) and Shapiro (2005)). For a fixed t, the IC condition is
a continuum of inequalities, namely: we − tC(e) ≥ wf − tC(e) for all f ∈ [0, 1] As stated in
(1) of Section 2.2, the IR condition is redundant. In the optimally-induce-e problem we seek a
nonnegative w which minimizes we subject to all the IC inequalities and the constraint −w ≥ −1.
The smallest solution to the problem is our w̃(e, t). In a solution, there is a shadow price λ(f) ≥ 0
associated with each of the IC inequalities. It has been established that, under our assumptions,
λ(·) = 0 except for a finite number of efforts in [0, 1]. (See Hettich and Kortanek (1993), Section
4). Consider the finite optimally-induce-e linear programming problem which we obtain when
we replace the original IC condition by the finite set of inequalities for which λ(·) > 0. We also
add the IR constraint we ≥ tC(e) since we can no longer claim the redundancy of IR, which we
stated in (1). A solution to the new finite problem is also a solution to the original problem.
Each IC inequality in the new problem has the form:

w · (e− j) ≥ t · (C(e)− C(j)),

where j ∈ Q and Q is a finite subset of [0, 1]. In the dual problem we seek a nonnegative
shadow price v associated with the constraint −w ≥ −1, a shadow price h associated with the
IR constraint, and — for each j in Q — a nonnegative shadow price yj associated with the IC
constraint identified by j. Those shadow prices maximize

−v + t ·

[
hC(e) +

∑
j∈Q

yj · (C(e)− C(j))

]
subject to

v · (−1) + h +
∑
j∈Q

yj · (e− j) ≤ e.
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By assumption, the primal problem has a solution. Hence the dual also has a solution. In a
solution to the dual, we have v = 0. The minimand in the primal is the Principal’s expected
payment to the Agent when e is induced. So in a solution to the primal the minimand equals
ew̃(e, t). By strong duality, that equals the value of the maximand in a solution to the dual. But
in a solution to the dual the maximand equals v + tJe, where v = 0 and

Je ≡ [h +
∑
j∈Q

yj · (C(e)− C(j))].

So we have
ew̃(e, t) = tJe.

Moreover, the IR requirement on the solution to the primal implies that Je > 0. The Principal
(weakly) prefers optimally inducing e > f to optimally inducing f if and only if

e− w̃(e, t) · e ≥ f − w̃(f, t) · f,

which is equivalent to

(A1) e− f ≥ t · (Je − Jf ).

Consider tL and tH , where 0 < tL < tH . We claim that:

If e− f ≥ tH · (Je − Jf ), then e− f ≥ tL · (Je − Jf ).

Since e > f , that statement holds when Je − Jf is positive, when it is zero, and when it is
negative.

So if e > f and the Principal (weakly) prefers e to f at tH , then she continues to do so at
tL < tH . That establishes (†), which implies that δ( · ) is indeed nonincreasing. 2

Proof of Proposition 3

A proof that uses the bonus property of a contract.

the first step is to show, for a fixed t, that if f > e, then the Agent weakly prefers the optimal
inducement of f to the optimal inducement of e, i.e.,

(A2) [fw̃(f, t)− tC(f)]− [ew̃(e, t)− tC(e)] ≥ 0.

That is the case because, for any e, f such that f > e, we have:

fw̃(f, t)− tC(f) ≥ ew̃(f, t)− tC(e) ≥ ew̃(e, t)− tC(e).

The first inequality follows from the “f -not-worse-than-e” IC condition for the inducement of
effort f . The second inequality follows from the fact that for f > e we have w̃(f, t) ≥ w̃(e, t).
(That is the Statement (2) in Section 2.2.1).
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Next we show that the Principal never strictly prefers an effort greater than the welfare-
maximizing effort γ(t) to the effort γ(t) itself. So we cannot have δ(t) > γ(t) (squandering). To
see this, for a fixed t, pick any effort f > γ(t). Then

[γ(t)− γ(t) · w̃(γ(t), t)]− [f − fw̃(f, t)] = [γ(t)− tC(γ(t))]− [f − tC(f)]︸ ︷︷ ︸
D1≥0

+ [fw̃(f, t)− tC(f)]− [γ(t) · w̃(γ(t), t)− tC(γ(t))]︸ ︷︷ ︸
D2≥0

≥ 0.

Here D1 ≥ 0 because the effort γ(t) is a maximizer of surplus,17 while D2 ≥ 0 follows directly
from (A2).

That completes the proof. 2

An alternative proof, which uses the fixed-share property of a contract.

For fixed t > 0, consider the function

L(w, e) = we− tC(e).

Since the function we displays strictly increasing differences with respect to w and e, so does the
function L. The Principal-favorite effort δ(t) is a maximizer of w∗(t) ·e−tC(e). Recall that w∗(t)
(the Principal’s best contract) lies in [0, 1]. The surplus-maximizing effort γ(t) is a maximizer
of (1) · e − tC(e). If w∗(t) = 1 or w∗(t) = 0, we have δ(t) = γ(t). If w∗(t) < 1, then, by the
strictly-increasing-differences property of L, we have δ(t) ≤ γ(t). 2

Proof of Proposition 6

Proof of Statement (1)

Throughout Phase 1, and, in particular, at t = tP = 1
a2 (where Phase 1 ends), both maximal

surplus and Decentralized surplus are 1 − t. So we have D(tP ) = (1 − t) and D′(tP ) = 0.
Throughout Phase 2 we have D(t) = 1 − t − ∆(t) and D′(t) = −1 − ∆′(t). In (H2) we found
that ∆′(t) > 0 for all t > 0. So

D′(tP ) = 0, but for any sufficiently small positive ε we have D′(tP + ε) > 0.

To put it another way: at tP , D′ is left-continuous but not right-continuous. To summarize: at
tP = 1

a2 the Penalty exhibits its first “kink”.

Proof of Statements (2),(3), and (4)

First we consider the behavior of the Penalty in the Phase-2 interval [tP , tM) = [ 1
a2 ,

1
a
). We

show that in the interior of that interval, D(·) has a unique local maximum — a peak — and

that occurs at the technology (̂t)(a), which, as Statement (2) asserts, equals (a+1)
a−1

a

a2 . We then
show that this local maximum is, in fact, the unique maximum on the entire interval (0,∞).

17In fact, we have D1 > 0, since γ(t) is defined to be the largest surplus-maximizer. But all we need is D1 ≥ 0.
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Note that at t = 1
a2 , the graph of D(t) = 1 − t − ∆(t) starts to rise. Its second derivative

is negative, since, as we have seen, ∆′′(t) > 0. So the graph of 1 − t − ∆(t) on the interval
[ 1
a2 ,

1
a
) is strictly concave. It has a single peak. That occurs at the technology t which solves the

first-order condition for the maximization of 1− t−∆(t). Setting −1−∆′(t), the derivative of
1− t−∆(t), equal to zero, we find 18

t =
(a + 1)

a−1
a

a2
.

We let â(t) denote this value of t. It is the technology where the peak in D(·) occurs. So we
have established Statement (2).

To establish Statement (3), we have to verify that

1

a2
< â(t) <

1

a
.

The inequality
1

a2
< â(t) is equivalent to

1 < (a + 1)
a−
a .

Raising both sides to the power a
a−1

, this becomes 1 < a + 1, which holds, since a > 1.

The inequality
(a + 1)

a−1
a

a2
<

1

a

is equivalent (raising both sides to the power a
a−1

) to

(a + 1) < a
a−1

a .

18In verifying (14) we saw that

∆′(t) = a
2

1−a ·
(

1− 1
a2

)
·

(
1

1− a

)
· t

1
1−a−1.

But since 1− 1
a2 = a+1

a · a−1
a , that simplifies to

∆′(t) =
[
a

2a
1−a · (a + 1) · t

a
1−a

]
.

We have to find the t which solves −1 = ∆′(t) or 1 = −∆′(t), or

a
2a

a−1 · (a + 1)−1 = t
a

1−a .

Raising both sides to the power 1−a
a , this becomes

t =
(a + 1)

a−1
a

a2
.
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That is equivalent (taking logarithms on both sides) to

a

a− 1
· ln a > ln (a + 1).

Since (using a > 1), we have ln(a + 1) > ln a > 0, that is equivalent to

a

a− 1
> 1,

which holds, since a > 1.

To establish Statement (4), we use the fact (argued above) that D(·) is strictly concave on
the interval [ 1

a2 ,
1
a
). The Penalty rises between 1

a2 and â(t), equals zero at t̂(a) and falls after t̂(a)
and before 1

a
. But

Penalty at t = (maximal surplus at t) - (Decentralized surplus at t)

and both surpluses are differentiable in the interval [ 1
a2 ,

1
a
). That implies Statement (4).

To establish Statement (5) we first verify that 1 − t − ∆(t) is tangent to M(t) = ∆(t) at
t = 1

a
. We have to show that

−1−∆′
(

1

a

)
= M ′

(
1

a

)
−∆′

(
1

a

)
,

i.e.,

(A3) −1 = M ′
(

1

a

)
.

But M ′(t) simplifies to

−
[
a

a
1−a · t

a
1−a

]
.

At t = 1
a
, t

a
1−a becomes a

a
a−1 . So we have

M ′
(

1

a

)
= −

[
a

a
1−a · a

a
a−1

]
= −a0 = −1,

as (A3) asserts.

The tangency point is our second kink in the derivative of the Penalty. We showed, in Proving
statement (5), that D′ ( 1

a

)
< 0. We have:

D′
(

1

a

)
< 0 but 0 > D′

(
1

a
+ ε

)
for all sufficiently small positive ε.

So — as at our first kink —at t = 1
a
, D′(·) is left-continuous but not right-continuous.

Proof of Statement (6):
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This concerns Phase 3, the interval
(

1
a
,∞

)
. Here D(t) = M(t)−∆(t).

Now consider the behavior of the two surpluses, M and ∆. We know that M(t) ≥ ∆(t). But
at all t > 0, that inequality is, in fact, strict.19 We conclude that for t ≥ 1

a
= tM , the penalty So

for all t > 0, the Penalty – which equals M(t) = ∆(t) — is never zero. Moreover, examining the
expressions for M(t) and ∆(t), we see that

lim
t→∞

M(t) = 0, lim
t→∞

∆(t) = 0

and so (as Statement (6) asserts), we have

lim
t→∞

D(t) = 0.

Finally, Statement (6) asserts that in Phase 3, maximal surplus M(t) drops faster than the
Decentralized surplus ∆(t). Simplifying the expressions for M ′(t) and ∆′(t), we find that this
assertion is implied by

a

a− 1
· ln a > ln(a + 1).

That was shown to be the case in the proof of Statement (3).

That concludes the proof of Proposition 6 . 2

19The inequality

M(t) = a
1

1−a · a− 1
a

· t
1

1−a > ∆(t) = a
2

1−a · a− 1
a

· a + 1
a

· t
1

1−a

simplifies to
a

1
1−a > a

1+a
1−a · (a + 1),

or equivalently,
a

a
a−1 > a + 1.

Taking logarithms on both sides, and rearranging, that is equivalent to

(+)
a

a− 1
>

ln(a + 1)
ln(a)

.

But, since a > 1, we have
a

a− 1
>

a + 1
a

.

So a sufficient condition for (+) to hold is

(++)
a + 1

a
>

ln(a + 1)
ln(a)

.

Now note that the function f(x) =
x

ln(x)
is strictly increasing at all x > 1. So, since a > 1, we have

a + 1
ln(a + 1)

>
a

ln(a)
,

which is equivalent to (++).
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