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Iruwkfrplqj lq UDQG Mrxuqdo ri Hfrqrplfv

Wkh frpshwlwlyh h�hfwv ri wudqvplvvlrq fdsdflw| lq
d ghuhjxodwhg hohfwulflw| lqgxvwu|

Vhyhulq EruhqvwhlqW

Mdphv ExvkqhooWW

dqg Vwhyhq VwriwWWW

Lq dq xquhjxodwhg hohfwulflw| jhqhudwlrq pdunhw/ wkh fdsdflw| ri wudqvplvvlrq olqhv zloo ghwhuplqh

wkh ghjuhh wr zklfk jhqhudwruv lq gl�huhqw orfdwlrqv frpshwh zlwk rqh dqrwkhu1 Zh vkrz/ krzhyhu/

wkdw wkhuh pd| eh qr uhodwlrqvkls ehwzhhq wkh h�hfw ri d wudqvplvvlrq olqh lq vsxuulqj frpshwlwlrq

dqg wkh dfwxdo hohfwulflw| wkdw �rzv rq wkh olqh lq htxloleulxp1 Zh dovr ghprqvwudwh wkdw olplwhg

wudqvplvvlrq fdsdflw| fdq jlyh d �up wkh lqfhqwlyh wr uhvwulfw lwv rxwsxw lq rughu wr frqjhvw wudqv0

plvvlrq lqwr lwv duhd ri grplqdqfh1 Dv d uhvxow/ uhodwlyho| vpdoo lqyhvwphqwv lq wudqvplvvlrq pd|

|lhog vxusulvlqjo| odujh sd|r�v lq whupv ri lqfuhdvhg frpshwlwlrq1 Zh ghprqvwudwh wkhvh h�hfwv lq

wkh frqwh{w ri wkh ghuhjxodwhg Fdoliruqld hohfwulflw| pdunhw1

WXqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh/ X1F1 Ehunhoh| Kddv Vfkrro ri Exvlqhvv/ dqg Qdwlrqdo

Exuhdx ri Hfrqrplf Uhvhdufk> eruhqvwhCkddv1ehunhoh|1hgx
WWXqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh> mlpeClhru1ehunhoh|1hgx
WWWXqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh> vwriwCsodqhwqrz1frp

Dfnqrzohgjphqwv= Iru khosixo frpphqwv dqg glvfxvvlrqv/ wkh dxwkruv zrxog olnh wr wkdqn Fduo

Eoxpvwhlq/ Johqq Hoolvrq/ Mrh Iduuhoo/ Sdxo Mrvnrz/ Hg Ndkq/ Eduw PfJxluh/ Vkpxho Ruhq/ Vfrww

Vwhuq/ Pdww Zklwh/ Fdwkhulqh Zroiudp/ wzr dqrq|prxv uhihuhhv/ N|oh Edjzhoo +Hglwru,/ sduwlfl0

sdqwv lq wkh 4<<9 Ehunhoh|0Vwdqirug LRihvw/ dqg vhplqdu sduwlflsdqwv dw X1F1 Ehunhoh| dqg PLW1

Fkulvwrskhu Nqlwwho dqg Vwhyh Sxoohu surylghg h{fhoohqw uhvhdufk dvvlvwdqfh1 Wklv uhvhdufk zdv

sduwldoo| ixqghg e| wkh Fdoliruqld Hqhuj| Frpplvvlrq xqghu frqwudfw &:330<60336/ dphqgphqw 51
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Hohfwulflw| wudqvplvvlrq idflolwlhv kdyh orqj ehhq uhfrjql}hg dv fhqwudo hohphqwv lq wkh h�flhqw

sodqqlqj dqg rshudwlrq ri hohfwulflw| v|vwhpv1 Wudglwlrqdoo|/ wkh uroh ri odujh/ lqwhu0xwlolw| wudqv0

plvvlrq sdwkv kdv ehhq wr shuplw wudqvdfwlrqv ehwzhhq xwlolwlhv wkdw h{sorlw uhjlrqdo gl�huhqfhv lq

frqvxpswlrq vhdvrqdolw| dqg jhqhudwlrq frvwv1 Dv wkh hohfwulflw| jhqhudwlrq lqgxvwu| lv ghuhjxodwhg

lq wkh X1V1 dqg hovhzkhuh/ krzhyhu/ wudqvplvvlrq idflolwlhv zloo dovr surylgh lpsruwdqw frpshwlwlyh

olqnv ehwzhhq srwhqwldoo| lvrodwhg pdunhwv/ wkxv plwljdwlqj wkh srwhqwldo iru h{huflvh ri pdunhw

srzhu1

Wkh zd| wkdw wkh jhqhudwlrq �upv wkhpvhoyhv ylhz wudqvplvvlrq fdsdflw| zloo olnho| fkdqjh dv

wkh lqgxvwu| ehfrphv ohvv uhjxodwhg1 D uhjxodwhg �up zrxog kdyh olwwoh ru qr lqwhuhvw lq lqgxflqj

frqjhvwlrq lqwr lwv pdunhw/ zkhuh wkh whup _frqjhvwlrq% lv xvhg khuh dqg wkurxjkrxw wkh sdshu lq

wkh hohfwulfdo hqjlqhhulqj vhqvh= d olqh lv frqjhvwhg zkhq wkh �rz ri srzhu lv htxdo wr wkh fdsdflw|

ri wkh olqh/ dv ghwhuplqhg e| ydulrxv hqjlqhhulqj vwdqgdugv1 D sur�w pd{lpl}lqj �up/ krzhyhu/

pd| �qg lw txlwh sur�wdeoh wr lqgxfh frqjhvwlrq lqwr lwv duhd/ wkhuhe| ehfrplqj d prqrsrolvw rq

dq| uhvlgxdo ghpdqg ohiw xqvhuyhg e| lpsruwv iurp rwkhu uhjlrqv1

Lq wklv sdshu/ zh h{dplqh wkh lqfhqwlyhv ri xquhjxodwhg jhqhudwlrq �upv dqg wkh frpshwlwlrq0

hqkdqflqj uroh ri wudqvplvvlrq idflolwlhv1� Wkh prgho zh xvh/ ri wzr jhrjudsklfdoo| glvwlqfw hohf0

wulflw| pdunhwv/ fdq eh wkrxjkw ri dv d �uvw0ohyho dssur{lpdwlrq wr wkh pdunhw glvwlqfwlrqv ehwzhhq

qruwkhuq dqg vrxwkhuq Fdoliruqld1 Lq wkh vlwxdwlrq zkhuh hdfk pdunhw lv grplqdwhg e| d vlqjoh

vxssolhu/ wkh ehqh�wv ri lqfuhdvhg wudqvplvvlrq fdsdflw| pdqlihvw dv juhdwhu frpshwlwlrq/ lq vrph

fdvhv zlwk ohvv dfwxdo srzhu �rz1 Wkh phuh wkuhdw ri frpshwlwlyh hqwu| wkdw lv surylghg e| dggl0

wlrqdo wudqvplvvlrq fdsdflw| dfwv dv d uhvwudlqlqj lq�xhqfh rq wkh grplqdqw vxssolhu lq hdfk pdunhw/

fdxvlqj hdfk wr surgxfh qhduhu wr frpshwlwlyh ohyhov hyhq wkrxjk wkh wkuhdwhqhg lpsruwv duh qrw

lq idfw uhdol}hg1

Lq rughu wr dfklhyh wkh ixoo ehqh�wv ri frpshwlwlrq/ wkh wudqvplvvlrq fdsdflw| ehwzhhq wkhvh wzr

pdunhwv pxvw eh odujh hqrxjk vxfk wkdw hdfk �up suhihuv wr frpshwh ryhu wkh odujhu pdunhw udwkhu

wkdq wr dfw dv d uhvlgxdo prqrsrolvw lq lwv rzq/ orfdo pdunhw1 Zh �qg wkdw wkh dprxqw ri wudqvplv0

vlrq fdsdflw| qhfhvvdu| wr dfklhyh wklv uhvxow fdq eh vxusulvlqjo| vpdoo lq vrph fdvhv1 Lqwhuhvwlqjo|/

lq d ghwhuplqlvwlf zruog/ dgglwlrqdo wudqvplvvlrq fdsdflw| deryh wkdw fulwlfdo _wkuhvkrog% ohyho lv

ri qr ydoxh1 Zh dovr �qg wkdw xvh ri wkh wudqvplvvlrq olqh pd| ghfolqh zkhq lw lv h{sdqghg wr

vx�flhqw fdsdflw| wr vxssruw frpshwlwlrq1

Wkh dqdo|vlv ri frpshwlwlrq ehwzhhq wzr grplqdqw vxsso| �upv vhsdudwhg e| d +srwhqwldoo|,

frqvwudlqhg wudqvplvvlrq olqn |lhogv vhyhudo lpsruwdqw lqvljkwv wkdw kdyh lpphgldwh srolf| lpsol0

fdwlrqv1 Iluvw/ lq uhjlrqv zlwk d ihz grplqdqw vxssolhuv/ lw vhhpv olnho| wkdw wkh lqflghqfh ri

frqjhvwlrq rq wudqvplvvlrq olqnv zloo lqfuhdvh dv wkh uhjxodwlrq ri wkhvh �upv lv uhod{hg1 Wklv lq0

fuhdvhg olnholkrrg ri frqjhvwlrq lpsolhv wkdw wkh uhohydqw jhrjudsklf pdunhwv frqvlghuhg iru pdunhw

srzhu dqdo|vlv pd| eh vpdoohu wkdq wkrvh lqglfdwhg e| klvwrulfdo frqjhvwlrq sdwwhuqv ru e| vlpx0

odwlrq ri shuihfwo| frpshwlwlyh pdunhwv1 Wkh Ihghudo Hqhuj| Uhjxodwru| Frpplvvlrq +IHUF, kdv

uholhg xsrq klvwrulfdo wudqvplvvlrq �rz dqg frqjhvwlrq gdwd wr ghwhuplqh wkh jhrjudsklf vfrsh

ri pdunhwv lq rughu wr dqdo|}h sursrvhg phujhuv dqg kdv uhfhqwo| sursrvhg wkh xvh ri vlpxodwlrq

� ì _L ?L| t|�_) |�i �?Ui?|��it Lu |h@?t4�tt�L? L�?ihtc ��L hi4@�? t�M�iU| |L tL4i uLh4 Lu hi}�*@|�L? �? ?i@h*)
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prghov wkdw dvvxph rxwsxw ohyhov duh vhw dffruglqj wr d sulqflsoh ri _ohdvw0frvw% surgxfwlrq12 Rxu

uhvxowv lqglfdwh wkdw vxfk dssurdfkhv pd| juhdwo| xqghuvwdwh wkh srwhqwldo iru pdunhw srzhu lq

vrph pdunhwv1

Vhfrqg/ lq d ghuhjxodwhg hohfwulflw| pdunhw/ wkh vrfldo ehqh�wv surylghg e| wudqvplvvlrq idflolwlhv

pd| qr orqjhu eh forvho| olqnhg wr wkh xvdjh ohyho ri wkrvh idflolwlhv1 Klvwrulfdoo|/ ehiruh pdnlqj

dq lqyhvwphqw lq wudqvplvvlrq idflolwlhv/ dq lqyhvwru0rzqhg xwlolw| zrxog kdyh wr ghprqvwudwh wkh

_sxeolf frqyhqlhqfh dqg qhfhvvlw|% ri wkh qhz olqh +vhh Edoglfn dqg Ndkq/ 4<<5,1 Wkh prvw

frpprq phdvxuh ri qhfhvvlw| zdv wkh ohyho ri frqjhvwlrq dorqj wkh sdwk vhuyhg e| wkdw olqh dqg

wkh iruhfdvw xwlol}dwlrq ri dgglwlrqdo wudqvplvvlrq fdsdflw|1 Rxu uhvxowv ghprqvwudwh wkdw/ lq vrph

flufxpvwdqfhv/ prghvw dgglwlrqv wr d wudqvplvvlrq qhwzrun fdq |lhog h{wuhpho| odujh vrfldo ehqh�wv/

hyhq wkrxjk wkhuh zrxog eh olwwoh dfwxdo srzhu �rzlqj ryhu wkh qhwzrun1

Fxuuhqwo|/ krzhyhu/ glvfxvvlrqv ri vwdqgdugv iru wkh sodqqlqj dqg frqvwuxfwlrq ri qhz wudqvplv0

vlrq idflolwlhv kdyh irfxvhg doprvw h{foxvlyho| rq wkh uholdelolw| hqkdqflqj dvshfwv ri wudqvplvvlrq

h{sdqvlrq +vhh Zhvwhuq V|vwhpv Frruglqdwlqj Frxqflo/ 4<<:,1 Hyhq zkhq _hfrqrplf% ehqh�wv duh

frqvlghuhg/ wkh| duh xvxdoo| olplwhg wr dvvhvvphqwv ri wkh ehqh�wv ri uhgxfhg fxuwdlophqwv lq vhuylfh/

lqfuhdvhg lpsruwv ru h{sruwv ryhu wkh qhz idflolwlhv/ ru uhyhqxhv ghulyhg iurp fkdujlqj iru wkh xvdjh

ri wkh qhz fdsdflw|1� Wklv hpskdvlv rq wkh uholdelolw| dqg frvw ehqh�wv ri uholhylqj wudqvplvvlrq

_erwwohqhfnv% frxog ohdg wr srru srolf| ghflvlrqv/ vlqfh hyhq xqxvhg fdsdflw| rq d wudqvplvvlrq

sdwk pd| vwloo eh surylglqj lpsruwdqw ehqh�wv e| glvfrxudjlqj wkh h{huflvh ri pdunhw srzhu1

Lq Vhfwlrq 5/ zh ghvfuleh wkh lvvxhv dqg fkrlfhv idfhg e| �upv lq vhsdudwh pdunhwv wkdw kdyh

wkh srwhqwldo wr eh jhrjudsklfdoo| glvwlqfw1 Lq Vhfwlrq 6/ zh lqwurgxfh d prgho ri wzr lghqwlfdo/

exw jhrjudsklfdoo| glvwlqfw/ pdunhwv wkdw duh olqnhg wkurxjk d vlqjoh wudqvplvvlrq sdwk1 Zh vkrz

wkdw wkh fdsdflw| ri wklv wudqvplvvlrq sdwk sod|v d fuxfldo uroh lq ghwhuplqlqj wkh pdunhw rxwfrphv

dqg ghulyh dq h{suhvvlrq iru wkh wkuhvkrog wudqvplvvlrq fdsdflw| wkdw lv vx�flhqw iru frpsohwho|

lqwhjudwlqj wkhvh wzr pdunhwv1 Zh vkrz wkdw iru wudqvplvvlrq fdsdflwlhv ohvv wkdq wklv wkuhvkrog

fdsdflw|/ qr sxuh0vwudwhj| Frxuqrw htxloleulxp rxwfrph fdq h{lvw/ dqg zh glvfxvv eulh�| wkh qdwxuh

ri wkh pl{hg0vwudwhj| htxloleuld1 Vhfwlrq 7 glvfxvvhv vhyhudo lqvljkwv/ h{whqvlrqv dqg jhqhudol}dwlrqv

iurp wkhvh uhvxowv/ lqfoxglqj wkh lpsruwdqw h{whqvlrq wr dv|pphwulf pdunhwv1 Lq Vhfwlrq 8/ wkhvh

uhvxowv duh dssolhg wr d prgho ri Fdoliruqld*v hohfwulflw| pdunhw/ zklfk lv xqghujrlqj uhvwuxfwxulqj1

Lq wklv vhfwlrq/ zh ghprqvwudwh wkh srwhqwldoo| yhu| vljql�fdqw lpsdfw rq wklv pdunhw ri wkh fdsdflw|

ri wkh pdmru qruwk0vrxwk wudqvplvvlrq sdwk1 Rxu frqfoxvlrqv duh vxppdul}hg lq Vhfwlrq 91

2� BiL}h@T��U 4@h!i| _�t|�?U|�L?t

Dw �uvw jodqfh/ wkh hohfwulflw| lqgxvwu| uhvhpeohv dq| rwkhu lq zklfk wkhuh duh vsdwldoo| vhsdudwhg

pdunhwv ehwzhhq zklfk wudgh lv srvvleoh1 Frqvlghu wzr pdunhwv wkdw duh lghqwlfdo lq hyhu| uhvshfw1

Dvvxph wkdw hdfk kdv d prqrsro| vxssolhu zlwk lghqwlfdo frvwv1 Li wkhvh uhjlrqv zhuh frpsohwho|

vhsdudwh/ wkhuh zrxog eh lghqwlfdo prqrsrolvwlf vroxwlrqv lq wkh wzr uhjlrqv1 Li/ rq wkh rwkhu

kdqg/ hdfk surgxfhu zhuh deoh frvwohvvo| wr vkls yhu| odujh txdqwlwlhv lqwr wkh rwkhu*v pdunhw/ wkh

25ii aLt!L� @?_ 6h@4i E�bb.� uLh @? i @4T*i Lu |�i uLh4ih @?_ �Lhi?t|i�?c ��t�?i**c @?_ k?�||i* E�bbb� uLh @

_�tU�tt�L? Lu |�i *@||ih�
�W? @ hiUi?| @ttitt4i?| Lu |h@?t4�tt�L? U@T@U�|) @__�|�L?tc E�@*�uLh?�@ W5�c �bbH� |�i �@*�uLh?�@ W?_iTi?_i?|

5)t|i4 �Tih@|Lh �_i?|��i_ t� ?ii_t |�@| t�U� ThL�iU|t u�*�**� A�i L?*) ?ii_ hi*@|i_ |L |�i UL4Ti|�|��i?itt Lu |�i

}i?ih@|�L? 4@h!i| �t |�i hi_�U|�L? Lu hi*�@?Ui �TL? R4�t|�h�?� UL?|h@U|t� A�ihi �t ?L UL?t�_ih@|�L? Lu |�i Mi?i�|t
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pdunhwv frxog qr orqjhu eh frqvlghuhg jhrjudsklfdoo| glvwlqfw1 Wkhuh zrxog lqvwhdg eh d vlqjoh

pdunhw vhuyhg e| d gxrsro|1

Zkhq rqh frqvlghuv wkh xqxvxdo sk|vlfdo surshuwlhv ri _wudqvsruwlqj% hohfwulflw|/ wklv vwdqgdug

wudgh sureohp h{klelwv vrph vxusulvlqj fkdudfwhulvwlfv1 Iluvw/ hohfwulflw| fdq eh uhurxwhg ru uh0

vklsshg doprvw frvwohvvo|1 D pdunhwhu fdq ex| hohfwulflw| dqg/ li olqhv duh qrw frqjhvwhg/ kdyh lw

gholyhuhg wr +ru frqvxphg dw, d gl�huhqw orfdwlrq dw yluwxdoo| qr frvw1 Wklv phdqv wkdw sulfh gl�hu0

hqfhv fdq eh hdvlo| duelwudjhg1 Vhfrqg/ hohfwulflw| lv shuihfwo| vwdqgdugl}hg vr wkh pdunhw ghdov lq

d frpsohwho| krprjhqhrxv jrrg1 Dv d uhvxow/ li wkh surgxfhu lq pdunhw 4 wulhv wr vkls 43 PZ wr

pdunhw 5/ dqg wkh rwkhu surgxfhu ghflghv wr vkls < PZ wr 4/ rqo| 4 PZ ri srzhu dfwxdoo| �rzv

ryhu wkh olqh1 Lq frqwudvw/ d Irug wkdw lv h{sruwhg wr Mdsdq lv dfwxdoo| vklsshg/ qrw qhwwhg rxw

iurp wkh qxpehu ri Wr|rwd*v h{sruwhg wr wkh X1V1 Odvwo|/ prvw vwxglhv ri jhrjudsklf wudgh eduulhuv/

zklfk frqvlghu vklsslqj/ kljkzd|/ ru udlo wudqvsruwdwlrq/ gr qrw dvvxph frqvwudlqwv rq vklsslqj

fdsdflw|1 Lw lv vlpso| qrw d elqglqj frqvwudlqw iru prvw vsdwldoo| glvwlqfw pdunhwv1
e

Krprjhqhlw| ri wkh surgxfw/ frvwohvv vklsslqj/ dqg v|pphwulf pdunhwv ohdg wr d vrphzkdw

vxusulvlqj uhvxow= wkh wudqvplvvlrq olqh fdxvhv sulfhv wr ghfolqh dqg rxwsxwv wr lqfuhdvh/ exw qr

srzhu dfwxdoo| �rzv rq wkh frqqhfwlqj olqh1 Wklv phdqv wkdw dowkrxjk wkh olqh lv qrw xvhg/ lw lv

vwloo yhu| xvhixo/ ehfdxvh lv nhhsv sulfhv orz1 Hyhq li wkh wzr pdunhwv zhuh qrw shuihfwo| v|pphwulf/

wkhuh pd| eh yhu| olwwoh �rz rq wkh olqh uhodwlyh wr wkh dgglwlrqdo rxwsxw wkdw zrxog eh vrog lq

hdfk pdunhw1 Wkh wkuhdw ri frpshwlwlrq lv doo wkdw lv uhdoo| qhhghg/ dqg wkh olqh +li lw lv elj hqrxjk,

surylghv wkdw wkuhdw1 Wkxv/ li d frqqhfwlqj olqh lv ri vx�flhqw fdsdflw| wr uhgxfh pdunhw srzhu dv

pxfk dv srvvleoh/ lw pd| dsshdu wr eh ryhu exlow dqg xqghu xvhg1
D

Li zh dvvxph wkhvh vdph wzr pdunhwv duh frqqhfwhg e| dq h{wuhpho| orz0fdsdflw| +l1h1/ wklq,

olqh/ wkhq hdfk vxssolhu zrxog doprvw ljqruh wkh rwkhu/ ehfdxvh hdfk zrxog nqrz wkdw wkh rwkhu

frxog d�hfw lw yhu| olwwoh1 Wkxv/ wkh uhvxow zrxog eh vrphwklqj forvh wr wkh wzr0prqrsro| vroxwlrq lq

vslwh ri wkh frqqhfwlqj olqh1 Wkh dfwxdo rxwfrph/ krzhyhu/ lv pruh frpsolfdwhg wkdq wklv/ ehfdxvh

lw lv qrw dq htxloleulxp iru erwk �upv wr ohdyh wkh olqh xqxvhg1 Wklv udlvhv wkh txhvwlrq ri krz

elj d olqh lv qhhghg wr lqgxfh gxrsrolvwlf/ lqvwhdg ri prqrsrolvwlf/ ehkdylru1 Fohduo|/ wkh dqvzhu

qhhg qrw eh uhodwhg wr wkh dfwxdo srzhu �rz rq wkh olqh1 Pruh jhqhudoo|/ zh zrxog olnh wr nqrz

wkh h�hfw ri dq| jlyhq vl}h olqh rq wkh ghjuhh ri frpshwlwlrq ehwzhhq wkh �upv dw hdfk hqg ri wkh

olqh1 Zh sxuvxh wkhvh txhvwlrqv lq wkh qh{w vhfwlrq1

�� � t)44i|h�U |�L��h4 4L_i*

Zh ehjlq zlwk d prgho ri wzr lghqwlfdo pdunhwv/ zklfk zh fdoo Qruwk +Q, dqg Vrxwk +V,1

Ghpdqg lq hdfk pdunhw lv fkdudfwhul}hg e| lghqwlfdo lqyhuvh ghpdqg ixqfwlrqv/ S 7
+T7

, dqg

S�
+T�

,/ zkhuh T�
dqg T7

duh wkh txdqwlw| frqvxphg lq pdunhwv Q dqg V/ uhvshfwlyho|/ dqg

S 7
+=, � S�

+=, � S +=,1 Hdfk pdunhw kdv d vlqjoh vxssolhu/ �upv q dqg v/ zlwk rxwsxw t? dqg
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tr/ uhvshfwlyho|/ dqg wkh wzr �upv kdyh lghqwlfdo surgxfwlrq frvwv/ F+t,1 Iru hlwkhu �up/ l/ ohw

�+t�> t�, @ S +t� . t�,t� �F+t�, eh wkh sur�w ri d �up vhoolqj lq rqo| rqh pdunhw zkhq lw vhoov t� lq

wkdw pdunhw dqg wkh rwkhu �up vhoov t� lq wkdw pdunhw1 Li wkh wzr pdunhwv zhuh h�hfwlyho| phujhg/

wkhq wkh sur�w ri �up l frxog eh h{suhvvhg dv �+t�> t�, @ S +
^�n^�
2

,t� � F+t�,/ zklfk lv wkh sur�w

iurp vhoolqj txdqwlw| t� dw d sulfh wkdw rewdlqv zkhq wkh wrwdo txdqwlw| surgxfhg lv vsolw hyhqo|

ehwzhhq wkh wzr +lghqwlfdo, pdunhwv1

Wr eh frqfuhwh derxw wkh irup ri frpshwlwlrq dqg dvvxuh h{lvwhqfh ri d xqltxh htxloleulxp lq

wkh devhqfh ri wudqvplvvlrq frqjhvwlrq/ zh pdnh wkh iroorzlqj dvvxpswlrqv=

Dvvxpswlrq 4= Wkh �upv hpsor| txdqwlw| vwudwhjlhv +Frxuqrw,1

Dvvxpswlrq 5= Ilup pdujlqdo frvwv duh qrq0ghfuhdvlqj lq �up rxwsxw/ F �� � 31

Dvvxpswlrq 6= ���+t�> t�, ? 3> ��2+t�> t�, ? 3> ���+t�> t�, ? 3> ��2+t�> t�, ? 31

Dvvxpswlrq 7= m���+t�> t�,m A m��2+t�> t�,m

zkhuh wkh vxevfulswv 4 dqg 5 rq wkh sur�w ixqfwlrqv uhihu wr wkh ghulydwlyhv zlwk uhvshfw wr wkhlu

�uvw dqg vhfrqg dujxphqwv uhvshfwlyho|1

Zh dvvxph txdqwlw| vhwwlqj gxh wr wkh vhyhuh frqvwudlqwv wkdw wkh qhhg wr frpplw jhqhudwlrq

fdsdflw| lq dgydqfh sxwv rq surgxfwlrq1 Lq Vhfwlrq 7/ zh glvfxvv wkh Frxuqrw dvvxpswlrq dw juhdwhu

ohqjwk dqg frqvlghu krz wkh dqdo|vlv fkdqjhv li �upv duh dvvxphg wr frpshwh lq sulfhv lqvwhdg1
S

Dvvxpswlrqv 6 dqg 7 jxdudqwhh wkh h{lvwhqfh dqg xqltxhqhvv ri d Frxuqrw htxloleulxp dqg duh

xwlol}hg lq odwhu uhvxowv +vhh Wluroh/ 4<;;/ ss1 5570559,1

Wr frpsohwh wkh fkdudfwhul}dwlrq ri wkh pdunhwv/ zh pxvw dovr ghvfuleh krz wudqvplvvlrq lv

doorfdwhg dqg sulfhg1 Zh dvvxph wkdw wkh wudqvplvvlrq julg lv rshudwhg e| dq hqwlw| wkdw dwwhpswv

wr pd{lpl}h vrfldo zhoiduh e| surylglqj sulfh vljqdov wr lqgxfh h�flhqw xvh ri wkh julg/ zklfk lv

mxvw wkh olqh ehwzhhq Q dqg V lq wklv fdvh1 Wkh uhvxow lv nqrzq dv _qrgdo sulflqj1% Vhh Vfkzhssh

hw do1 +4<;;, iru d ghvfulswlrq dqg dqdo|vlv ri qrgdo sulflqj1 Xqghu wklv dvvxpswlrq/ li wkhuh lv

qr frqjhvwlrq/ hohfwulflw| sulfhv duh wkh vdph lq erwk pdunhwv1 Zkhq wkhuh lv frqjhvwlrq lq wkh

qhwzrun/ wudqvplvvlrq fdsdflw| lv udwlrqhg zlwk sulfh1 Wkh h�hfwlyh _frvw% ri wudqvplvvlrq lv vlpso|

wkh qrgdo sulfh gl�huhqfh ehwzhhq wkh qrgh lq zklfk wkh srzhu lv lqmhfwhg lqwr wkh qhwzrun dqg wkh

qrgh zkhuh lw lv frqvxphg1 Wkxv/ wkh julg rshudwru froohfwv wkh frqjhvwlrq uhqwv dvvrfldwhg zlwk d

wudqvplvvlrq olqh/ exw qhyhu ghwhuv olqh xvh zlwk d srvlwlyh sulfh zkhq wkh olqh lv xqfrqjhvwhg1 Hyhq

li wkh surgxfhuv zlvkhg wr fkdujh gl�huhqw sulfhv lq wkh wzr pdunhwv/ wkh julg rshudwru/ ru vrph

wklug sduw|/ zrxog duelwudjh wkh sulfh gl�huhqfhv dv orqj dv lw zdv ihdvleoh wr vkls srzhu ehwzhhq

wkh wzr pdunhwv1
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Wkxv/ xqghu qrgdo sulflqj/ srzhu zloo �rz wr wkh pdunhw zlwk wkh orzhvw sulfh/ vxemhfw wr �rz

olplwv1
.
Lq wkh frqwh{w ri wklv wzr0pdunhw prgho/ zlwk d frqqhfwlqj wudqvplvvlrq olqh ri fdsdflw| n/

qrgdo sulflqj ghwhuplqhv wkh ixqfwlrqdo pdsslqj iurp wkh rxwsxw ri wkh wzr �upv wr wkh txdqwlwlhv

frqvxphg lq wkh wzr pdunhwv1 Ohw Q = ?2
n :$ ?2

n ghqrwh wklv ixqfwlrq1

+T� > T7
, @ Q+t?> tr, @

;A?
A=

+t? . n> tr � n, li t? ? tr � 5n

+�
2
+t? . tr,> �

2
+t? . tr,, li tr � 5n ? t? ? tr . 5n

+t? � n> tr . n, li t? A tr . 5n

+4,

Xqghu qrgdo sulflqj hdfk �up uhfhlyhv lwv orfdo sulfh iru doo lwv rxwsxw/ zkhwkhu lw lv frqvxphg

orfdoo| ru qrw1H Iljxuh 4 looxvwudwhv d ghpdqg ixqfwlrq idfhg e| d vlqjoh �up/ �up q1 Iru d

wudqvplvvlrq olqh ri fdsdflw| n/ li �up q surgxfhv d txdqwlw| ohvv wkdq tr � 5n/ wkhq htxdwlrq +4,

lqglfdwhv wkdw wkh txdqwlw| n ri srzhu lv vklsshg iurp V wr Q dqg �up q idfhv wkh uhjlrq Q ghpdqg

fxuyh vkliwhg ohiw e| n1 Dv q lqfuhdvhv lwv rxwsxw/ rqfh lw uhdfkhv t? @ tr � 5n/ wkh olqh ehfrphv

ghfrqjhvwhg dqg wkh pdunhwv duh h�hfwlyho| phujhg/ zlwk htxdo sulfhv dqg txdqwlwlhv vrog lq wkh

wzr pdunhwv1 Wkh ghpdqg fxuyh vhhq e| q iru wklv udqjh ri rxwsxw lv wkh vxp ri wkh wzr pdunhw

ghpdqg fxuyhv plqxv wkh rxwsxw ri �up v1 Wklv zloo eh wuxh xqwlo q kdv lqfuhdvhg lwv rxwsxw wr

t? @ tr . 5n xqlwv dqg n xqlwv duh ehlqj vklsshg wr pdunhw V/ mxvw eduho| frqjhvwlqj wkh olqh1

Zkhq t? A tr . 5n/ lqfuhdvhv lq t? kdyh qr h�hfw rq S 7 dqg zloo fdxvh d ghfolqh lq S� / zklfk lv

wkh sulfh q zloo uhfhlyh iru doo ri lwv rxwsxw1 Iru rxwsxw ohyhov lq wklv udqjh/ �up q idfhv d ghpdqg

fxuyh htxdo wr lwv orfdo ghpdqg fxuyh vkliwhg wr wkh uljkw e| n/ wkh fdsdflw| ri wkh olqh1

Wkh remhfwlyh ri wkh �up lv wr pd{lpl}h lwv sur�wv e| fkrrvlqj rxwsxw1 Iru �up q=


?+t
?> tr, @

;A?
A=

t?S +t? . n,� F+t?, @ �+t?> n, li t? ? tr � 5n

t?S +�
2
+t? . tr,,� F+t?, @ �+t?> tr, li tr � 5n ? t? ? tr . 5n

t?S +t? � n,� F+t?, @ �+t?>�n, li t? A tr . 5n

+5,

dqg vlploduo| iru �up v1

Zlwk qr frqqhfwlqj olqh/ hdfk �up zloo surgxfh wkh vlqjoh0pdunhw prqrsro| txdqwlw|/ t6/ dqg

wkh sulfh lq hdfk pdunhw zloo eh S6/ wkh prqrsro| sulfh1 Zlwk d vx�flhqwo| odujh olqh/ wkh sulfhv

lq wkh wzr pdunhwv zloo eh htxdo wr rqh dqrwkhu dqg zloo htxdo wkh xqfrqvwudlqhg Frxuqrw gxrsro|

htxloleulxp sulfh iru wkh frpelqhg pdunhw zlwk wzr lghqwlfdo �upv/ zklfk zh zloo fdoo SS1
b Hdfk �up

zloo wkhq surgxfh tS/ lwv +xqltxh, sxuh0vwudwhj| xqfrqvwudlqhg Frxuqrw txdqwlw|1 Wrwdo surgxfwlrq

lq erwk pdunhwv lq wkh gxrsro| fdvh zloo wkhuhiruh eh 5tS1
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Wkh frpshwlwlyh h�hfw ri d wudqvplvvlrq olqh

Zh ehjlq h{dplqlqj wkh frpshwlwlyh h�hfw ri wudqvplvvlrq olqhv e| orrnlqj dw wkh lpsdfw ri

exloglqj d olqh ehwzhhq wkh wzr pdunhwv wkdw zhuh suhylrxvo| vhsdudwh +lghqwlfdo, prqrsrolhv1

Ohppd 41 Xqghu Dvvxpswlrqv 407/ zkhq wzr v|pphwulf prqrsro| pdunhwv duh frqqhfwhg e| d

wudqvplvvlrq olqh/ hlwkhu �up zrxog suhihu wr lqfuhdvh lwv rxwsxw iurp lwv prqrsro| ohyho/ t6/ li wkh

rwkhu frqwlqxhv wr surgxfh t61

Surri1 Wr vhh wkdw lw zrxog dozd|v eh sur�wdeoh iru rqh �up wr h{sdqg lwv rxwsxw lq wkh suhvhqfh

ri hyhq d yhu| wklq olqh +li wkh rwkhu �up glg qrw,/ qrwh wkdw li qhlwkhu �up fkdqjhg lwv rxwsxw wkhq

wkh olqh zrxog eh xqfrqjhvwhg1 Li wkh olqh lv xqfrqjhvwhg/ wkhq hdfk �up idfhv +orfdoo|, wkh vdph

sureohp lw zrxog idfh li wkhuh zhuh qr wudqvplvvlrq frqjhvwlrq/ wkh gxrsro| pdunhw frqglwlrqv1 Lq

wkdw fdvh hlwkhu �up zrxog zdqw wr h{sdqg lw rxwsxw wr lwv Frxuqrw gxrsro| ehvw uhvsrqvh1 Lq

idfw/ wklv revhuydwlrq dssolhv wr dq| sdlu ri �up rxwsxwv wkdw zrxog ohdyh wkh wudqvplvvlrq olqh

xqfrqjhvwhg1 T1H1G1

Ohppd 51 Xqghu Dvvxpswlrqv 407/ wkh rqo| srvvleoh sxuh 0vwudwhj| htxloleulxp lq zklfk wkh olqh

lv xqfrqjhvwhg lv +tS> tS,1

Surri1 Zkhq wkh wudqvplvvlrq olqh lv xqfrqjhvwhg/ hdfk �upv* uhohydqw sur�w ixqfwlrq iru pdujlqdo

fkdqjhv lv �+=> =,1 Xqghu Dvvxpswlrqv 5 dqg 6/ wkh rqo| htxloleulxp fdq eh +tS> tS,1 T1H1G1

Ri frxuvh/ zlwk d yhu| wklq olqh/ d �up zrxog eh deoh wr lqfuhdvh lwv rxwsxw rqo| voljkwo| ehiruh

lw zrxog frqjhvw wkh olqh1 Pruh jhqhudoo|/ rqh fdq ghulyh wkh ehvw0uhvsrqvh +lq txdqwlw|, ixqfwlrqv

ri hdfk �up lq wkh suhvhqfh ri d olqh ri vl}h n1 Iljxuh 5 vkrzv wkh ehvw uhvsrqvh ixqfwlrq ri �up

v zkhq n lv vpdoo1 Zkhq q lv surgxflqj qrwklqj/ wkh ehvw uhvsrqvh ri v lv wr surgxfh lwv rswlpdo

txdqwlw| jlyhq wkdw wkh olqh zloo eh frqjhvwhg iurp V wr Q 1
�f

Xqghu d qrgdo sulflqj uhjlph/ wklv

txdqwlw| zloo eh wkh prqrsro| rxwsxw iru wkh �up zkhq lw lv idfhg zlwk lwv qdwlyh ghpdqg lq wkh

vrxwk vkliwhg wr wkh uljkw e| n iru dq| sulfh ohvv wkdq S +n,1 Zh qrz gh�qh wkdw txdqwlw|1

Gh�qlwlrq= Ohw wkh txdqwlw| tn6+n, uhsuhvhqw wkh sur�w pd{lpl}lqj rxwsxw iru d �up idflqj dq

lqyhuvh ghpdqg fxuyh S +T � n,1�� Wklv lv wkh _rswlpdo djjuhvvlyh rxwsxw% iru d �up zkhq wkh

rwkhu �up lv surgxflqj ohvv wkdq tn6+n,� 5n/ fdxvlqj wkh wudqvplvvlrq olqh wr eh frqjhvwhg lqwr wkh

pdunhw ri wkdw orz0rxwsxw �up=

tn6+n, @ dujpd{
'

�+T>�n,

Zkhq q lv surgxflqj xs wr tn6+n,�5n/ wkh ehvw uhvsrqvh ri v lv wr surgxfh tn6+n,1 Dv q*v rxwsxw

ulvhv deryh tn6+n, � 5n/ wkh ehvw uhvsrqvh ri v/ dw ohdvw orfdoo|/ zloo eh wr surgxfh 5n xqlwv pruh

wkdq q/�2 �up v*v rswlpdo djjuhvvlyh rxwsxw uhvsrqvh1 Dv q*v rxwsxw frqwlqxhv wr ulvh/ krzhyhu/

wkh sur�wv wr v iurp pdlqwdlqlqj dq djjuhvvlyh uhvsrqvh ghfuhdvh1
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Dv q*v rxwsxw frqwlqxhv wr ulvh/ hyhqwxdoo| lw uhdfkhv wkh srlqw ~ zklfk zh gh�qh ehorz dv tr�
~ dw zklfk lw ehfrphv pruh sur�wdeoh iru v wr _vzlwfk% wr d pxfk ohvv djjuhvvlyh rxwsxw uhvsrqvh=

v zloo wkhq doorz q wr h{sruw n xqlwv wr pdunhw V dqg zloo pd{lpl}h lwv rzq sur�w jlyhq wkh

uhvlgxdo ghpdqg lw idfhv/ S +T . n,/ zklfk lv v*v qdwlyh ghpdqg vkliwhg ohiwzdug e| n1 Ilup v lv

wkhq h�hfwlyho| d prqrsrolvw rq wklv uhvlgxdo ghpdqg fxuyh1 Zh fdoo wklv wkh _rswlpdo sdvvlyh

rxwsxw1%�� Wkhvh revhuydwlrqv duh irupdol}hg e| wkh iroorzlqj gh�qlwlrqv dqg uhvxowv1

Gh�qlwlrq= Ohw t36+n, uhsuhvhqw wkh sur�w pd{lpl}lqj rxwsxw iru d �up idflqj dq lqyhuvh ghpdqg

fxuyh S +T. n,1 Wklv lv wkh _rswlpdo sdvvlyh rxwsxw%=�e

t36+n, @ dujpd{
'

�+T> n,

Zkhq lw iroorzv wkh rswlpdo sdvvlyh rxwsxw uhvsrqvh/ wkh sdvvlyh �up grhv qrw _ixoo| dffrpprgdwh%

lpsruwv1

Ohppd 61 Zkhq wkh txdqwlw| n lv vklsshg lqwr wkh pdunhw ri d prqrsrolvw/ lwv rswlpdo sdvvlyh

rxwsxw uhvsrqvh uhvxowv lq wrwdo pdunhw rxwsxw +lqfoxglqj wkh txdqwlw| lpsruwhg/ n, deryh wkh

prqrsro| ohyho/ l1h1/ t36+n, . n A t6=

Surri1 Frqvlghu wkh lqfxpehqw*v srvlwlrq li lw zhuh wr uhvsrqg wr lpsruwv ri n e| uhgxflqj lwv

rzq rxwsxw e| n iurp lwv suhylrxv +}hur lpsruw, rswlpl}lqj txdqwlw|1 Lq wkdw fdvh/ wkh sulfh lq lwv

pdunhw zrxog eh wkh vdph dv ehiruh wkh lpsruwv dqg wkh h�hfw rq sulfh ri vhoolqj rqh pruh xqlw

zrxog eh wkh vdph dv ehiruh/ exw wkh lqfxpehqw zrxog eh vhoolqj ihzhu xqlwv1 Wkxv/ lw*v pdujlqdo

uhyhqxh zrxog eh juhdwhu wkdq ehiruh1 Vr orqj dv pdujlqdo frvw lv qrq0ghfuhdvlqj +Dvvxpswlrq 5,/

wklv lpsolhv wkdw wkh lqfxpehqw zrxog zdqw wr lqfuhdvh lwv rxwsxw1 T1H1G1

Wkxv/ hdfk �up*v ehvw0uhvsrqvh ixqfwlrq vorshv xszdug ryhu vrph udqjh dqg wkhq glvfrqwlqx0

rxvo| mxpsv wr d vpdoohu txdqwlw| li wkh rwkhu �up*v rxwsxw lv vx�flhqwo| juhdw1 Dw wkh vpdoohu

txdqwlw|/ wkh olqh zloo eh frqjhvwhg fduu|lqj srzhu lqwr lwv uhjlrq1 Zlwk wkhvh ehvw0uhvsrqvh ixqf0

wlrqv/ zh fdq vkrz wkdw wkh ixqfwlrqv zloo qrw furvv li n lv vx�flhqwo| vpdoo1 Lq rwkhu zrugv/ iru

wudqvplvvlrq olqhv wkdw kdyh vx�flhqwo| vpdoo fdsdflw|/ wkhuh lv qr sxuh0vwudwhj| htxloleulxp iru wkh

v|pphwulf Frxuqrw gxrsro|1

Zh suryh wklv dv d vxefdvh ri d odwhu uhvxow/ exw wkh lqwxlwlrq lv vwudljkwiruzdug= Li �up v lv

vx�flhqwo| djjuhvvlyh lq h{sdqglqj rxwsxw lq rughu wr eh d qhw h{sruwhu ri n wr wkh rwkhu pdunhw/
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wkhq �up q*v ehvw uhvsrqvh zloo eh wkh rswlpdo sdvvlyh rxwsxw/ t3
6
+n,1 Exw/ v zrxog uhvsrqg wr

wkh rswlpdo sdvvlyh rxwsxw e| surgxflqj mxvw 5n pruh wkdq wkh sdvvlyh txdqwlw|1 Li n lv vx�flhqwo|

vpdoo/ q*v ehvw uhvsrqvh wr t3
6
+n, . 5n lv wr surgxfh t3

6
+n, . 7n dqg vkls n edfn wr wkh v*v pdunhw1

Dv wklv hvfdodwhv/ hyhqwxdoo| rqh �up djdlq �qgv wkdw lw zrxog suhihu iroorzlqj wkh rswlpdo sdvvlyh

rxwsxw uhvsrqvh wr ixuwkhu hvfdodwlrq1

Dv n lqfuhdvhv/ wkh sureohp fkdqjhv vrphzkdw1 Zkloh iru vrph n d �up pljkw �qg lw zruwkzkloh

wr frqjhvw wkh olqh wr wkh rwkhu pdunhw e| surgxflqj 5n pruh wkdq wkh rwkhu �up/ wkhuh zloo qhyhu

eh d ehvw uhvsrqvh wkdw lqyroyhv surgxflqj pruh wkdq wkh xqfrqvwudlqhg Frxuqrw gxrsro| ehvw

uhvsrqvh/ zklfk lv/ e| gh�qlwlrq/ wkh rswlpdo uhvsrqvh zkhq lw lv ihdvleoh1 Iljxuh 6 vkrzv wkh

vlwxdwlrq wkdw rewdlqv li n lv odujh hqrxjk wkdw wkh xqfrqvwudlqhg Frxuqrw gxrsro| ehvw uhvsrqvh

lv ihdvleoh iru vrph rxwsxwv ri wkh rwkhu �up1 Udwkhu wkdq vorslqj xszdug xqwlo wkh srlqw dw zklfk

wkh �upv vzlwfkhv wr wkh rswlpdo sdvvlyh rxwsxw dqg doorzv lpsruwv/ wkh ehvw uhvsrqvh ixqfwlrq

vorshv xszdug xqwlo lw klwv wkh xqfrqvwudlqhg Frxuqrw gxrsro| ehvw0uhvsrqvh ixqfwlrq/ dqg wkhq lw

frlqflghv zlwk wkh xqfrqvwudlqhg Frxuqrw gxrsro| ehvw0uhvsrqvh ixqfwlrq xqwlo wkh glvfrqwlqxlw|

srlqw1

Gh�qlwlrq= Ohw XEU^t` eh d �up*v xqfrqvwudlqhg Frxuqrw ehvw uhvsrqvh wr dq rxwsxw ri t e| wkh
rwkhu �up1

XEU^t` @ dujpd{
'

�+T> t,

Wkhuh lv d ohyho ri rxwsxw iurp d ulydo lq wkh udqjh ri ^tn
6
+n, � 5n>4` dw zklfk wkh �up*v ehvw

uhvsrqvh lv wr uhyhuw wr wkh rswlpdo sdvvlyh rxwsxw uhvsrqvh/ pd{lpl}lqj sur�wv rq wkh uhvlgxdo
ghpdqg fxuyh zkloh wkh rwkhu �up h{sruwv n lqwr lwv pdunhw1 Zh fdq qrz irupdoo| gh�qh wklv
glvfrqwlqxlw| srlqw ri wkh uhdfwlrq ixqfwlrq1

Gh�qlwlrq= Ohw tr�+n, 5 ^tn
6
+n,� 5n>4` eh wkh ulydo*v txdqwlw| deryh zklfk lw lv pruh sur�wdeoh

iru d �up wr vzlwfk iurp hlwkhu wkh xqfrqvwudlqhg ehvw uhvsrqvh/ li lw grhv qrw ylrodwh wkh wudqv0
plvvlrq frqvwudlqw/ ru wkh rswlpdo djjuhvvlyh rxwsxw/ wr wkh rswlpdo sdvvlyh rxwsxw zlwk lwv ulydo
wudqvplwwlqj n lqwr lwv pdunhw1 Ryhu wkh uhohydqw udqjh ri ^tn

6
+n, � 5n>4`> tr�+n, lv wkh lpsolflw

vroxwlrq wr=

� +plq+XEU^tr�`> tr� . 5n,> tr�, @ �+t3
6
+n,> n, +6,

Ohppd 71 tr� h{lvwv/ lv xqltxh/ dqg lv lqfuhdvlqj lq n/ wkh olqh fdsdflw|1

Surri1 Vhh wkh Dsshqgl{1

Lqwxlwlyho|/ wkh vzlwfk srlqw rffxuv dw d odujhu rxwsxw ri wkh rssrvlqj �up dv n lqfuhdvhv/
ehfdxvh dq lqfuhdvh lq n pdnhv wkh rswlpdo sdvvlyh rxwsxw ohvv sur�wdeoh/ vr dq lqfuhdvh lq wkh
rssrvlqj �up*v rxwsxw lv qhfhvvdu| wr pdnh wkh dowhuqdwlyh htxdoo| ohvv sur�wdeoh1 Li n lv odujh
hqrxjk/ wkh glvfrqwlqxlw| srlqw lq hdfk �up*v ehvw uhvsrqvh ixqfwlrq zloo rffxu dw ru eh|rqg wkh
xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp1 Lq wklv v|pphwulf prgho/ wkh v|pphwulf Frxuqrw
gxrsro| htxloleulxp zloo wkhq uhvxow1 Wklv lv vkrzq lq Iljxuh 71 Wkh frqglwlrq wkhq iru wkh
xqfrqvwudlqhg v|pphwulf Frxuqrw gxrsro| htxloleulxp wr rewdlq lv wkdw n lv odujh hqrxjk vr wkdw
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hdfk �up zloo pdnh juhdwhu sur�w lq wkdw htxloleulxp wkdq lw zrxog surgxflqj wkh rswlpdo sdvvlyh
rxwsxw/ l1h1/ doorzlqj wkh rwkhu �up wr h{sruw wkh ixoo fdsdflw| ri wkh olqh lqwr lwv rzq pdunhw dqg
surgxflqj lwv ehvw uhvsrqvh wr wkh uhvxowlqj uhvlgxdo ghpdqg1 Dq| dgglwlrqv wr wkh olqh eh|rqg
wklv srlqw zloo vwloo fkdqjh wkh ehvw0uhvsrqvh ixqfwlrqv/ exw zloo qrw fkdqjh wkh srlqw dw zklfk wkh|
lqwhuvhfw/ zklfk ghwhuplqhv wkh htxloleulxp1 Wkxv/ ixuwkhu lqfuhdvhv wr wkh olqh fdsdflw| duh ri qr
vrfldo ydoxh1 Wkh n dw zklfk wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp zloo uhvxow lv wkh olqh
fdsdflw| wkdw htxdwhv wkh sur�w hdfk �up hduqv lq wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp
zlwk wkh sur�w hlwkhu zrxog hduq surgxflqj lwv rswlpdo sdvvlyh rxwsxw uhvsrqvh zkhq wkh rwkhu
�up surgxfhv lwv xqfrqvwudlqhg Frxuqrw gxrsro| txdqwlw|1 Fohduo|/ wklv wkuhvkrog olqh fdsdflw|
ghshqgv rq wkh qdwxuh ri ghpdqg1

Gh�qlwlrq= Ohw nW uhsuhvhqw wkh vpdoohvw wudqvplvvlrq olqh fdsdflw| wkdw zloo uhvxow lq wkh v|p0
phwulf xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp1

Wkh fdsdflw| nW lv wkh lpsolflw vroxwlrq wr

�+t3
6
+n,> n, @ �+tS> 3,= +7,

Wkh h{suhvvlrq �+t3
6
+n,> n, lv wkh sur�w wr d vlqjoh �up iurp surgxflqj lwv rswlpdo sdvvlyh rxwsxw

dqg �+tS> 3, +� �+tS> tS,, lv wkh sur�w wr d vlqjoh �up iurp wkh xqfrqvwudlqhg Frxuqrw gxrsro|
htxloleulxp1 Wkh h{suhvvlrq �+tS> 3, lv lqghshqghqw ri n1 Wkh h{suhvvlrq �+t3

6
+n,> n, lv wkh sur�w

hduqhg iurp rswlpl}lqj dorqj d ghpdqg fxuyh wkdw lv d ohiwzdug vkliw ri n xqlwv iurp wkh pdunhw
ghpdqg fxuyh/ vr wkh ohiwkdqg vlgh lv prqrwrqlfdoo| ghfuhdvlqj lq n1 Dw n @ 3/ �+t3

6
+n,> n, A �+tS> 3,

dqg dw n @4/ �+t3
6
+n,> n, @ 31 Erwk h{suhvvlrqv duh frqwlqxrxv lq n/ vr wkhuh lv vrph n wkdw htxdwhv

wkh sur�w ri wkhvh wzr vwudwhjlhv1

Wkhruhp 41 Xqghu Dvvxpswlrqv 407/ wkh rqo| srvvleoh sxuh vwudwhj| htxloleulxp wr wklv jdph lv
wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp1 Li n ? n

W/ qr sxuh vwudwhj| htxloleulxp h{lvwv1

Surri1 Li zh dvvxph Wkhruhp 4 lv qrw wuxh/ wkhq rqh ri wkuhh fdvhv pxvw krog1 Wkhuh zloo hlwkhu eh
dq dv|pphwulf htxloleulxp zkhuh wkh olqh lv frqjhvwhg/ dq dv|pphwulf htxloleulxp zkhuh wkh olqh
lv qrw frqjhvwhg/ ru d v|pphwulf htxloleulxp zkhuh erwk sod|huv sod| vrph txdqwlw| ohvv wkdq wkh
Frxuqrw txdqwlw| +dqg wkh olqh lv xqfrqjhvwhg,1 E| Ohppd 5/ wkh rqo| sxuh vwudwhj| htxloleulxp
zlwk dq xqfrqjhvwhg olqh lv wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp1 Zh wkhuhiruh uhvwulfw
rxu dwwhqwlrq wr dv|pphwulf htxloleuld zkhuh wkh olqh lv frqjhvwhg1

Iluvw/ zh qrwh wkdw wkhuh fdqqrw eh dq dv|pphwulf/ frqjhvwhg0olqh htxloleulxp xqohvv dw ohdvw
rqh sod|hu lv surgxflqj lwv rswlpdo sdvvlyh rxwsxw/ vlqfh wkh rswlpdo sdvvlyh rxwsxw lv e| gh�qlwlrq
wkh ehvw uhvsrqvh ri wkh surgxfhu lq wkh pdunhw lqwr zklfk wkh frqjhvwhg olqh lv �rzlqj1 Zh qrz
vkrz wkdw wkhuh fdqqrw h{lvw dq dv|pphwulf sxuh vwudwhj| htxloleulxp lq zklfk rqh sod|hu surgxfhv
wkh rswlpdo sdvvlyh rxwsxw/ t3

6
1

Zh nqrz iurp wkh gh�qlwlrqv deryh wkdw li dq htxloleulxp h{lvwv lq zklfk wkh sdvvlyh �up lv
surgxflqj t3

6
dqg wkh olqh lqwr lwv pdunhw lv frqjhvwhg/ wkhq wkh djjuhvvlyh �up pxvw eh surgxflqj

dw ohdvw t3
6
. 5n/ wkh plqlpxp txdqwlw| wkdw zrxog frqjhvw wkh olqh1 Zh qrz vkrz wkdw wkh

djjuhvvlyh �up zrxog qhyhu zdqw wr surgxfh pruh wkdq t3
6
.5n lq uhvsrqvh wr t3

6
/ vr lw frxog rqo|

eh surgxflqj h{dfwo| t3
6
. 5n lq wklv srwhqwldo htxloleulxp1

Wr vhh wkdw wklv lv wkh fdvh/ uhfdoo wkdw e| Ohppd 6 t3
6
A t6�n/ zklfk lpsolhv wkdw t3

6
.n A t61

Zkhq wkh djjuhvvlyh �up surgxfhv t3
6
. 5n dqg n lv vklsshg wr wkh rwkhu pdunhw/ wklv ohdyhv wkh
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�up surgxflqj t3
6
. n iru vdoh lq lwv rzq pdunhw/ zklfk zh kdyh mxvw vkrzq zrxog eh juhdwhu wkdq

wkh sur�w0pd{lpl}lqj txdqwlw| iru lwv rzq pdunhw lq lvrodwlrq/ t61 Frqvlghulqj wkdw/ xqghu qrgdo
sulflqj/ dgglwlrqdo rxwsxw wkdw lv frqvxphg lq lwv rzq pdunhw dovr gulyhv grzq wkh sulfh wkdw wkh
djjuhvvlyh �up uhfhlyhv iru srzhu wkdw lv vklsshg wr wkh rwkhu pdunhw/ lw lv fohdu wkdw lw zrxog qrw
zdqw wr ixuwkhu h{sdqg rxwsxw eh|rqg wkh txdqwlw| t3

6
. 5n/ zklfk mxvw frqjhvwv wkh olqh1

Wkxv/ wkh rqo| srvvleoh fdqglgdwh iru dq dv|pphwulf/ sxuh0vwudwhj| htxloleulxp lv rqh �up
surgxflqj t3

6
dqg wkh rwkhu surgxflqj t3

6
. 5n1 Iru wklv wr eh dq htxloleulxp/ lw pxvw eh wkh

fdvh wkdw wkh rswlpdo sdvvlyh rxwsxw/ t3
6
/ lv wkh ehvw uhvsrqvh wr wkh djjuhvvlyh �up*v t3

6
. 5n1

Exw surgxfwlrq ri t3
6
. 5n lq uhvsrqvh wr t3

6
mxvw eduho| frqjhvwv wkh olqh/ l1h1/ li wkh sdvvlyh �up

lqfuhdvhg lwv rxwsxw lq�qlwhvlpdoo|/ lw zrxog ghfrqjhvw wkh olqh1 Wklv phdqv wkdw wkh sur�w wkdw
wkh sdvvlyh �up hduqv lq wklv rxwfrph olh rq lwv xqfrqvwudlqhg sur�w ixqfwlrq/ wkh sur�w ixqfwlrq
lw zrxog idfh li hdfk �up surgxfhg wkhvh txdqwlwlhv/ exw wkhuh zhuh qr olqh frqvwudlqw1 Wklv
�up*v xqfrqvwudlqhg sur�w ixqfwlrq lv/ e| dvvxpswlrq/ vwulfwo| frqfdyh/ dqg lwv sur�w pd{lpxp lv
lwv Frxuqrw ehvw uhvsrqvh/ zklfk lv juhdwhu wkdq wkh rswlpdo sdvvlyh rxwsxw1 Wkxv/ wkh rswlpdo
sdvvlyh rxwsxw fdqqrw eh d ehvw uhvsrqvh wr t3

6
. 5n1 Wkhuhiruh/ wkhuh fdqqrw eh dq dv|pphwulf

sxuh vwudwhj| htxloleulxp lqyroylqj rqh �up surgxflqj lwv rswlpdo sdvvlyh rxwsxw1 T1H1G1

Wudqvplvvlrq olqhv dqg xqfrqvwudlqhg Frxuqrw htxloleuld

Dq lqwhuhvwlqj dqg srwhqwldoo| yhu| lpsruwdqw duhd iru vwxg| lv wkh vl}h ri wkh olqh qhfhvvdu|
wr |lhog wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp1 Zh kdyh lqyhvwljdwhg wklv txhvwlrq lq d
vlpsoh prgho zlwk frqvwdqw pdujlqdo frvw dqg olqhdu ru frqvwdqw hodvwlflw| ghpdqg1 Wkh uhvxowv
duh idluo| frqvlvwhqw ehwzhhq wkhvh wzr ixqfwlrqdo irupv1 Zh glvfxvv �uvw wkh olqhdu ghpdqg fdvh1

Frqvlghu d fdvh lq zklfk wkh ghpdqg lq hdfk ri wzr pdunhwv lv T @ 43� S dqg wkh pdujlqdo
frvw ri surgxfwlrq lv frqvwdqw dw }hur1 Zlwk qr olqh/ hdfk �up zloo surgxfh 8 xqlwv ri rxwsxw dqg
wkh sulfh lq hdfk pdunhw zloo eh 81 Zlwk d yhu| kljk fdsdflw| olqh ehwzhhq wkh pdunhwv/ wkhuh zloo
eh qr wudqvplvvlrq frqvwudlqw dqg wkh �upv zloo frpshwh wr wkh Frxuqrw gxrsro| htxloleulxp lq
wkh frpelqhg pdunhw/ lq zklfk hdfk �up surgxfhv 9=99: xqlwv dqg d pdunhw sulfh ri 6=666 uhvxowv1
Hdfk �up wkhq hduqv sur�w ri 55=551

Xvlqj wkhvh uhvxowv dqg htxdwlrq +7,/ zh fdq fdofxodwh wkdw wkh Frxuqrw gxrsro| rxwfrph lv
dfklhyhg iru dq| olqh zlwk n � =8: +dssur{lpdwho|,1 Zlwk n � =8:/ hlwkhu �up zrxog eh lqgl�huhqw
ehwzhhq surgxflqj 9=99: xqlwv dqg surgxflqj 7=:48/ wkh rswlpdo sdvvlyh uhvsrqvh/ jlyhq wkdw wkh
rwkhu �up lv surgxflqj 9=99: xqlwv1 Dw dq| odujhu n/ hdfk �up zrxog vwulfwo| suhihu wkh Frxuqrw
htxloleulxp wr surgxflqj wkh rswlpdo sdvvlyh uhvsrqvh1 Wkh Frxuqrw rxwfrph wkhuhiruh uhvxowv
zkhq wkh olqh fdsdflw| lv derxw 4:( ri wkh wrwdo lqfuhdvh lq rxwsxw lq wkh wzr pdunhwv wkdw uhvxowv
iurp exloglqj wkh olqh +nW � =4:+5tS�5t6,,1 Vlqfh vhohfwlrq ri txdqwlw| dqg sulfh xqlwv lv duelwudu|/
lw lv hdv| wr ghprqvwudwh wkdw wkhvh udwlrv duh wkh vdph iru dq| olqhdu ghpdqg zlwk frqvwdqw
pdujlqdo frvw1 Dv srlqwhg rxw hduolhu/ li vxfk d olqh zhuh exlow/ qr srzhu zrxog �rz rq lw/ dv wkh
htxloleulxp zrxog eh v|pphwulf1

Zh dovr kdyh lqyhvwljdwhg wkh jhqhudo frqvwdqw hodvwlflw| ghpdqg ixqfwlrq T @ DS
" zlwk

frqvwdqw pdujlqdo frvw/ PF @ p/ iru d udqjh ri ydoxhv ri D/ p/ dqg �1 Iru hdfk fdvh/ zh
fdofxodwhg wkh vdph udwlr dv deryh/ lq zklfk wkh qxphudwru lv wkh vl}h ri wkh olqh qhfhvvdu| wr
dfklhyh wkh xqfrqvwudlqhg Frxuqrw gxrsro| rxwfrph dqg wkh ghqrplqdwru lv wkh lqfuhdvh lq rxwsxw
dvvrfldwhg zlwk d fkdqjh iurp vhsdudwh prqrsrolhv wr xqfrqvwudlqhg Frxuqrw htxloleulxp zkhq wkh
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wzr pdunhwv duh ixoo| lqwhjudwhg1 Wkh udwlr lv lqghshqghqw ri D dqg p+A 3,1 Lw udqjhv iurp derxw
;=8( zkhq � @ �4=4 wr 47=7( zkhq � @ �43/ lqfuhdvlqj prqrwrqlfdoo| dv � lqfuhdvhv lq devroxwh
ydoxh1

Wklq olqhv dqg pl{hg0vwudwhj| htxloleuld

Zh kdyh dovr h{dplqhg zkdw kdsshqv wr sulfhv dqg rxwsxw ohyhov iru olqh fdsdflwlhv wkdw duh

ehorz wkh wkuhvkrog ohyho wkdw lqgxfhv wkh Frxuqrw gxrsro| uhvxow/ olqh fdsdflwlhv iru zklfk qr

sxuh0vwudwhj| htxloleuld rewdlq1�D

Hyhq zlwkrxw �qglqj wkh dfwxdo pl{hg0vwudwhj| Frxuqrw0Qdvk htxloleuld/ lw vhhpv olnho| wkdw

wkh h{shfwhg sulfh zloo ghfolqh dv n lqfuhdvhv iurp }hur1 Zlwk d yhu| wklq olqh/ iru lqvwdqfh/ wkh

h{shfwhg sulfh pxvw eh yhu| forvh wr wkh prqrsro| ohyho1 Li lw zhuh qrw/ wkhq hlwkhu �up frxog

lpsuryh lwv h{shfwhg sur�w e| vlpso| dgplwwlqj lpsruwv ri n dqg surgxflqj wkh rswlpdo sdvvlyh

rxwsxw dv d sxuh vwudwhj|1 Zlwk n qhdu nW/ wkh orzhu erxqg rq sulfh surylghg e| wkh rswlpdo

sdvvlyh rxwsxw uhvsrqvh lv pxfk zhdnhu dqg wkh pl{hg vwudwhj| lv pruh olnho| wr uhvxow lq d orzhu

h{shfwhg sulfh1

Lq qxphulfdo h{dpsohv wkdw zh vwxglhg ~ frqvwdqw pdujlqdo frvw zlwk hlwkhu frqvwdqw hodvwlflw|

ru olqhdu ghpdqg ~ zh �qg wkdw vpdoo lqfuhdvhv lq olqh fdsdflwlhv fdq |lhog h{shfwhg rxwsxw lqfuhdvhv

pxfk odujhu wkdq wkh dgghg olqh fdsdflw|1 Wklv lv frqvlvwhqw zlwk wkh dqdo|wlf frqfoxvlrq wkdw wkh

olqh fdsdflw| qhfhvvdu| wr frpsohwho| phujh wkh wzr pdunhwv lv uhodwlyho| vpdoo frpsduhg wr wkh

dgghg rxwsxw wkdw vxfk d phujlqj surgxfhv1 Lq erwk prghov/ hyhq vpdoo olqhv surgxfhg elj ehqh�wv

lq h{shfwdwlrq1 Lq idfw/ wkh pdujlqdo h�hfw ri lqfuhdvhg olqh vl}h dsshduv jhqhudoo| wr eh juhdwhvw

zkhq wkh olqh lv yhu| wklq/ wkrxjk wkh vorsh grhv qrw dozd|v fkdqjh prqrwrqlfdoo|1

e� , |i?t�L?t @?_ }i?ih@*�3@|�L?t

Grplqdqw �upv zlwk iulqjh vxssolhuv

Sxuh prqrsrolhv duh txlwh uduh/ ri frxuvh/ hyhq lq wkh iruphuo| uhjxodwhg hohfwulflw| jhqhudwlrq

exvlqhvv1 Lw lv zruwk qrwlqj/ krzhyhu/ wkdw wkh dqdo|vlv zh kdyh suhvhqwhg dssolhv htxdoo| zhoo wr

wzr v|pphwulf pdunhwv lq zklfk hdfk lqfoxghv d grplqdqw �up dqg d frpshwlwlyh/ sulfh0wdnlqj

iulqjh1 Lq wkdw vlwxdwlrq/ wkh ghpdqg ixqfwlrqv dqdo|}hg deryh duh wkh uhvlgxdo ghpdqg ixqfwlrqv

lq hdfk pdunhw/ l1h1/ pdunhw ghpdqg plqxv wkh txdqwlw| wkdw wkh iulqjh zloo surgxfh dw hdfk sulfh1

Zh kdyh dvvxphg h�flhqw duelwudjh ehwzhhq pdunhwv wkurxjkrxw wkh dqdo|vlv ~ pdunhw sulfhv gl�hu

rqo| li wkh olqh ehwzhhq wkh wzr pdunhwv lv frqjhvwhg ~ vr wkh suhvhqfh ri wkh dgglwlrqdo frpshwlwlrq

lq hdfk pdunhw kdv qr ixuwkhu h�hfw rq wkh uhodwlrqvkls ehwzhhq wkh pdunhwv1

Rqh ulydo fdq eh pruh frpshwlwlyh wkdq pdq|

Dq lqwuljxlqj uhvxow hphujhv zkhq zh frpsduh wkh rxwfrph iurp rxu wzr0prqrsro| prgho zlwk

wkh rxwfrph zkhq rqh ri wkh pdunhwv lv douhdg| shuihfwo| frpshwlwlyh ehiruh wkh olqh lv exlow1 Iru

h{dpsoh/ li wkh ghpdqgv lq hdfk pdunhw duh vwloo lghqwlfdo/ S @ 43�T/ dqg pdujlqdo frvw lv frqvwdqw

dw }hur/ wkhq wkh frpshwlwlyh pdunhw zloo kdyh d sulfh htxdo wr }hur erwk ehiruh dqg diwhu wkh olqh

lv exlow1 Li d olqh ri n @ =8: lv exlow +wkh fdsdflw| wkdw |lhogv wkh xqfrqvwudlqhg Frxuqrw gxrsro|

htxloleulxp,/ wkhq wkh suhylrxv prqrsrolvw zloo surgxfh lwv ehvw uhvsrqvh zkhq dq lq�rz ri =8:

�D� _i|@�*i_ _itUh�T|�L? Lu @ t�4�*@|�L? i ihU�ti �? ���U� �i tL*�i uLh 4� i_�t|h@|i}) i^��*�Mh�@ uLh �@h�L�t 4@h!i|
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frqjhvwv wkh olqh/ zklfk lv wr surgxfh t @ 7=:48/ wkh rswlpdo sdvvlyh rxwsxw1 Wkh wrwdo txdqwlw|

lq wkh suhylrxvo| prqrsrol}hg pdunhw zrxog wkhq eh 8=5;8/ pxfk ohvv wkdq wkh Frxuqrw gxrsro|

txdqwlw| wkdw uhvxowhg lq hdfk pdunhw zkhq wkh vdph vl}h olqh zdv xvhg wr frqqhfw wzr suhylrxvo|

prqrsrol}hg pdunhwv1 Wkdw lv/ wkh frpshwlwlyh h�hfw ri wklv olqh rq d prqrsro| pdunhw lv juhdwhu

li wkh pdunhw dw wkh rwkhu hqg lv dovr d prqrsro| wkdq li lw lv frpshwlwlyh1

Wkh uhdvrq iru wklv vxusulvlqj uhvxow lv wkdw d pruh djjuhvvlyh rxwsxw fkrlfh ghwhuv lpsruwv

zkhq wkh srwhqwldo lpsruwhu lv dovr d prqrsrolvw lq lwv krph pdunhw/ zkloh lw kdv qr vxfk h�hfw

zkhq wkhuh lv d frpshwlwlyh pdunhw dw wkh rwkhu hqg ri wkh olqh1 Wkxv/ zlwk d frpshwlwlyh pdunhw

dw wkh rwkhu hqg ri wkh olqh/ wkh Frxuqrw gxrsro| rxwfrph lv qrw d srvvlelolw|/ dqg wkh �up zloo

dozd|v fkrrvh wr surgxfh lwv rswlpdo sdvvlyh rxwsxw/ rswlpl}lqj dorqj wkh uhvlgxdo ghpdqg fxuyh

wkdw uhvxowv zkhq wkh olqh lv frqjhvwhg zlwk lq�rzlqj hohfwulflw|1

Ri frxuvh/ wkh uhvxow grhv qrw krog iru doo vl}h olqhv1 Li wkh olqh lv vx�flhqwo| odujh +n @ 43 lq

wkh olqhdu ghpdqg h{dpsoh,/ wkhq erwk pdunhwv zrxog eh gulyhq wr wkh frpshwlwlyh sulfh1 Vwloo/ li

wkh olqh lv vpdoohu wkdq lv qhfhvvdu| wr lqgxfh dq rxwsxw lqfuhdvh lq wkh prqrsrol}hg pdunhw htxdo

wr wkh rxwsxw lqfuhdvh zkhq lw h{sdqgv wr wkh Frxuqrw gxrsro| htxloleulxp/ wkhq d fxvwrphu lq d

prqrsrol}hg pdunhw zloo ehqh�w pruh iurp kdylqj d prqrsro| pdunhw dw wkh rwkhu hqg ri wkh olqh

wkdq iurp kdylqj d frpshwlwlyh pdunhw dw wkh rwkhu hqg1 Lq wkh suhvhqw h{dpsoh/ li pdunhw Q zhuh

prqrsrol}hg/ wkhq dq| olqh vpdoohu wkdq n @ 6=666 zrxog |lhog juhdwhu ehqh�wv wr wkh frqvxphuv

lq pdunhw Q li pdunhw V zhuh dovr prqrsrol}hg wkdq li pdunhw V zhuh frpshwlwlyh1 Wklv grhvq*w

hyhq wdnh lqwr dffrxqw wkh idfw wkdw lw zrxog dovr ehqh�w wkh fxvwrphuv lq d prqrsrol}hg V pdunhw/

zkloh lw zrxog kdyh qr h�hfw rq d frpshwlwlyh pdunhw V1

Ehuwudqg frpshwlwlrq

Zh kdyh wkxv idu frqvlghuhg rqo| wkh fdvh lq zklfk wkh �upv frpshwh lq txdqwlwlhv1�S Wklv vhhpv

uhdvrqdeoh jlyhq wkh vwuxfwxuh ri prvw dfwxdo ghuhjxodwhg hohfwulflw| pdunhwv1 Lq vxfk pdunhwv/

�upv jhqhudoo| elg vxsso| fxuyhv lqwr d iruzdug ru ixwxuhv pdunhw1 Lq uhdo wlph/ krzhyhu/ �upv fdq

+dqg/ lq Fdoliruqld/ uhjxoduo| gr, ghsduw iurp wkhlu vfkhgxohg rxwsxw wr surgxfh pruh ru ohvv wkdq

wkh| kdyh ehhq vfkhgxohg iru1 Wkh v|vwhp rshudwru dgmxvwv sulfh wr htxdwh vxsso| dqg ghpdqg/

dqg sd|v +ru fkdujhv, wklv _uhdo0wlph% sulfh iru ghyldwlrqv iurp vfkhgxohg txdqwlwlhv1 Zkloh wklv

ehkdylru grhvq*w wudfn Frxuqrw frpshwlwlrq suhflvho|/ txdqwlw| frpshwlwlrq grhv vhhp olnh wkh ehvw

vlpsoh uhsuhvhqwdwlrq ri wkh surfhvv1 Ixuwkhupruh/ Zrodn dqg Sdwulfn +4<<:, surylgh hylghqfh wkdw

h{huflvh ri pdunhw srzhu lq wkh XN kdv wdnhq sodfh wkurxjk fdsdflw| zlwkkroglqj= dw kljk0ghpdqg

wlphv wkh wzr odujh �upv lq wkh XN dsshdu wr kdyh pdgh vrph ri wkhlu fdsdflw| xqdydlodeoh lq

rughu wr udlvh wkh pdunhw0fohdulqj sulfh1

Lw lv srvvleoh/ krzhyhu/ wkdw hyhq diwhu frpplwwlqj vrph sruwirolr ri jhqhudwlqj xqlwv wr sur0

gxfh rq d jlyhq gd|/ d grplqdqw �up zloo vwloo kdyh vljql�fdqw rxwsxw �h{lelolw| lq wkh vkruw0uxq1 Lw

lv wkhuhiruh zruwk frqvlghulqj wkh frpshwlwlyh h�hfw ri wudqvplvvlrq olqhv zkhq wkhuh lv dq xqfrq0

vwudlqhg grplqdqw �up dw hdfk hqg ri wkh wudqvplvvlrq olqh dqg wkhvh �upv frpshwh lq sulfhv1 Zlwk

erwk �upv uhfrjql}lqj d txdqwlw| frqvwudlqw lq wudqvplvvlrq/ krzhyhu/ wkhlu ehkdylru lq fkrrvlqj

sulfhv zloo qhfhvvdulo| gl�hu vrphzkdw iurp wkh vwdqgdug Ehuwudqg prgho1

Djdlq/ zh zloo dvvxph wkdw wkh pdunhwv dqg wkh �upv duh lghqwlfdo1 Wr hqvxuh h{lvwhqfh ri d

sxuh0vwudwhj| Ehuwudqg htxloleulxp/ zh zloo qrz dovr dvvxph frqvwdqw pdujlqdo frvwv ri surgxfwlrq

�S�hi? E�bb.� @?_ �@h_i**c O�||c @?_ OL}@? E�bb.� @*tL @tt�4i �L�h?L| Mi�@��Lh |L i @4�?i L|�ih ^�it|�L?t
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iru hdfk �up1 Li wkhuh lv qr wudqvplvvlrq olqh ehwzhhq wkh pdunhwv/ wkhq reylrxvo| wkh prqrsrolvwv

lq hdfk pdunhw zloo h{huflvh wkhlu ixoo pdunhw srzhu1 Li wkh olqh lv vx�flhqwo| odujh/ wkhq wkh vwdqgdug

Ehuwudqg htxloleulxp zloo rewdlq= wkh pdunhwv zloo eh ixoo| lqwhjudwhg dqg sulfh zloo eh htxdo wr

pdujlqdo frvw1

Wkhruhp 51 Li wkh wzr lghqwlfdo �upv lq lghqwlfdo pdunhwv Q dqg V frpshwh lq sulfhv dqg li hdfk

�up kdv frqvwdqw pdujlqdo frvwv/ wkhq

+4, wkh plqlpxp fdsdflw| olqh wkdw vxssruwv wkh xqfrqvwudlqhg Ehuwudqg gxrsro| htxloleulxp lv

htxdo wr wkh txdqwlw| ghpdqghg lq hlwkhu pdunhw zkhq sulfh lv htxdo wrPF= nW
�
@ T+PF,/ zkhuh

T+�, lv wkh ghpdqg ixqfwlrq lq d vlqjoh pdunhw1

+5, wkh rqo| srvvleoh sxuh vwudwhj| htxloleulxp wr wklv jdph lv wkh xqfrqvwudlqhg Ehuwudqg gxrsro|

htxloleulxp1

Surri1 +4, Vlqfh sulfh lv htxdo wr pdujlqdo frvw lq wkh xqfrqvwudlqhg Ehuwudqg gxrsro| htxloleulxp/

�upv hduq }hur rshudwlqj sur�w1 Wkxv/ li d �up zhuh wr pdnh d _sdvvlyh% sulfh fkrlfh � h1j1/ �up

v fkdujlqj d kljkhu sulfh wkdq �up q dqg �up q h{sruwlqj wkh ixoo fdsdflw| ri wkh olqh lqwr pdunhw

V � dqg wklv ohiw dq| uhvlgxdo ghpdqg iru v wr vhuyh dw d sulfh deryh PF/ wkhq v frxog pdnh

kljkhu sur�w rswlpl}lqj dorqj d uhvlgxdo ghpdqg fxuyh diwhu q frqjhvwv wkh olqh wkdq sod|lqj wkh

xqfrqvwudlqhg Ehuwudqg vwudwhj|1 Rqo| li q fdq irufh wkh sulfh lq V grzq wrPF +ru v fdq irufh wkh

sulfh lq Q grzq wr PF, zloo wkh Ehuwudqg rxwfrph rewdlq1 Wklv uhtxluhv d olqh htxdo lq fdsdflw|

wr wkh txdqwlw| ghpdqghg lq hlwkhu pdunhw zkhq sulfh lv htxdo wr PF/ nW
�
@ T+PF,1

+5, Li wkh olqh fdsdflw| lv ohvv wkdq wklv nW
�
/ lw lv fohdu lpphgldwho| wkdw wkhuh zloo qrw eh d sxuh

vwudwhj| v|pphwulf htxloleulxp zlwk erwk �upv fkdujlqj wkh vdph sulfh deryh pdujlqdo frvw> lq

wkdw vlwxdwlrq hlwkhu �up frxog lqfuhdvh sur�w e| fxwwlqj sulfh lq�qlwhvlpdoo| dqg wkhuhe| vhoolqj

doo txdqwlw| lq lwv rzq pdunhw dqg n/ wkh fdsdflw| ri wkh olqh/ lq wkh rwkhu pdunhw1

Qru frxog wkhuh eh d sxuh vwudwhj| htxloleulxp lq zklfk wkh wzr �upv fkdujh gl�huhqw sulfhv1 Li

vxfk dq htxloleulxp glg h{lvw/ lw zrxog kdyh wr lqyroyh wkh �up zlwk wkh orzhu sulfh/ fdoo wklv �up q

iru fodulw|/ frqjhvwlqj wkh olqh zlwk h{sruwv wr wkh rwkhu pdunhw dqg wkh �up zlwk wkh kljkhu sulfh/

�up v/ rswlpl}lqj dorqj wkh uhvlgxdo ghpdqg wkdw lv ohiw lq lwv rzq pdunhw1 Exw li �up v pdnhv d

sdvvlyh sulfh fkrlfh/ doorzlqj wkh olqh lqwr lwv pdunhw wr eh frqjhvwhg/ dqg udlvhv lwv sulfh wr sur�w

pd{lpl}h dorqj wkh uhvlgxdo ghpdqg lw idfhv/ wkhq q zloo udlvh lwv rzq sulfh wr lq�qlwhvlpdoo| ehorz

S r dqg vwloo frqjhvw wkh olqh lqwr V1 Li wkhlu sulfhv duh qhduo| htxdo/ krzhyhu/ v lv ehwwhu r� orzhulqj

lwv sulfh lq�qlwhvlpdoo| wr ehorz S ?/ doorzlqj v wr fdswxuh doo vdohv lq lwv pdunhw dqg n lq wkh rwkhu

pdunhw1 Wklv zloo uhvwduw wkh sulfh fxwwlqj xqwlo rqh �up djdlq suhihuv wr pdnh d sdvvlyh sulfh

fkrlfh dqg doorz wkh olqh lqwr lwv pdunhw wr eh frqjhvwhg1 T1H1G1

Wkxv/ dv zlwk Frxuqrw/ wkhuh zloo eh qr sxuh vwudwhj| htxloleulxp zlwk n ? nW
�
1 Lw lv vwudljkwiru0

zdug wr vkrz wkdw nW
�
A n�/ l1h1 iru v|pphwulf pdunhwv wkh wkuhvkrog olqh fdsdflw| zloo eh odujhu iru

Ehuwudqg frpshwlwlrq wkdq iru Frxuqrw frpshwlwlrq1 Wkh uhvxowlqj lqfuhdvh lq surgxfwlrq uhodwlyh

wr wkh prqrsro| ohyhov zloo dovr eh juhdwhu zlwk Ehuwudqg frpshwlwlrq/ krzhyhu1�. Wkhuh vwloo zloo

eh dw ohdvw rqh pl{hg0vwudwhj| htxloleulxp zlwk d olqh ri n ? nW
�
dqg/ iru wkh uhdvrqv ghvfulehg lq

Vhfwlrq 6/ lw vhhpv olnho| wkdw wkh h{shfwhg sulfh zloo ghfolqh dv n lqfuhdvhv iurp }hur1

Wudqvplvvlrq fdsdflw| xqghu uhjxodwlrq dqg ghuhjxodwlrq
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Wkh wudqvplvvlrq fdsdflw| wkdw qrz h{lvwv lq prvw ri wkh X1V1 zdv exlow wr surylgh wkh frvw0

duelwudjh dqg uholdelolw| ixqfwlrqv ghvfulehg hduolhu1 Lw zdv qrw exlow wr dxjphqw frpshwlwlrq dprqj

srzhu jhqhudwruv1 Rxu dqdo|vlv ohdgv lpphgldwho| wr wkh txhvwlrq ri krz wkh vrfldoo| rswlpdo

wudqvplvvlrq fdsdflw| xqghu uhjxodwlrq frpsduhv wr wkh vrfldo rswlpxp zkhq srzhu jhqhudwlqj

pdunhwv duh ghuhjxodwhg1 Fohduo|/ lw lv gl�fxow wr pdnh vxfk d wkhruhwlfdo frpsdulvrq zlwkrxw

fkdudfwhul}lqj wkh uhjxodwlrq lq ghwdlo1 Zh zloo dvvxph khuh wkdw uhjxodwlrq lv rswlpdo/ �uvw0ehvw

uhjxodwlrq ri sulfh/ orfdwlrq ri jhqhudwlrq/ dqg wudqvplvvlrq fdsdflw|1

Wkh v|pphwulf pdunhwv wkdw zh kdyh vwxglhg wkxv idu ghprqvwudwh wkdw vlwxdwlrqv fdq h{lvw lq

zklfk wkh rswlpdo wudqvplvvlrq fdsdflw| xqghu uhjxodwlrq zrxog eh ohvv wkdq iru frpshwlwlrq1 Zlwk

v|pphwulf pdunhwv/ wudqvplvvlrq olqhv ixo�oo qr frvw0duelwudjh ixqfwlrq1 Wkh ydoxh ri wudqvplvvlrq

iru uholdelolw| lv olnho| wr eh mxvw dv juhdw xqghu frpshwlwlrq dv uhjxodwlrq1 Ixuwkhupruh/ li hdfk

�up surgxfhv iurp d sruwirolr ri jhqhudwruv/ dv lv jhqhudoo| wkh fdvh/ wkh ydoxh ri wudqvplvvlrq olqhv

lq surylglqj uholdelolw| glplqlvkhv udslgo| dqg lv xqolnho| wr mxvwli| wudqvplvvlrq olqhv wkdw duh ri

vljql�fdqw fdsdflw| frpsduhg wr pdunhw rxwsxwv1

Ljqrulqj uholdelolw| frqvlghudwlrqv/ wkhuh lv qr ydoxh wr d wudqvplvvlrq olqh lq wkh v|pphwulf

pdunhw fdvh xqghu uhjxodwlrq> wkh rswlpdo olqh fdsdflw| zrxog eh }hur1 Lq d ghuhjxodwhg pdunhw/

zh kdyh ghprqvwudwhg wkdw wkh pdujlqdo ehqh�w wr wudqvplvvlrq fdsdflw| frxog eh txlwh odujh1 Ri

frxuvh/ wkh vrfldoo| rswlpdo wudqvplvvlrq fdsdflw| zrxog vwloo ghshqg rq wkh frvw ri frqvwuxfwlqj

wudqvplvvlrq/ exw lq wklv fdvh lw fohduo| zloo eh +zhdno|, juhdwhu wkdq xqghu uhjxodwlrq1

Xqiruwxqdwho|/ hyhq ljqrulqj uholdelolw| lvvxhv/ rqh fdqqrw pdnh d jhqhudo vwdwhphqw wkdw wkh

pdujlqdo ydoxh ri wudqvplvvlrq lv juhdwhu lq d ghuhjxodwhg hqylurqphqw1 Iru dq h{dpsoh ri d

vlwxdwlrq lq zklfk wkh pdujlqdo ydoxh ri wudqvplvvlrq zrxog eh juhdwhu xqghu uhjxodwlrq/ frqvlghu

wzr pdunhwv zlwk lghqwlfdo ghpdqg lq zklfk wkh vlqjoh surgxfhu lq rqh pdunhw kdv voljkwo| orzhu

frqvwdqw pdujlqdo frvwv wkdq wkh vlqjoh surgxfhu lq wkh rwkhu pdunhw1 Iurp wkh suhylrxv vhfwlrqv/

lw lv fohdu wkdw wkhuh lv vrph olqh vl}h wkdw zloo vxssruw d Frxuqrw gxrsro| htxloleulxp dqg wkdw

dq| wudqvplvvlrq fdsdflw| eh|rqg wkdw nW kdv qr vrfldo ydoxh1 Wklv zloo eh ohvv wkdq wkh n wkdw

zrxog eh qhfhvvdu| iru wkh orz0frvw surgxfhu wr vhuyh doo ghpdqg lq erwk pdunhwv/ zklfk zrxog eh

wkh fdvh xqghu rswlpdo uhjxodwlrq wkdw vhwv sulfh htxdo wr wkh orz frvw �up*v pdujlqdo frvw1 Iru

wudqvplvvlrq fdsdflw| deryh nW/ exw ehorz wkh txdqwlw| frqvxphg lq wkh pdunhw ri wkh kljk0frvw

surgxfhu/ wkh pdujlqdo vrfldo ydoxh zrxog eh juhdwhu lq d uhjxodwhg pdunhw1 Wkxv/ dq rswlpdoo|

uhjxodwhg pdunhw frxog |lhog juhdwhu wudqvplvvlrq fdsdflw| wkdq zrxog eh rswlpdo lq d ghuhjxodwhg

pdunhw1�H

Wkh h�hfw ri olqh orvvhv

Wkxv idu/ zh kdyh dvvxphg wkdw wkh wudqvplvvlrq olqh lv orvvohvv1 Lq uhdolw|/ ri frxuvh/ vrph

hohfwulflw| zloo eh glvvlsdwhg dv khdw lq wkh wudqvplvvlrq surfhvv1 Wkh sursruwlrq ri srzhu orvw

lq wklv zd| lqfuhdvhv zlwk wkh ordg rq wkh olqh dqg fdq eh dv juhdw dv 8043( ri wkh �rz rq wkh

olqh1 Lq wklv vhfwlrq/ zh vkrz wkdw wkh suhvhqfh ri vpdoo orvvhv zloo orzhu rxwsxw txdqwlwlhv lq

wkh xqfrqvwudlqhg Frxuqrw htxloleulxp dqg zloo orzhu wkh olqh fdsdflw| qhfhvvdu| wr dwwdlq wkh

htxloleulxp1 Li orvvhv duh vx�flhqwo| odujh/ krzhyhu/ wkh| fdq holplqdwh wkh h{lvwhqfh ri d Frxuqrw

htxloleulxp1
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D vwdqgdug dssur{lpdwlrq iru orvvhv rq d olqh lv O @ ui2/ zkhuh i lv wkh �rz rq wkh olqh dqg u

lv d frqvwdqw edvhg rq wkh sk|vlfdo surshuwlhv ri wkh olqh +vhh Vfkzhssh/ 4<;;/ dsshqgl{ G,1 Wklv

lpsolhv wkdw pdujlqdo orvv lv o @ 5ui / zklfk htxdov }hur zkhq wkhuh lv qr �rz rq wkh olqh1 Zkhq

orvvhv duh dgghg wr rxu prgho/ wkh sulfhv lq rxu wzr qrghv qhhg qrw eh wkh vdph hyhq zkhq wkh

�rz rq wkh olqh lv ohvv wkdq fdsdflw|1

Wr dvvhvv wkh lpsdfw ri orvvhv/ lw lv qhfhvvdu| wr vwdwh h{solflwo| zkr ehduv wkh frvw ri wkh orvvhv

dvvrfldwhg zlwk lqfuhdvhg �rz rq d olqh1 Wkh grplqdqw sdudgljp iru sulflqj orvvhv lq d qrgdo

hohfwulflw| pdunhw lv wr vhw qrgdo sulfhv wr uh�hfw wkh pdujlqdo lpsdfw rq orvvhv lq wkh wudqvplvvlrq

julg1 Lq rxu wzr0qrgh prgho/ wklv lpsolhv wkdw wkh gl�huhqfh lq sulfhv ehwzhhq wkh wzr qrghv

pxvw uh�hfw wkh pdujlqdo frvw ri _vklsslqj% wkh srzhu iurp rqh qrgh wr dqrwkhu1 Lq rwkhu zrugv/

zkhq wkhuh lv d qrq0}hur �rz ehwzhhq wkh wzr qrghv/ wkh sulfh lq wkh lpsruwlqj qrgh pxvw h{fhhg

wkh sulfh lq wkh h{sruwlqj qrgh e| dq dprxqw htxdo wr wkh pdujlqdo frvw ri orvvhv rq wkh olqh1

Dgglwlrqdoo|/ wkh srzhu wkdw duulyhv dw wkh lpsruwlqj qrgh lv ohvv wkdq wkh srzhu wkdw ohdyhv wkh

h{sruwlqj qrgh1 Li i PZ lv h{sruwhg iurp qrgh Q wr qrgh V/ wkhq i�ui2 duulyhv lq qrgh V1 Zkhq

wkhuh duh orvvhv/ exw qr frqjhvwlrq/ wkhuh lv dq duelwudjh frqglwlrq wkdw ghwhuplqhv wkh uhodwlrqvkls

ehwzhhq sulfhv lq wkh wzr qrghv/ Q dqg V1 Dgrswlqj wkh frqyhqwlrq wkdw i A 3 iru �rz iurp V wr

Q dqg i ? 3 iru �rz iurp Q wr V/

S +tr � i � ui2,+4 . 5ui, @ S +t? . i, li tr ? t? +8d,

S +tr � i, @ S +t? . i � ui2,+4� 5ui, li tr A t? +8e,

Wkh uljkw0kdqg vlgh ri +8d, lv wkh sur�w ri dq duelwudjhu iurp vhoolqj d xqlw ri hohfwulflw| lq

pdunhw Q dqg wkh ohiw0kdqg vlgh lv wkh sur�w iurp vklsslqj wkh srzhu wr pdunhw V dqg wkhq vhoolqj

wkh txdqwlw| wkdw uhpdlqv diwhu wkh pdujlqdo orvvhv lpsrvhg +5ui, duh ghgxfwhg iurp wkdw vklsphqw1

Iru h{dpsoh/ zkhq tr ? t?/ S +tr � i � ui2, lv wkh sulfh lq V dqg +4 . 5ui, +zklfk lv ohvv wkdq

4/ vlqfh i ? 3, lv wkh fodlp wr srzhu lq V wkdw wkh vklsshu kdv diwhu fryhulqj wkh orvvhv wkdw wkh

vklsphqw lpsrvhv1

Olqh orvvhv zloo fkdqjh wkh Frxuqrw htxloleulxp txdqwlw| uhodwlyh wr wkh fdvh zkhq wkhuh zhuh

qr orvvhv1 Wklv lv wuxh hyhq wkrxjk/ lq wkh v|pphwulf Frxuqrw htxloleulxp/ wkhuh lv qr �rz dqg

wkhuhiruh wkhuh duh qr orvvhv1

Wkhruhp 61 Dvvxph wkdw wrwdo olqh orvvhv duh O @ ui2 iru d �rz ri i ehwzhhq qrghv/ wkdw wkh sulfh

gl�huhqfh ehwzhhq qrghv uh�hfwv wkh pdujlqdo orvvhv/ 5ui / dv vhw iruwk lq +8,/ dqg wkdw wkh olqh

fdsdflw| lv yhu| odujh1 Iru d vx�flhqwo| vpdoo u/ d v|pphwulf Frxuqrw htxloleulxp zloo h{lvw dqg

wkh htxloleulxp txdqwlw| ri hdfk �up/ t,
S
/ zloo eh ohvv wkdq wkh Frxuqrw htxloleulxp txdqwlw| zkhq

wkhuh duh qr orvvhv/ tS1

Surri1 Vhh wkh Dsshqgl{1

Vlqfh wkh pdujlqdo sulflqj ri orvvhv kdv wkh h�hfw ri orzhulqj Frxuqrw htxloleulxp rxwsxw ohyhov

dqg udlvlqj Frxuqrw htxloleulxp sur�w/ wkh wkuhvkrog wudqvplvvlrq fdsdflw|/ nW/ wkdw vxssruwv wklv

Frxuqrw htxloleulxp dovr fkdqjhv1

Fruroodu| 41 Xqghu Dvvxpswlrqv 407/ wkh wkuhvkrog olqh fdsdflw| uhtxluhg iru d v|pphwulf Frxuqrw

htxloleulxp lv orzhu zkhq wkhuh duh pdujlqdoo| sulfhg orvvhv wkdq zkhq wkhuh duh qr orvvhv/ nW
,
? n

W1
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Surri= Vlqfh wkh sur�wv iurp surgxflqj wkh rswlpdo sdvvlyh rxwsxw duh wkh vdph zlwk ru zlwkrxw

orvvhv/ dqg wkh sur�wv ri wkh v|pphwulf Frxuqrw htxloleulxp duh juhdwhu zlwk orvvhv/ d olqh ri fdsdflw|

n
W zrxog surgxfh vwulfwo| juhdwhu sur�wv iurp wkh Frxuqrw htxloleulxp wkdq iurp surgxflqj wkh

rswlpdo sdvvlyh rxwsxw1 Uhgxflqj wkh olqh vl}h iurp n
W kdv qr h�hfw rq sur�wv iurp wkh Frxuqrw

htxloleulxp/ exw udlvhv wkh sur�wv iurp surgxflqj wkh rswlpdo sdvvlyh rxwsxw1 Wkxv/ d olqh ri

fdsdflw| ohvv wkdq nW lv qhfhvvdu| wr htxdwh wkh sur�wv ri wkh Frxuqrw htxloleulxp zlwk wkh sur�wv

iurp surgxflqj wkh rswlpdo sdvvlyh rxwsxw1 T1H1G1

Dowkrxjk lw lv _hdvlhu% +lq whupv ri olqh fdsdflw| qhfhvvdu|, wr dfklhyh wkh Frxuqrw rxwfrph zkhq

orvvhv duh lqwurgxfhg/ frqvxphu dqg wrwdo vxusoxv duh orzhu dw wkh zlwk0orvvhv Frxuqrw htxloleulxp

wkdq dw wkh qr0orvvhv Frxuqrw htxloleulxp1 Wkxv/ olqh orvvhv kdyh wzr r�vhwwlqj h�hfwv= orzhu

fdsdflw| lqyhvwphqw qhfhvvdu| wr uhdfk d Frxuqrw htxloleulxp dqg orzhu wrwdo vxusoxv jdlq iurp

grlqj vr1 Zklfk h�hfw grplqdwhv zloo ghshqg rq wkh pdujlqdo frvw ixqfwlrq iru olqh fdsdflw| dqg

wkh vkdshv ri wkh pdunhw ghpdqg ixqfwlrqv1�b

Li u lv odujh hqrxjk/ lw lv fohdu wkdw wkhvh uhvxowv zloo qrw krog1 Iru d yhu| odujh u/ wkh h�hfwlyh

fdsdflw| ri wkh olqh dssurdfkhv }hur/ wkrxjk lw qhyhu lv }hur vlqfh wkhuh duh qr pdujlqdo orvvhv zkhq

wkhuh lv qr �rz rq wkh olqh1 Zh vdz lq Vhfwlrq 6 wkdw qr sxuh0vwudwhj| htxloleulxp h{lvwv iru yhu|

orz fdsdflw| olqhv1

Dv|pphwulf �upv dqg pdunhwv

Vr idu/ zh kdyh dqdo|}hg v|pphwulf �upv dqg pdunhwv/ zklfk kdyh wkh vshfldo surshuw| wkdw

lghqwlfdo sxuh vwudwhjlhv zloo surgxfh qr �rz rq wkh frqqhfwlqj olqh1 Zkloh wkh dqdo|vlv ri v|pphwulf

pdunhwv lv xvhixo dv dq looxvwudwlrq/ lqwhuhvwlqj uhdo0zruog dssolfdwlrqv/ lqfoxglqj wkh rqh lq wkh

iroorzlqj vhfwlrq/ zloo lqyduldeo| eh dv|pphwulf wr vrph h{whqw1 Iruwxqdwho|/ wkh lqwxlwlrq dqg

dqdo|wlfdo dssurdfk ghyhorshg wkxv idu fduulhv ryhu wr wkh dqdo|vlv ri dv|pphwulf pdunhwv1

Zlwk d orz0fdsdflw| wudqvplvvlrq olqh dqg v|pphwulf pdunhwv/ zh zhuh deoh wr uxoh rxw dq| sxuh

vwudwhj| htxloleulxp> zh vkrzhg wkdw wkh xqfrqvwudlqhg Frxuqrw htxloleulxp zdv qrw vxssruwdeoh

dqg wkdw qr rwkhu sxuh vwudwhj| htxloleulxp zdv ihdvleoh1 Zkhq pdunhwv duh dv|pphwulf/ krzhyhu/

d sxuh vwudwhj| htxloleulxp lv olnho| wr uhvxow zlwk d yhu| wklq olqh1

Wkhruhp 71 Xqghu Dvvxpswlrqv 407/ d sxuh vwudwhj| htxloleulxp h{lvwv dv wkh wudqvplvvlrq olqh

fdsdflw| dssurdfkhv }hur li dqg rqo| li wkh prqrsro| htxloleuld lq wkh wzr pdunhwv +l1h1/ zlwk

qr wudqvplvvlrq olqh, surgxfh gl�huhqw sulfhv1 Lq vxfk dq htxloleulxp/ wkh wudqvplvvlrq olqh lv

frqjhvwhg zlwk �rz iurp wkh orzhu sulfh +xqghu prqrsro|, pdunhw wr wkh kljkhu sulfh +xqghu

prqrsro|, pdunhw1

Surri= Frqvlghu wzr pdunhwv V dqg Q lq zklfk wkh prqrsro| sulfhv duh S 76 ? S
�
6 1 Li d wudqv0

plvvlrq olqh ri yhu| orz fdsdflw|/ n/ lv exlow ehwzhhq wkh wzr pdunhwv/ wkhq devhqw d fkdqjh lq

rxwsxw e| wkh �up Q / n xqlwv ri srzhu zloo eh vklsshg iurp V wr Q dqg �up v zloo uhrswlpl}h e|

lqfuhdvlqj lwv rxwsxw1 Iru d vx�flhqwo| vpdoo n/ wklv zrxog vwloo uhvxow lq S 7 ? S
� 1 Wkh txhvwlrq

wkhq lv zkhwkhu �up q*v ehvw uhvsrqvh zrxog eh wr surgxfh lwv rswlpdo sdvvlyh rxwsxw ru wr lqfuhdvh

lwv rxwsxw hqrxjk wr hlwkhu ghfrqjhvw wkh olqh ru frqjhvw lw zlwk �rz lq wkh rssrvlwh gluhfwlrq/ wkh

djjuhvvlyh uhvsrqvh1
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Iru �up q/ wkh sdvvlyh fkrlfh kdv d qhjdwlyh h�hfw rq lwv sur�w +frpsduhg wr wkh prqrsro| htxl0

oleulxp, wkdw jrhv wr }hur dv n $ 31 Lq frqwudvw/ iru �up q wr ghfrqjhvw wkh olqh ru frqjhvw lw

lq wkh rssrvlwh gluhfwlrq/ hyhq iru dq duelwudulo| vpdoo n/ uhtxluhv wkdw q lqfuhdvh rxwsxw dw ohdvw

hqrxjk wr orzhu wkh sulfh lq Q wr S 71 Wklv kdv d qhjdwlyh h�hfw rq q*v sur�w +frpsduhg wr wkh

prqrsro| htxloleulxp, wkdw grhv qrw jr wr }hur dv n $ 31 Wkxv/ iru d vx�flhqwo| vpdoo n/ �up q

zrxog suhihu wr uhvsrqg e| surgxflqj wkh rswlpdo sdvvlyh rxwsxw/ dqg d sxuh0vwudwhj| htxloleulxp

h{lvwv lq zklfk wkh olqh lv frqjhvwhg zlwk srzhu �rz iurp V wr Q 1

Wkh frpsrqhqw ri wkh surri wkdw vkrzv S 76 @ S
�
6 lpsolhv wkdw qr sxuh0vwudwhj| htxloleulxp h{lvwv

hyhq iru vpdoo n lv wkh vdph dv lq wkh surri ri Wkhruhp 41 T1H1G1

Yluwxdoo| dq| uhdo sdlu ri pdunhwv zloo hperg| dv|pphwulhv wkdw uhvxow lq gl�huhqw prqrsro|

sulfhv dqg wkxv zloo kdyh vxfk d sxuh vwudwhj| _sdvvlyh2djjuhvvlyh htxloleulxp% iru vx�flhqwo| vpdoo

olqhv12f Wklv lv looxvwudwhg lq Iljxuh 8 iru wzr pdunhwv lq zklfk Q lv odujhu wkdq V/ wkh wzr �upv/

q dqg v/ kdyh htxdo dqg frqvwdqw pdujlqdo frvwv/ dqg S
�
6

A S
7
6
12� Dv wkh fdsdflw| ri wkh olqh

lqfuhdvhv/ h{sruwv iurp wkh orz0sulfh pdunhw/ V/ lqfuhdvh1 Wklv vkliwv uljkwzdug wkh ghpdqg wkdw v

idfhv lq pdunhw V dqg gulyhv xs wkh sulfh lq V122

Dv h{sruwv lqwr Q lqfuhdvh zlwk wkh lqfuhdvh lq n/ �up q zloo fxw edfn surgxfwlrq/ exw e| ohvv

wkdq wkh lqfuhdvh lq lpsruwv wrQ / vr wkh sulfh lq pdunhw Q zloo idoo +vhh Ohppd 6 lq Vhfwlrq 6,1 Wkh

lqfuhdvh lq n pdnhv lw ohvv dwwudfwlyh iru q wr doorz wkh olqh wr eh frqjhvwhg lqwr lwv pdunhw dqg mxvw

rswlpl}h dorqj wkh uhvlgxdo ghpdqg1 Iru olqh fdsdflw| juhdwhu wkdq vrph ohyho/ zklfk zh fdoo an/ �up

q lv ehwwhu r� dfwlqj pruh djjuhvvlyho|/ zklfk holplqdwhv wkh sdvvlyh2djjuhvvlyh htxloleulxp1 Dovr

dv n lqfuhdvhv/ hyhqwxdoo| d srlqw pxvw eh uhdfkhg dw zklfk d sxuh0vwudwhj| xqfrqvwudlqhg Frxuqrw

gxrsro| htxloleulxp fdq eh vxssruwhg +xqghu Dvvxpswlrqv 407,1 Wklv rffxuv zkhq hdfk �up zhdno|

suhihuv wkh xqfrqvwudlqhg Frxuqrw htxloleulxp rxwfrph wr surgxflqj lwv rswlpdo sdvvlyh rxwsxw

uhvsrqvh zkhq wkh rwkhu �up surgxfhv lwv Frxuqrw htxloleulxp txdqwlw|1 Rqfh djdlq/ zh xvh nW

wr uhsuhvhqw wkh vpdoohvw n wkdw fdq vxssruw wkh xqfrqvwudlqhg Frxuqrw htxloleulxp1 Dv wkh olqh

fdsdflw| dssurdfkhv nW/ wkhuh duh wzr srvvleoh rxwfrphv ghshqglqj rq zkhwkhu wkh odujhvw olqh

fdsdflw| wkdw vxssruwv d sdvvlyh2djjuhvvlyh htxloleulxp lv juhdwhu ru ohvv wkdq wkh vpdoohvw olqh

fdsdflw| wkdw vxssruwv wkh xqfrqvwudlqhg Frxuqrw htxloleulxp1

Wkhruhp 81 Frqvlghu dv|pphwulf pdunhwv/ Q dqg V zlwk prqrsro| surgxfhuv q dqg v/ uhvshfwlyho|1

Dvvxph wkdw S 76 ? S
�
6 1 Dv wkh fdsdflw| ri d wudqvplvvlrq olqh ehwzhhq wkh pdunhwv/ n/ lqfuhdvhv

iurp }hur/ rqh ri wzr srvvleoh rxwfrphv zloo rewdlq1

FDVH 4= 3 ? n ? an sdvvlyh2djjuhvvlyh htxloleulxp h{lvwv
an ? n ? n

W qr sxuh0vwudwhj| htxloleulxp h{lvwv

n
W
? n xqfrqvwudlqhg Frxuqrw htxloleulxp h{lvwv
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FDVH 5= 3 ? n ? nW sdvvlyh2djjuhvvlyh htxloleulxp h{lvwv

nW ? n ? an erwk sdvvlyh2djjuhvvlyh dqg xqfrqvwudlqhg Frxuqrw htxloleuld h{lvw
an ? n xqfrqvwudlqhg Frxuqrw htxloleulxp h{lvwv

Surri1 Vhh wkh Dsshqgl{1

Fdvh 4 lv looxvwudwhg lq Iljxuh 91 Diwhu d fhuwdlq olqh fdsdflw| lv uhdfkhg/ wkhuh lv d uhjlrq zkhuh

rqo| pl{hg vwudwhj| htxloleuld h{lvw xs wr wkh wkuhvkrog olqh fdsdflw| wkdw lqgxfhv wkh surgxfhu

lq Q / wkh kljkhu0sulfh pdunhw/ wr vzlwfk iurp surgxflqj lwv rswlpdo sdvvlyh rxwsxw wr sod|lqj lwv

xqfrqvwudlqhg Frxuqrw uhvsrqvhv1 Lq Fdvh 5/ zklfk zh fdoo wkh _ryhuods fdvh% dqg zklfk vhhpv wr

dulvh lq pruh dv|pphwulf pdunhwv wkdq grhv Fdvh 4/2� wkhuh lv dw ohdvw rqh sxuh0vwudwhj| htxloleulxp

iru doo olqh fdsdflwlhv1 Xqolnh wkh v|pphwulf fdvh/ q lv frqwhqw wr surgxfh lwv rswlpdo sdvvlyh rxwsxw

zkhq v lv surgxflqj trn
6

/ v*v sur�w0pd{lpl}lqj rxwsxw zkhq lw lv frqjhvwlqj kh olqh wr Q 1 Lq idfw/

hyhq zkhq wkh olqh fdsdflw| lv odujh hqrxjk wkdw �up q zrxog sod| dq xqfrqvwudlqhg Frxuqrw

uhvsrqvh wr v*v xqfrqvwudlqhg Frxuqrw htxloleulxp txdqwlw|/ q zrxog vwloo suhihu wr doorz wkh olqh

wr eh frqjhvwhg lqwr lwv pdunhw li lwv rssrqhqw pdlqwdlqv lwv rxwsxw dw trn
6

1 Fdvh 5 zlwk d olqh vl}h

nW ? n ? an lv looxvwudwhg lq Iljxuh :12e Ri frxuvh/ zh zrxog olnh wr nqrz zkhq hdfk ri wkhvh fdvhv

zloo dulvh1 D uhodwlyho| vlpsoh uxoh fdq eh d jxlgh=

Wkhruhp 91 Fdvh 5 ri Wkhruhp 8 +wkh _ryhuods% fdvh, zloo dulvh li dqg rqo| li dw n @ nW/ wkh

xqfrqvwudlqhg Frxuqrw htxloleulxp rxwsxw ri �up v lv ohvv wkdq v*v ehvw uhvsrqvh zkhq �up q

surgxfhv lwv rswlpdo sdvvlyh rxwsxw/ l1h1/ trn
6

A tr
S
1

Surri= Frqvlghu wkh wkuhvkrog olqh vl}h nW zklfk zrxog vxssruw wkh xqfrqvwudlqhg Frxuqrw gxrsro|

htxloleulxp1 E| gh�qlwlrq/ nW lv wkh olqh vl}h dw zklfk +dw ohdvw, rqh �up/ fdoo lw �up q/ lv lqgl�huhqw

ehwzhhq wkh Frxuqrw htxloleulxp dqg sod|lqj lwv rswlpdo sdvvlyh rxwsxw1 Dvvxph wkdw n @ nW/ �up

q fkrrvhv wr surgxfh lwv rswlpdo sdvvlyh rxwsxw dqg �up v uhvsrqgv e| lqfuhdvlqj lwv rxwsxw +iurp

tr
S
/ wkh vrxwk �up*v xqfrqvwudlqhg Frxuqrw htxloleulxp txdqwlw|,1 Dq lqfuhdvh lq �up v*v rxwsxw

kdv qr h�hfw rq �up q*v sur�w iurp fkrrvlqj lw rswlpdo sdvvlyh rxwsxw/ vlqfh wkh olqh zdv frqjhvwhg

dq|zd|1 Exw lw orzhuv wkh sur�wdelolw| ri �up q uhvsrqglqj zlwk dq xqfrqvwudlqhg Frxuqrw ehvw

uhvsrqvh/ ehfdxvh wkh sur�w ri rqh �up lq d Frxuqrw gxrsro| jdph lv ghfuhdvlqj lq wkh rxwsxw ri

wkh rwkhu �up1 Vlqfh �up q zdv suhylrxvo| mxvw lqgl�huhqw ehwzhhq surgxflqj lwv rswlpdo sdvvlyh

rxwsxw dqg lwv xqfrqvwudlqhg Frxuqrw ehvw uhvsrqvh/ lw zrxog qrz vwulfwo| suhihu wr surgxfh lwv

rswlpdo sdvvlyh rxwsxw1 Wkxv/ li �up v*v uhvsrqvh wr �up q surgxflqj lwv rswlpdo sdvvlyh rxwsxw

lv wr lqfuhdvh lwv rzq rxwsxw/ wklv uhlqirufhv �up q*v suhihuhqfh iru wkh rswlpdo sdvvlyh rxwsxw1

Vlqfh erwk �upv duh wkhq sod|lqj wkhlu ehvw uhvsrqvhv wr wkh rwkhu/ wklv sdvvlyh2djjuhvvlyh rxwfrph

zrxog eh d Qdvk htxloleulxp1

Qh{w frqvlghu wkh fdvh lq zklfk �up q fkrrvhv wr surgxfh lwv rswlpdo sdvvlyh rxwsxw zkhq

n @ nW dqg �up v uhvsrqgv e| ghfuhdvlqj lwv rxwsxw1 D odujh hqrxjk ghfuhdvh lq wkh �up v*v

rxwsxw zrxog ghfrqjhvw wkh olqh1 Wklv zrxog |lhog d ghfrqjhvwhg olqh zlwk hdfk �up surgxflqj

ohvv wkdq lwv Frxuqrw ehvw uhvsrqvh/ zklfk fdqqrw eh dq htxloleulxp/ e| wkh dujxphqwv lq wkh wh{w
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@?_ A�hL*ic �bb�c TT� e.b�eHf�� ì �@�i ?L| i @4�?i_ |��t i^��*�Mh��4�



53

dqg wkh surri ri Wkhruhp 41 D vpdoo ghfuhdvh lq �up v*v rxwsxw zrxog qrw ghfrqjhvw wkh olqh1

Wklv zrxog kdyh qr h�hfw rq wkh q*v sur�w iurp surgxflqj lwv rswlpdo sdvvlyh rxwsxw/ vlqfh wkh

olqh uhpdlqv frqjhvwhg1 Exw lw zrxog lqfuhdvh �up q*v sur�wdelolw| ri uhvsrqglqj wr �up v zlwk

dq xqfrqvwudlqhg Frxuqrw ehvw uhvsrqvh1 Vlqfh �up q zdv suhylrxvo| mxvw lqgl�huhqw ehwzhhq wkh

surgxflqj lwv rswlpdo sdvvlyh rxwsxw dqg lwv xqfrqvwudlqhg Frxuqrw ehvw uhvsrqvh/ lw zrxog qrz

vwulfwo| suhihu wkh Frxuqrw ehvw uhvsrqvh1 Wkxv/ wkh sdvvlyh2djjuhvvlyh rxwfrph zrxog qrw eh dq

htxloleulxp1 T1H1G1

Wkxv/ dowkrxjk wkh dvvxpswlrq ri dv|pphwu| grhv ohdg wr d txdolwdwlyh fkdqjh lq rxu dqdo|vlv/

lw grhv qrw ixqgdphqwdoo| fkdqjh wkh slfwxuh1 Lqfuhdvlqj olqh fdsdflw| judgxdoo| lqfuhdvhv frpshwl0

wlrq/ dqg fdq ohdg wkurxjk d uhjlrq ri pl{hg vwudwhjlhv wr d vwdqgdug Frxuqrw gxrsro| htxloleulxp1

Zlwk d vx�flhqwo| odujh olqh/ wkh Frxuqrw gxrsro| htxloleulxp h{lvwv/ dqg zlwk wkdw ru/ srvvleo|/

d odujhu olqh/ wkh Frxuqrw gxrsro| htxloleulxp lv wkh rqo| sxuh0vwudwhj| htxloleulxp wkdw h{lvwv1

D� A�i �@*�uLh?�@ i*iU|h�U�|) 4@h!i|

Zh qrz ghprqvwudwh hpslulfdoo| wkh sudfwlfdo uhohydqfh ri wkhvh uhvxowv e| dsso|lqj wkh dqdo|vlv

ri wkh suhylrxv vhfwlrqv wr d prgho ri Fdoliruqld*v hohfwulflw| pdunhw1 Lq wklv vhfwlrq/ zh ghprqvwudwh

krz vwudwhjlf xvh ri wudqvplvvlrq olplwv fdq lqfuhdvh frqjhvwlrq dqg krz d prghvw lqfuhdvh lq wkdw

fdsdflw| fdq juhdwo| lpsdfw �up ehkdylru dqg wkh uhvxowlqj srzhu �rzv1 Zh h{dplqh wkh Fdoliruqld

pdunhw xqghu wkh jhqhudwlrq dvvhw rzqhuvkls vwuxfwxuh dw wkh wlph ri ghuhjxodwlrq/ hduo| lq 4<<;12D

Frqjhvwlrq rq wkh qruwk0vrxwk wudqvplvvlrq olqhv riwhq glylghv wkh vwdwh lqwr dw ohdvw wzr glvwlqfw

jhrjudsklf pdunhwv1 Wkhvh wzr uhjlrqv duh frqqhfwhg wkurxjk zkdw lv nqrzq dv wkh Sdwk 48

wudqvplvvlrq frqvwudlqw1 Dv ri 4<<;/ Sdfl�f Jdv ) Hohfwulf +SJ)H, zdv wkh grplqdqw vxssolhu

qruwk ri Sdwk 48 zlwk derxw 93( ri jhqhudwlrq fdsdflw| lq wkh uhjlrq dqg Vrxwkhuq Fdoliruqld

Hglvrq +VFH, zdv wkh odujhvw hohfwulflw| surgxfhu vrxwk ri Sdwk 48 zlwk derxw 78( ri wkdw uhjlrq*v

fdsdflw|12S Shdn ghpdqg lq wkh vrxwk lv pruh wkdq grxeoh wkh shdn lq wkh qruwk/ exw wkhuh zdv

dovr pxfk pruh jhqhudwlrq fdsdflw| rzqhg e| vpdoohu �upv orfdwhg vrxwk ri wklv frqvwudlqw1

Lq Vhfwlrq 7/ zh qrwhg wkdw wkh suhvhqfh ri sulfh0wdnlqj iulqjh �upv lq hlwkhu ru erwk pdunhwv

zrxog qrw dowhu wkh dqdo|vlv1 Wklv lv dovr wuxh li wkrvh iulqjh �upv duh lq idfw lq rwkhu uhjlrqdo

pdunhwv wkdw duh frqqhfwhg wr rqh ri wkh grplqdqw �up*v pdunhwv wkurxjk d wudqvplvvlrq sdwk/ dv lv

wkh fdvh lq Fdoliruqld1 Wkh vwdwh lv frqqhfwhg zlwk Ph{lfr/ wkh ghvhuw vrxwkzhvw/ dqg wkh qruwkzhvw

vwdwhv/ wkrxjk wkhuh lv yhu| olwwoh ri wkh qruwkzhvw*v k|gur0hohfwulf srzhu dydlodeoh gxulqj wkh

shdn ghpdqg prqwkv ri Dxjxvw wkurxjk Rfwrehu1 Hvvhqwldoo|/ wkh prghov ri wkh suhylrxv vhfwlrqv

duh gluhfwo| dssolfdeoh wr pdunhwv zkhuh wkh grplqdqw0�up uhjlrqv duh frqqhfwhg wr frpshwlwlyh

uhjlrqv/ dqg wr hdfk rwkhu/ yld d udgldo ru olqhdu qhwzrun1

Doprvw kdoi ri SJ)H*v fdsdflw| lv k|gur jhqhudwlrq/ zklfk lv prvw dexqgdqw lq vsulqj dqg

hduo| vxpphu/ dqg r�huv yhu| olwwoh srzhu lq wkh idoo dqg hduo| zlqwhu/ zklfk lv wkh vdph wlph wkdw

lpsruwv iurp wkh qruwkzhvw +dovr prvwo| k|gur jhqhudwlrq, ehfrph pxfk ohvv dydlodeoh1 Iru wklv

uhdvrq/ qruwkhuq Fdoliruqld lpsruwv vxevwdqwldo txdqwlwlhv ri srzhu iurp wkh vrxwk gxulqj wkh idoo
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dqg zlqwhu1 Dv d uhvxow/ Sdwk 48 fdq ehfrph frqjhvwhg zlwk �rzv iurp vrxwkhuq Fdoliruqld lqwr

wkh qruwk1

Prvw dqdo|vwv djuhh wkdw SJ)H/ lq lwv 4<<; irup/ kdg vljql�fdqw srwhqwldo pdunhw srzhu zkhq

wkh qruwkhuq Fdoliruqld uhjlrq lv lvrodwhg iurp lwv qhljkeruv1 Wkh lqwhuhvwlqj txhvwlrq/ krzhyhu/

lv krz riwhq zrxog wklv lvrodwlrq dulvhB Lw lv lq dgguhvvlqj wklv txhvwlrq wkdw wkh dqdo|vlv ri wkh

suhylrxv vhfwlrqv frphv lqwr sod|1 Zkloh lw zrxog eh whpswlqj wr vlpso| fdofxodwh wkh �rzv wkdw

zrxog rffxu lq wkh devhqfh ri wkh Sdwk 48 frqvwudlqw dqg wkhq vhh li wkh frqvwudlqw lv ylrodwhg/

wkh prgho zh kdyh suhvhqwhg lqglfdwhv wkdw wklv zrxog idlo wr fdswxuh wkh srwhqwldo iru vwudwhjlf

frqjhvwlrq ri wkh olqh12.

Eruhqvwhlq dqg Exvkqhoo +4<<<, ghyhors d Frxuqrw �upv0iulqjh �upv vlpxodwlrq ri wkh Fdoliru0

qld dqg qhljkerulqj hohfwulflw| pdunhwv xvlqj gdwd rq wkh surgxfwlrq frvwv dqg fdsdflwlhv ri doo

jhqhudwruv lq wkh uhjlrq1 Khuh zh dgdsw wkdw prgho wr h{dplqh wkh srwhqwldo iru frqjhvwlrq ri Sdwk

481 Zh frqvlghu rqo| wkh wzr odujhvw vxssolhuv dv ri 4<<;/ SJ)H dqg VFH/ wr eh vwudwhjlf sod|huv/

dqg wuhdw wkh rwkhu hohfwulflw| surgxfhuv lq Fdoliruqld/ dv zhoo dv dq| rxw0ri0vwdwh �upv h{sruwlqj

srzhu wr Fdoliruqld/ dv sulfh0wdnlqj iulqjh �upv1

Zh xvh d frqvwdqw hodvwlflw| ghpdqg fxuyh ri wkh irup t+s, @ {s30 zlwk dq hodvwlflw| ri % @ =41

Wkh frqvwdqw { lv vhw vxfk wkdw wkh ghpdqg fxuyh lq wkh shdn krxu lqwhuvhfwv wkh uhohydqw iruhfdvw

sulfh0txdqwlw| srlqwv12H Zh irfxv rq wzr prqwkv/ Vhswhpehu dqg Ghfhpehu1 Iru hdfk ri wkhvh

prqwkv/ zh vlpxodwhg vl{ ghpdqg ohyhov vwduwlqj zlwk wkh shdn krxu/ wkhq wkh 483wk kljkhvw ghpdqg

ohyho/ dqg vr rq e| lqfuhphqwv ri 483 grzq wr wkh plqlpxp ghpdqg ohyho ri wkh prqwk1 Hdfk

vlpxodwlrq �qgv d vwdwlf Frxuqrw htxloleulxp wkdw lv dvvxphg wr eh lqghshqghqw ri wkh rxwfrphv

ri wkh rwkhu krxuv vlpxodwhg12b

Zh �uvw �qg wkh Frxuqrw htxloleulxp surgxfwlrq ohyhov ri wkh wzr odujh �upv xqghu wkh dv0

vxpswlrq wkdw Sdwk 48 kdv xqolplwhg wudqvplvvlrq fdsdflw|1 Wudqvplvvlrq fdsdflw| ryhu wklv sdwk

lv lq idfw derxw 6/333 PZ lq wkh vrxwk0wr0qruwk gluhfwlrq1 Dq h{dplqdwlrq ri wkh qhw �rzv ryhu

wklv sdwk +Wdeoh 4, uhyhdov wkdw �rzv h{fhhg 6/333 PZ lq rqo| rqh krxu ri Vhswhpehu/ exw vxusdvv

wkh olplw lq wkuhh krxuv ri Ghfhpehu1 Wkhvh duh vkrzq lq lwdolfv lq Wdeoh 41 Li rqh ljqruhg vwudwhjlf

lqfhqwlyhv wr frqjhvw wkh olqh/ rqh zrxog dvvxph wkdw wkh qruwkhuq dqg vrxwkhuq pdunhwv duh vhogrp

lvrodwhg iurp hdfk rwkhu lq wkh prqwk ri Vhswhpehu1 Lq Ghfhpehu/ rqh zrxog �qg wkdw wkh olqh lv

frqjhvwhg gxulqj wkh wkuhh kljkhvw ghpdqg krxuv vlpxodwhg1

Dv zh kdyh vkrzq/ krzhyhu/ dqdo|vlv ri wkh srwhqwldo iru frqjhvwlrq ehwzhhq wkhvh wzr pdunhwv

pxvw dffrxqw iru wkh lqfhqwlyhv ri wkh vxssolhuv zkhq wkh| lqfrusrudwh wkh wudqvplvvlrq frqvwudlqw

lqwr wkhlu sur�w fdofxodwlrqv1 Zh qh{w fdofxodwhg wkh sur�w pdgh e| SJ)H li lw surgxfhg lwv rswlpdo

sdvvlyh rxwsxw +fdxvlqj vrxwk wr qruwk frqjhvwlrq dorqj Sdwk 48, dqg frpsduhg wkdw sur�w wr wkh

sur�w wkdw dulvhv lq wkh vwdwh0zlgh xqfrqvwudlqhg Frxuqrw htxloleulxp1 Wklv fdofxodwlrq uhyhdov

wkdw lq pdq| ri wkh krxuv h{dplqhg/ vwduwlqj iurp wkh xqfrqjhvwhg0olqh Frxuqrw htxloleulxp/ lw lv
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sur�wdeoh iru SJ)H wr uhgxfh lwv rxwsxw dqg lqgxfh frqjhvwlrq ryhu Sdwk 481 Ri wkh hljkw krxuv

lq Wdeoh 4 lq zklfk Sdwk 48 zrxog eh xqfrqjhvwhg zlwkrxw vwudwhjlf ehkdylru +wkrvh zlwk �rzv

ehorz 6/333 PZ,/ �yh h{klelw frqjhvwlrq +vkrzq lq erog, zkhq SJ)H dffrxqwv iru wkh srvvleoh

vwudwhjlf jdlqv iurp frqjhvwlqj wkh olqh1

Iru wklv uhvsrqvh e| SJ)H wr ohdg wr d sxuh0vwudwhj| sdvvlyh2djjuhvvlyh htxloleulxp/ krzhyhu/

lw lv qhfhvvdu| wkdw SJ)H frqwlqxh wr zdqw wr surgxfh lwv rswlpdo sdvvlyh rxwsxw hyhq diwhu

VFH +dqg doo iulqjh �upv, rswlpdoo| uhvsrqg wr SJ)H*v sdvvlyh rxwsxw/ dqg wkdw wkh olqh uhpdlq

frqjhvwhg1 Iru wklv wr eh wkh fdvh/ +d, wkh uhvxowlqj sulfh lq wkh qruwk pxvw eh juhdwhu wkdq wkh

sulfh lq wkh vrxwk dqg +e, SJ)H/ zkhq idfhg zlwk VFH*v rswlpdo uhvsrqvh wr d sdvvlyh/ frqjhvwlrq0

lqgxflqj rxwsxw e| SJ)H/ pxvw qrw �qg lw pruh sur�wdeoh wr lqfuhdvh rxwsxw dqg ghfrqjhvw wkh

sdwk1 Hpslulfdoo|/ lw lv vwudljkwiruzdug wr whvw iru wkhvh frqglwlrqv1 Li wkh| idlo wr krog/ wkhq rqo|

pl{hg0vwudwhj| htxloleuld duh srvvleoh iru d sdwk ri wkh sduwlfxodu fdsdflw| dvvxphg1 Li wkh| gr

krog/ wkhq d sxuh vwudwhj| htxloleulxp lq zklfk wkh sdwk lv frqjhvwhg iurp vrxwk0wr0qruwk grhv

h{lvw1

Zh irxqg wkdw rqo| dw wkh orzhvw ghpdqg ohyho lq Ghfhpehu lv lw pruh sur�wdeoh iru SJ)H

wr lqfuhdvh rxwsxw dqg ghfrqjhvw wkh olqh lq uhvsrqvh wr wkh _djjuhvvlyh% rxwsxw ohyho e| VFH

wkdq wr frqwlqxh wr surgxfh lwv rswlpdo sdvvlyh rxwsxw1 Wklv lqglfdwhv wkdw/ iru d olqh fdsdflw| ri

6/333 PZ/ wkhuh lv qr sxuh0vwudwhj| htxloleulxp iru wkdw krxu1�f Lq wkh rwkhu irxu krxuv lq zklfk

SJ)H suhihuv wkh rswlpdo sdvvlyh rxwsxw wr uhpdlqlqj lq wkh xqfrqvwudlqhg Frxuqrw htxloleulxp/

zh irxqg wkhuh wr eh d sxuh0vwudwhj| sdvvlyh2djjuhvvlyh htxloleulxp1

Zh qrz irfxv rq rqh vshfl�f ghpdqg ohyho/ wkh 933wk kljkhvw ghpdqg krxu lq Ghfhpehu/ lq

rughu wr h{dplqh wkh lpsdfw ri lqfuhdvhg wudqvplvvlrq fdsdflw| rq wklv pdunhw1 Li wkhuh lv xqolplwhg

wudqvplvvlrq fdsdflw| dorqj Sdwk 48/ vrxwk0wr0qruwk �rzv duh 5/597 PZ1 Zlwk wkh dfwxdo Sdwk 48

fdsdflw| ri 6/333PZ/ SJ)H fdq pdnh kljkhu sur�w lq wklv krxu li lw uhgxfhv lwv rxwsxw ehorz lwv

xqfrqvwudlqhg Frxuqrw ohyhov dqg lqgxfhv frqjhvwlrq1

Iru d udqjh ri wudqvplvvlrq fdsdflwlhv ri Sdwk 48/ zh h{dplqhg wkh frqglwlrqv iru d sxuh vwudwhj|

sdvvlyh2djjuhvvlyh htxloleulxp1 Zh irxqg wkdw qrw rqo| grhv d sxuh0vwudwhj| sdvvlyh2djjuhvvlyh

htxloleulxp h{lvw zkhq wkh olqh fdsdflw| lv 6/333 PZ/ wklv uhvxow khog iru doo fdsdflwlhv xs wr 6/;68

PZ/ wkh wkuhvkrog olqh vl}h +nW, wkdw |lhogv wkh xqfrqvwudlqhg Frxuqrw htxloleulxp gxulqj wklv

krxu1 Zh fdq frq�up wkdw wkh ryhuods fdvh +Fdvh 5 lq Wkhruhp 8, h{lvwv iru wklv ghpdqg ohyho

e| frpsdulqj wkh xqfrqvwudlqhg Frxuqrw rxwsxw ri VFH wr wkh rswlpdo djjuhvvlyh rxwsxw ri VFH

zkhq wkh olqh kdv d fdsdflw| ri 6/;681 Lq wkh xqfrqjhvwhg fdvh/ VFH*v rswlpdo rxwsxw lv 5/<86 PZ/

zkloh lwv rswlpdo djjuhvvlyh rxwsxw lv 7/38: PZ1 Vlqfh tn
6

A tS iru VFH lq wklv fdvh/ e| Wkhruhp

9/ wkh dv|pphwulf sxuh vwudwhj| htxloleulxp pxvw h{lvw iru nW @ 6> ;68 dqg iru doo vpdoohu fdsdflw|

olqhv1

Wdeoh 5 frqwudvwv wkh pdunhw rxwfrphv iru wkh xqfrqvwudlqhg Frxuqrw htxloleulxp wkdw fdq re0

wdlq zkhq wkh olqh fdsdflw| lv 6/;68 PZ zlwk wkrvh iru wkh dfwxdo sdwk fdsdflw| ri 6/333 PZ1�� Wr0

wdo rxwsxw lq wkh vwdwh +lqfoxglqj lpsruwv, lqfuhdvhv iurp 5:/447 PZ xqghu wkh sdvvlyh2djjuhvvlyh
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htxloleulxp zlwk n @ 6> 333 wr 5;/454 PZ xqghu wkh xqfrqvwudlqhg Frxuqrw htxloleulxp zlwk

n @ 6> ;681 Wkxv/ wkh dgglwlrqdo olqh fdsdflw| lv derxw ;6( ri wkh uhvxowlqj lqfuhdvh lq rxwsxw1

Pdunhw fohdulqj sulfhv gurs e| ;3( lq wkh qruwk zkhq wudqvplvvlrq fdsdflw| lv lqfuhdvhg dqg wkh

xqfrqvwudlqhg Frxuqrw rxwfrph rewdlqv1 Wkh dgglwlrq ri ;68 PZ ri fdsdflw| wr Sdwk 48 lq wklv

prgho fdq uhvxow lq dq lqfuhdvh lq frqvxphu vxusoxv ri ryhu rqh ploolrq grooduv/ exw prvw ri wklv

lv d wudqvihu iurp jhqhudwlrq dqg wudqvplvvlrq olqh rzqhuv1 Wkh fkdqjh lq wrwdo vxusoxv lv pxfk

vpdoohu1�2

Lw lv dovr lqwhuhvwlqj wr h{dplqh wkh pdunhw rxwfrphv xqghu wkh dvvxpswlrq wkdw wkh pdunhw lq

vrxwkhuq Fdoliruqld lv shuihfwo| frpshwlwlyh1 Li wklv zhuh wkh fdvh/ hyhq li Sdwk 48 kdg d fdsdflw|

ri 6/;68 PZ/ SJ)H zrxog uhgxfh rxwsxw dqg frqjhvw wkh sdwk vlqfh wkh xqfrqvwudlqhg Frxuqrw

rxwfrph lv qr orqjhu dq dowhuqdwlyh1 Li Sdwk 48 zhuh frqjhvwhg/ wkh qruwkhuq Fdoliruqld pdunhw

zrxog kdyh d sulfh ri '97=:@PZk dv rssrvhg wr d sulfh ri '58=<@PZk zkhq doo �upv exw SJ)H

dfw dv d sulfh0wdnlqj iulqjh lq d vwdwhzlgh pdunhw dw wklv ghpdqg ohyho1 SJ)H*v sur�wv duh kljkhu

zkhq wkh olqh lv frqjhvwhg/ hyhq dw d fdsdflw| ri 6/;68 PZ1 Wkxv/ iru Sdwk 48 fdsdflwlhv lq wklv

udqjh/�� frqvxphuv lq qruwkhuq Fdoliruqld pd| eh ehwwhu r� li wkh vrxwkhuq Fdoliruqld pdunhw lv

ohvv frpshwlwlyh1

Wkhvh uhvxowv lqglfdwh wkdw vwudwhjlf frqjhvwlrq ri wudqvplvvlrq olqhv pd| sod| dq lpsruwdqw

uroh lq wkh iruwkfrplqj ghuhjxodwhg hohfwulflw| pdunhwv1 Wkhvh h�hfwv zrxog qrw eh fdswxuhg e|

wkh prvw zlgho| xvhg phwkrgv iru hvwlpdwlqj wkh vfrsh ri jhrjudsklf pdunhwv lq wklv lqgxvwu| wkdw

uho| xsrq klvwrulfdo �rz gdwd ru wkh vlpxodwlrq ri d shuihfwo| frpshwlwlyh uhjlrqdo pdunhw1 Vxfk

phwkrgv frxog idlo wr uhfrjql}h vrph ri wkh prvw wdqjleoh ehqh�wv wkdw pljkw uhvxow iurp h{sdqvlrq

ri wudqvplvvlrq fdsdflw|1�e

S� �L?U*�t�L?t

Wudqvplvvlrq frqvwudlqwv zloo eh dw wkh khduw ri pdunhw srzhu lvvxhv lq d uhvwuxfwxuhg hohfwulflw|

pdunhw1 Lq wkh devhqfh ri wudqvplvvlrq frqvwudlqwv lq wkh zhvwhuq X1V1/ lw lv ohvv olnho| wkdw dq|

�up zrxog kdyh vx�flhqw pdunhw srzhu wr vljql�fdqwo| hohydwh sulfhv1 Wudqvplvvlrq frqjhvwlrq/

krzhyhu/ lv olnho| wr rffxu dw vrph wlphv1 Zh kdyh pdgh d suholplqdu| h{sorudwlrq lqwr wkh

pdunhw srzhu lvvxhv udlvhg e| wkh fhqwudo uroh ri wudqvplvvlrq dqg wkh uhvxowlqj srvvleoh ehqh�wv wr

lqfuhdvlqj wudqvplvvlrq fdsdflw|1 Zh kdyh vkrzq wkdw wkh vrfldo ydoxh ri wudqvplvvlrq fdsdflw| pd|

qrw eh forvho| uhodwhg wr wkh dfwxdo �rz wkdw rffxuv rq wkh olqh1 Zh dovr kdyh ghprqvwudwhg krz wr

dqdo|}h wkh lpsdfw ri wudqvplvvlrq fdsdflw| rq frpshwlwlrq1 Rxu uhvxowv lqglfdwh wkdw h{sdqglqj
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wudqvplvvlrq fdsdflw| ehwzhhq pdunhwv wkdw vx�hu iurp pdunhw srzhu sureohpv pd| kdyh yhu| kljk

sd|r�v lq whupv ri uhgxfhg sulfhv/ lqfuhdvhg frqvxpswlrq/ dqg orzhu ghdgzhljkw orvv1

Rxu dqdo|vlv/ krzhyhu/ kdv frqvlghuhg rqo| rqh0vkrw Qdvk htxloleuld zlwk d vlqjoh grplqdqw

�up lq hdfk uhjlrqdo pdunhw1 Lq uhdolw|/ wkh �upv wkdw frpshwh lq hohfwulflw| pdunhwv zloo gr vr

uhshdwhgo| dqg/ wkxv/ pd| eh deoh wr uhgxfh ulydou| wkurxjk wkh wkuhdw ri uhwdoldwlrq1 Wr wkh h{whqw

wkdw �upv fdq uhdfk pruh frrshudwlyh rxwfrphv wkurxjk vxfk vxshujdph vwudwhjlhv/ wkh frpshwlwlyh

h�hfwv ri wudqvplvvlrq olqhv/ dv zhoo dv prvw rwkhu uhphglhv iru wkh h{huflvh ri pdunhw srzhu/ duh

olnho| wr eh gdpshqhg1

Hqwu| ri qhz surgxfhuv frxog dovr plwljdwh wkh h�hfwv ri wudqvplvvlrq wkdw zh lghqwli| khuh1

Li hqwu| lq wkh wzr pdunhwv lv hdv|/ wkhq vx�flhqw hqwu| lq hdfk pdunhw frxog surgxfh dv juhdw ru

juhdwhu frpshwlwlyh h�hfwv dv lqfuhdvlqj wudqvplvvlrq fdsdflw|1 Lw lv lpsruwdqw wr qrwh wkdw hqwu|

zrxog kdyh wr rffxu lq erwk pdunhwv iru lw wr uhsolfdwh wkh frpshwlwlyh h�hfw ri d wudqvplvvlrq

olqh wkdw zh kdyh ghprqvwudwhg khuh1 Li/ krzhyhu/ wkhuh duh vxqn frvwv ri hqwu| ru �{hg frvwv ri

rshudwlrq/ wkhq wkh wudqvplvvlrq fdsdflw| frxog eh d ohvv h{shqvlyh urxwh wr dfklhylqj wkh ehqh�wv

ri lqfuhdvhg frpshwlwlrq1
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Dsshqgl{

Surriv ri Ohppd 7/ Wkhruhp 6/ dqg Wkhruhp 8 iroorz1

Surri ri Ohppd 71 Iluvw qrwh wkdw iru surgxfwlrq e| d ulydo ri t	 tn
6
+n, � 5n/ wkh ehvw uhvsrqvh

pxvw eh tn
6
+n,1 Wkh rxwsxw ri d ulydo iru zklfk wkh ehvw uhvsrqvh lv wkh rswlpdo sdvvlyh rxwsxw

pxvw wkhuhiruh eh juhdwhu wkdq tn
6
+n,� 5n1

Wr vkrz wkdw tr� h{lvwv dqg lv xqltxh lq wkh udqjh ^tn6+n, � 5n>4`/ zh zloo vkrz wkdw

� +plq+XEU^tr�`> tr� . 5n,> tr�, +wkh ohiw kdqg vlgh ri +6,, lv d frqwlqxrxv ghfuhdvlqj ixqfwlrq

iruphg e| wkh lqwhuvhfwlrq ri wzr ixqfwlrqv wkdw duh wdqjhqw dw wkh srlqw �t zkhuh XEU^�t` @ �t.5n1

Wklv ixqfwlrq lv prqrwrqlfdoo| ghfuhdvlqj lq t ryhu wkh uhohydqw udqjh/ kdv d ydoxh juhdwhu wkdq

�+t36+n,> n, +wkh uljkw kdqg vlgh ri +6,, dw t @ tn6+n, � 5n/ dqg kdv d ydoxh ohvv wkdq �+t36+n,> n,

iru vrph t ?41

E| Dvvxpswlrq 6/ � +XEU+t,> t, lv ghfuhdvlqj lq t1 Dovr qrwh wkdw � +t . 5n> t, @ �+t.5n>�n,/

zklfk lv d frqfdyh ixqfwlrq zlwk d pd{lpxp dw wkh rswlpdo djjuhvvlyh rxwsxw/ zkhuh t.5n @ tn6+n,1

Wkh ixqfwlrq � +t . 5n> t, lv wkhuhiruh ghfuhdvlqj lq t iru t A tn6+n,� 5n1 Odvwo|/ qrwh wkdw

� +XEU+t,> t, � � +t . 5n> t,

iru doo t dqg wkdw wkhvh wzr ydoxhv duh htxdo dw �t zkhuh XEU+�t, @ �t.5n1 Wkhvh wzr ixqfwlrqv duh

wkhuhiruh wdqjhqw dw wklv srlqw/ zlwk wkh ohiw0kdqg vlgh ri +6, htxdo wr � +t . 5n> t, iru t	 �t dqg

htxdo wr � +XEU+t,> t, iru t � �t1 Vlqfh wklv wdqjhqf| srlqw pxvw rffxu zkhuh erwk ixqfwlrqv duh

ghfuhdvlqj/ �t A tn6+n,� 5n1

Odvwo| qrwh wkdw � +t . 5n> t, @�+tn6+n,>�n, iru t @ tn6+n,� 5n1 Wkhuhiruh

� +plq+XEU^t`> t . 5n,> t, A �+t36+n,> n, iru t @ tn6+n, � 5n ehfdxvh wkh rswlpdo djjuhvvlyh rxw0

sxw/ tn6+n,> lv dozd|v pruh sur�wdeoh wkdq wkh rswlpdo sdvvlyh rxwsxw/ t36+n,1 E| dvvxpswlrq 6/

� +plq+XEU^t`> t . 5n,> t, 	 �+tn6+n,>�n, iru d vx�flhqwo| odujh t1 Wkh ohiw0kdqg vlgh ri +6,/ zklfk

e| wkh deryh dujxphqwv lv frqwlqxrxv dqg ghfuhdvlqj lq t/ lv wkhuhiruh juhdwhu wkdq wkh uljkw0kdqg

vlgh ri +6, dw t @ tn6+n,� 5n dqg ohvv wkdq ru htxdo wr wkh uljkw0kdqg vlgh iru vrph t ?41

Wr vkrz wkdw tr�+n, lv lqfuhdvlqj lq n/ qrwh wkdw li XEU+tr�,
	 tr� . 5n/ tr� lv gh�qhg e| wkh

htxdolw|

� +XEU^tr�`> tr�,� �+t36+n,> n, @ 3

xvlqj wkh lpsolflw ixqfwlrq wkhruhp/ zh fdq h{suhvv wkh h�hfw ri olqh fdsdflw| rq wkh vzlwfk srlqw

dv

Ctr�

Cn
@ �

Y
Y&

� +XEU^tr�`> tr�,� �+t36+n,> n,
Y

Y^r�
� +XEU^tr�`> tr�,� �+t36+n,> n,

@ �
��2+t

3

6+n,> n,

�2 +XEU^tr�`> tr�,
A 3 +D4,

Qrwh wkdw erwk �� dqg �� duh }hur dw wkh ehvw0uhvsrqvh rxwsxwv jlyhq deryh dqg wkdw �2 dqg

�2 duh dozd|v qhjdwlyh1

Li XEU+tr�, A tr� . 5n wkhq tr� lv gh�qhg e| wkh htxdolw|

�+tr� . 5n> tr�,� �+t36+n,> n, @ 3=
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Djdlq dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp/ zh kdyh

Ctr�

Cn
@ �

5��+tr� . 5n> tr�,� �2+t
3

6+n,> n,

��+tr� . 5n> tr�, . �2+tr� . 5n> tr�,
+D5,

Qrwh wkdw wkh �uvw whup lq wkh qxphudwru uhsuhvhqwv wkh fkdqjh lq sur�w iurp surgxflqj wkh

rswlpdo djjuhvvlyh rxwsxw zkhq wkh olqh fdsdflw| lv lqfuhdvhg1 Wklv pxvw eh srvlwlyh vlqfh tr�.5n ?

XEU+tr�,1 Dq lqfuhdvh lq n wkhuhiruh doorzv wklv �up wr lqfuhdvh rxwsxw wrzdugv wkh rswlpdo

ohyho ri XEU+tr�,1 Wkh vhfrqg whup lq wkh qxphudwru/ �2> lv/ dv ehiruh/ hyhu|zkhuh qhjdwlyh1

Wkh qxphudwru lv wkhuhiruh srvlwlyh1 Wr hydoxdwh wkh vljq ri wkh ghqrplqdwru/ �uvw qrwh wkdw

�+t> t, @ �+t> 3,/ zklfk lv frqfdyh e| dvvxpswlrq zlwk d pd{lpxp dw t @ t61 Ehfdxvh ri wklv

frqfdylw|/ Y
Y^r�

�� +tr� . 5n> tr�, pxvw eh qhjdwlyh iru tr� A t61 Iru dq| qrq0}hur n> tr� pxvw eh

juhdwhu wkdq t6 vlqfh e| Ohppd 4 hdfk �up zrxog suhihu wr lqfuhdvh lwv rxwsxw li wkh rwkhu �up

surgxfhv t61 Wkhuhiruh wkh ghqrplqdwru lv qhjdwlyh1

tr� lv wkhuhiruh dozd|v lqfuhdvlqj lq n/ zkhwkhu XEU+tr�, lv juhdwhu ru ohvv wkdq tr� . 5n1

T1H1G1

Surri ri Wkhruhp 61 Lq wkh suhvhqfh ri orvvhv/ wkh sur�w ri �up v zkhq wkh olqh lv xqfrqjhvwhg

zrxog eh�D

S +tr � i � ui2, � tr � F+tr, iru tr ? t? +D6d,

S +tr � i, � tr � F+tr, iru tr A t? +D6e,

dqg lwv frqglwlrq iru sur�w pd{lpl}dwlrq zrxog eh=

^4 . +4 . 5ui,
Ci

Ctr
`S �+tr � i � ui2,tr . S +tr � i � ui2,� F �+tr, @ 3 iru tr ? t? +D7d,

dqg

^4�
Ci

Ctr
`S �+tr � i,tr . S +tr � i,� F �+tr, @ 3 iru tr A t? +D7e,

Iurp htxdwlrq +8, zh fdq lqihu wkh ghulydwlyh ri wkh �rz zlwk uhvshfw wr d fkdqjh lq tr e|

dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp=

Iru tr ? t?/

Ci

Ctr
@ �

S �+tr � i � ui2,+4 . 5ui,

S �+tr � i � ui2,+4 . 5ui,2 � 5uS +tr � i � ui2, . S �+t? . i,
+D8d,

dqg iru tr A t?/

Ci

Ctr
@ �

S �+tr � i,

�S �+tr � i,� +4� 5ui,2S �+t? . i � ui2, . 5uS +t? . i � ui2,
= +D8e,

�D
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Qrwh wkdw erwk sur�w dqg pdujlqdo sur�w duh frqwlqxrxv= zkhq tr @ t?/ +D6d, dqg +D6e, duh

htxlydohqw1 Zkhq u @ 3/ l1h1/ wkhuh duh qr orvvhv/ dw wkh srlqw ri d v|pphwulf htxloleulxp +t? @ tr,
Ys

Y^r
@ 4@5/ vr

4

5
S �+tr,tr . S +tr,� F �+tr, @ 3= +D9,

Zkhq u A 3/ krzhyhu/ dw wkh srlqw ri d v|pphwulf htxloleulxp +t? @ tr,/ Ys

Y^r
@

�

�
�E^r�

2� �E^r�32o� E^r� A �4@51 Lq wklv fdvh/ +D6e, dqg +D7e, ehfrph

!S �+tr,tr . S +tr,� F �+tr, @ 3 4@5 ? ! ? 4= +D:,

Wkh suhvhqfh ri orvvhv orzhuv wkh pdujlqdo uhyhqxh ri hdfk �up dqg/ wkxv/ dw wkh qr0orvvhv v|pphwulf

Frxuqrw htxloleulxp rxwsxwv/ hdfk �up zrxog qrz/ zlwk orvvhv/ zdqw wr uhgxfh lwv rxwsxw1 Wkxv/

li d v|pphwulf Frxuqrw htxloleulxp h{lvwv/ lw zrxog eh dw d orzhu txdqwlw| wkdq lq wkh devhqfh ri

orvvhv1

Iru vx�flhqwo| vpdoo u dq htxloleulxp zloo/ lq idfw/ h{lvw1 Wr vhh wklv/ qrwh wkdw/ e| Dvvxpswlrq

6/ hdfk �up*v sur�wv duh frqfdyh lq lwv rzq rxwsxw zkhq u @ 31 E| gl�huhqwldwlqj +D8, zlwk uhvshfw

wr tr/ lw fdq eh yhul�hg wkdw wkh vhfrqg rughu lpsdfw ri rxwsxw rq sur�wv lv frqwlqxrxv lq u1 Vlqfh

wklv vhfrqg rughu lpsdfw lv qhjdwlyh zkhq u @ 3/ iru vx�flhqwo| vpdoo u/ sur�wv duh frqfdyh iru

erwk tr ? t? dqg tr A t?1 Vlqfh wkh ghulydwlyh ri wkh sur�w ixqfwlrq lv frqwlqxrxv/ hyhq dw tr @ t?/

wkh sur�w ixqfwlrq +D6, pxvw eh wkh lqqhu hqyhorsh ri wzr frqfdyh ixqfwlrqv wkdw gh�qh wkh wzr

vhjphqwv ri +D6, dqg zloo wkhuhiruh eh frqfdyh1 T1H1G1

Surri ri Wkhruhp 81

Ehorz zh suryh e| h{dpsoh wkh h{lvwhqfh ri hdfk ri wkhvh wzr fdvhv1 Wr suryh wkdw wkhvh wzr

fdvhv duh h{kdxvwlyh/ zh pxvw vkrz wkdw +4, Li qr sdvvlyh2djjuhvvlyh htxloleulxp h{lvwv iru d olqh ri

fdsdflw| �n/ wkhq qr sdvvlyh2djjuhvvlyh htxloleulxp h{lvwv iru dq| olqh ri fdsdflw| juhdwhu wkdq �n/ dqg

+5, li wkh xqfrqvwudlqhg Frxuqrw htxloleulxp h{lvwv iru d olqh ri fdsdflw| �n wkhq wkh xqfrqvwudlqhg

Frxuqrw htxloleulxp h{lvwv iru dq| olqh ri fdsdflw| juhdwhu wkdq �n1 Wr suryh +4,/ qrwh wkdw wkh

sdvvlyh2djjuhvvlyh htxloleulxp fhdvhv wr h{lvw zkhq wkh sdvvlyh �up +q lv wkh glvfxvvlrq deryh, �qgv

lw ohvv sur�wdeoh wr surgxfh lwv rswlpdo sdvvlyh rxwsxw wkdq wr dfw pruh djjuhvvlyho|/ ghfrqjhvwlqj

wkh olqh ru frqjhvwlqj lw lq wkh rssrvlwh gluhfwlrq1 Lqfuhdvhv lq n uhgxfh wkh sur�w iurp surgxflqj

wkh rswlpdo sdvvlyh txdqwlw| dqg zhdno| lqfuhdvh wkh sur�w iurp dfwlqj pruh djjuhvvlyho|/ vlqfh

dfwlqj pruh djjuhvvlyho| grhv qrw uhtxluh wkh �up wr frqjhvw wkh olqh lq wkh rssrvlwh gluhfwlrq1

Wkxv/ li qr sdvvlyh2djjuhvvlyh htxloleulxp h{lvwv iru d olqh ri fdsdflw| �n/ wkhq qr sdvvlyh2djjuhvvlyh

htxloleulxp h{lvwv iru dq| olqh ri fdsdflw| juhdwhu wkdq �n1 Wr suryh +5,/ vlpso| qrwh wkdw dw nW/

dw ohdvw rqh �up lv lqgl�huhqw ehwzhhq wkh xqfrqvwudlqhg Frxuqrw htxloleulxp dqg surgxflqj lwv

rswlpdo sdvvlyh txdqwlw| lq uhvsrqvh wr wkh rwkhu �up surgxflqj lwv Frxuqrw htxloleulxp txdqwlw|1

Lqfuhdvhv lq n eh|rqg nW kdyh qr h�hfw rq sur�w lq wkh Frxuqrw htxloleulxp dqg vwulfwo| ghfuhdvh

wkh sur�w ri d �up iurp surgxflqj lwv rswlpdo sdvvlyh txdqwlw|1 Wkxv/ li wkh xqfrqvwudlqhg Frxuqrw

htxloleulxp h{lvwv iru d olqh ri fdsdflw| �n wkhq wkh xqfrqvwudlqhg Frxuqrw htxloleulxp h{lvwv iru

dq| olqh ri fdsdflw| juhdwhu wkdq �n1

H{dpsohv ri Dv|pphwulf Pdunhw Htxloleuld

Iru dq h{dpsoh ri wkh �uvw fdvh lq Wkhruhp 8/ zkhuh wkhuh h{lvwv d udqjh ri n iru zklfk qr sxuh

vwudwhj| htxloleulxp h{lvwv/ frqvlghu wzr pdunhwv/ Q dqg V/ zkhuh ghpdqgv duh t7 @ 43� s/ dqg
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t� @ 45� s/ dqg hdfk pdunhw kdv rqh surgxfhu zlwk frvw ixqfwlrq/ Fr+t, @ F?+t, @ 31 Zlwk qr

wudqvplvvlrq olqh/ wkh sulfhv lq V dqg Q duh 8 dqg 9/ uhvshfwlyho|/ dqg wkh rxwsxwv duh 8 dqg 9/

uhvshfwlyho|/ iru d wrwdo lqgxvwu| rxwsxw ri 441 Wkh Frxuqrw htxloleulxp txdqwlwlhv duh 22
� iru hdfk

�up zlwk d wrwdo lqgxvwu| rxwsxw ri ee
� dqg sulfh ri ��

� / dqg d qhw �rz rq wkh olqh ri 4 iurp V wr

Q 1 Wkh sur�w ri hdfk �up lq wklv htxloleulxp lv 22
� �

��
� @ 2e2

b ru derxw 591;<1

Wkh qruwkhuq �up*v sur�w li d olqh ri vl}h n lv frqjhvwhg lqwr lwv pdunhw lv

�?+t?+n,, @ S� +t? . n,t? @ +45� t? � n, t?=

dqg wkh �uvw rughu frqglwlrq lpsolhv wkdw t?
3

6
@ 9 � &

2
> zkhuh t?

3

6
lv t3

6
iru �up q/ jlylqj sur�w

iurp surgxflqj wkh rswlpdo sdvvlyh rxwsxw ri

�?+t?
3

6 +n,, @

�
9�

n

5

�2

=

Wkh olqh fdsdflw|/ n/ wkdw ohdyhv wkh qruwkhuq �up lqgl�huhqw ehwzhhq wkh xqfrqvwudlqhg Frxuqrw

dqg wkh rswlpdo sdvvlyh rxwsxw lv wkhuhiruh +9 � &

2
,2 @ 59=;< @, n @ 4=95<41�S Iru d olqh

vl}h voljkwo| ohvv wkdq wklv/ n @ 4=9 iru lqvwdqfh/ wkh xqfrqvwudlqhg Frxuqrw htxloleulxp lv qrw

dfklhydeoh> �up q zrxog +mxvw eduho|, suhihu wr surgxfh wkh rswlpdo sdvvlyh rxwsxw wkdq wr sod| lwv

Frxuqrw ehvw uhvsrqvh wr v surgxflqj lwv xqfrqvwudlqhg Frxuqrw txdqwlw|1 Exw/ li q surgxfhv lwv

rswlpdo sdvvlyh rxwsxw/ v zloo uhyhuw wr vhoolqj lwv sur�w0pd{lpl}lqj txdqwlw| wkdw frqjhvwv wkh olqh/

trn6 @ 8=;4791 Wklv lv ohvv wkdq v*v Frxuqrw txdqwlw|/ :166661 Dv v uhgxfhv lwv rxwsxw/ surgxflqj

lwv rswlpdo sdvvlyh rxwsxw ehfrphv ohvv dwwudfwlyh wr q1 Lq wklv fdvh/ q zloo mxps wr surgxflqj lwv

Frxuqrw ehvw uhvsrqvh wr 81;479/ zklfk lv ;13<5:1 Zlwk wkh olqh xqfrqjhvwhg/ krzhyhu/ v zloo wkhq

uhvsrqg zlwk lwv Frxuqrw ehvw uhvsrqvh ri 91<869/ dqg wkh surfhvv zloo rqfh djdlq lwhudwh wrzdugv

wkh xqfrqvwudlqhg Frxuqrw htxloleulxp1 Vlqfh/ wkh olqh lv mxvw voljkwo| ehorz wkh ohyho wkdw fdq

vxssruw wkh xqfrqvwudlqhg Frxuqrw/ dv v*v rxwsxw dssurdfkhv lwv Frxuqrw htxloleulxp txdqwlw|/

dqg vwulfwo| ehiruh lw htxdov wkdw txdqwlw|/ q zloo rqfh djdlq uhyhuw wr surgxflqj lwv rswlpdo sdvvlyh

rxwsxw1 Qr sxuh vwudwhj| htxloleulxp h{lvwv1

Iru dq h{dpsoh ri wkh vhfrqg fdvh/ frqvlghu pdunhwv zlwk wkh iroorzlqj ghpdqgv= t� @ 48 �

s> t7 @ 48 � 7s dqg djdlq rqh surgxfhu lq hdfk pdunhw zlwk F?+t, @ Fr+t, @ 31 Li wkhuh lv

qr wudqvplvvlrq olqh/ wkh prqrsro| txdqwlwlhv lq wkh wzr pdunhwv duh hdfk :=8 dqg wkh prqrsro|

sulfhv duh S� @ :=8 dqg S 7 @ 4=;:81 Li wkhuh zhuh d wudqvplvvlrq olqh zlwk qr fdsdflw| frqvwudlqw/

wkhq wkh Frxuqrw sureohpv iru wkh wzr �upv zrxog eh lghqwlfdo1 Lq wkh uhvxowlqj Frxuqrw gxrsro|

htxloleulxp/ t? @ tr @ 43/ S @ 5 dqg hdfk �up hduqv sur�w ri � @ 531

Zh qrz h{dplqh wkh pdunhw rxwfrphv zkhq wkh wudqvplvvlrq frqvwudlqw lv elqglqj1 Li �up q

surgxfhv lwv rswlpdo sdvvlyh rxwsxw/ lwv sur�w dv d ixqfwlrq ri wkh olqh fdsdflw| n lv

�?+t?36 +n,, @
k
S� +t? . n,

l
t? @ +48� t? � n, t?= +D;,

Wkh �uvw rughu frqglwlrq lpsolhv wkdw t?36 @ :=8� &

2
/ jlylqj sur�w iru �up q zkhq lw surgxfhv lwv

rswlpdo sdvvlyh rxwsxw ri

�?+t?36 +n,, @

�
:=8�

n

5

�2

= +D<,
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Wkh olqh fdsdflw|/ n/ wkdw ohdyhv wkh qruwkhuq �up lqgl�huhqw ehwzhhq wkh xqfrqvwudlqhg Frxuqrw

gxrsro| htxloleulxp dqg surgxflqj wkh rswlpdo sdvvlyh rxwsxw lv wkhuhiruh +:=8� &

2
,2 @ 53 @,

n @ 9=38:1 �. Iru d olqh vl}h voljkwo| ohvv wkdq wklv/ n @ 9 iru lqvwdqfh/ wkh xqfrqvwudlqhg Frxuqrw

gxrsro| htxloleulxp lv qrw dfklhydeoh> �up q zrxog +mxvw eduho|, suhihu wr surgxfh lwv rswlpdo

sdvvlyh rxwsxw wkdq wr sod| lwv Frxuqrw ehvw uhvsrqvh lq uhvsrqvh wr v surgxflqj lwv xqfrqvwudlqhg

Frxuqrw txdqwlw|1 Dw n @ 9/ krzhyhu/ wkhuh lv d sdvvlyh2djjuhvvlyh htxloleulxp lq zklfk v surgxfhv

tr @ 43=8 ri zklfk 9 lv h{sruwhg wr Q dqg �up q uhvsrqgv e| surgxflqj t? @ 7=81

Dw n @ 9=38:/ wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp lv ihdvleoh1 Iurp wkdw htxloleulxp/

li wkh qruwk �up zhuh wr uhgxfh lwv rxwsxw iurp lwv Frxuqrw txdqwlw| ri 43 wr lwv rswlpdo sdvvlyh

rxwsxw ri :=8� S�fD.

2
@ 7=7:5/ wkh olqh zrxog ehfrph frqjhvwhg zlwk �rz iurp V wr Q 1 Jlyhq wkdw

wkh olqh lv frqjhvwhg/ wkh rswlpxp rxwsxw iru v zrxog eh trn6 @ �Dn&

2
@ 43=85;1

Xqolnh lq Fdvh 4/ li �up q mxpsv iurp wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp wr

surgxflqj lwv rswlpdo sdvvlyh rxwsxw/ �up v*v ehvw uhvsrqvh lq wklv fdvh lv wr lqfuhdvh lwv rxwsxw

iurp wkh txdqwlw| lw surgxfhv lq wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp1 Wklv uhlqirufhv

q*v lqfhqwlyh wr surgxfh lwv rswlpdo sdvvlyh rxwsxw1 Wkxv/ zkhq n @ 9=38:/ wkh fulwlfdo olqh vl}h

wr vxssruw wkh xqfrqvwudlqhg Frxuqrw gxrsro| htxloleulxp/ wkhuh lv d dovr d sdvvlyh2djjuhvvlyh

htxloleulxp1 Lq wklv htxloleulxp/ �up q surgxfhv t? @ 7=7:5/ dqg �up v surgxfhv tr @ 43=85;/ wkh

olqh lv frqjhvwhg zlwk �rzv iurp V wr Q ri 9=38:1 Wkh uhvxow lv d sulfh lq wkh qruwk ri S� @ 7=7:4

dqg lq wkh vrxwk ri S 7 @ 5=9651�H Wklv vruw ri rxwfrph zlwk wzr sxuh0vwudwhj| htxloleuld lv

looxvwudwhg lq Iljxuh :1

Dv wkh olqh vl}h lqfuhdvhv eh|rqg n @ 9=38:/ erwk wkh xqfrqjhvwhg dqg wkh sdvvlyh2djjuhvvlyh

htxloleuld duh srvvleoh xqwlo wkh olqh h{sdqgv wr derxw �n @ 9=69/ wkh olqh vl}h dw zklfk wkh sdv0

vlyh2djjuhvvlyh htxloleulxp glvdsshduv1 Dw dq| olqh vl}h deryh �n/ �up q*v sur�w iurp surgxflqj lwv

rswlpdo sdvvlyh rxwsxw/ zklfk frqjhvwv wkh lqfrplqj olqh/ duh vpdoohu wkdq wkh sur�w ri sod|lqj wkh

xqfrqvwudlqhg Frxuqrw ehvw uhvsrqvh1�b

Wzr sxuh0vwudwhj| htxloleuld h{lvw iru vrph olqh vl}hv lq Fdvh 5/ exw qrw lq Fdvh 4/ ehfdxvh

lq Fdvh 5/ zkhq q vzlwfkhv iurp wkh xqfrqvwudlqhg Frxuqrw htxloleulxp wr surgxflqj lwv rswlpdo

sdvvlyh rxwsxw/ �up v uhvsrqgv e| lqfuhdvlqj lwv rzq rxwsxw1 Dq lqfuhdvh lq v*v rxwsxw ghfuhdvhv

wkh sur�wdelolw| iru q ri sod|lqj lwv xqfrqvwudlqhg Frxuqrw ehvw uhvsrqvh/ uhlqiruflqj lwv ghflvlrq

wr surgxfh lwv rswlpdo sdvvlyh rxwsxw1 Lq frqwudvw/ lq Fdvh 4/ v*v rxwsxw ihoo lq uhvsrqvh wr q

surgxflqj lwv rswlpdo sdvvlyh rxwsxw/ wkhuhe| lqgxflqj q wr ghyldwh iurp surgxflqj lwv rswlpdo

sdvvlyh rxwsxw1 Wklv looxvwudwhv wkh qhfhvvdu| dqg vx�flhqw frqglwlrq h{suhvvhg lq Wkhruhp 81

T1H1G1
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Uhihuhqfhv

Edoglfn/ U1 dqg Ndkq/ H1 _Wudqvplvvlrq Sodqqlqj lq wkh Hud ri Lqwhjudwhg Uhvrxufh Sodqqlqj= D
vxuyh| ri uhfhqw fdvhv1% Zrunlqj Sdshu OEO065564/ Odzuhqfh Ehunhoh| Oderudwru|/ 4<<51

Eruhqvwhlq/ V1 dqg Exvkqhoo/ M1E1 _Dq Hpslulfdo Dqdo|vlv ri wkh Srwhqwldo iru Pdunhw Srzhu lq

Fdoliruqld*v Hohfwulflw| Lqgxvwu|1% Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Yro1 7: +4<<<,/ ss1 5;80

6571

�/ �/ dqg Vwriw/ V1 _Wkh Frpshwlwlyh H�hfwv ri Wudqvplvvlrq Fdsdflw| lq d Ghuhjxodwhg Hohfwulflw|

Lqgxvwu|1% SRZHU Zrunlqj sdshu SZS0373/ Xqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh/ 4<<;1

�/ �/ dqg Nqlwwho/ F1U1 _Pdunhw Srzhu lq Hohfwulflw| Pdunhwv= Eh|rqg Frqfhqwudwlrq Phdvxuhv1%

Hqhuj| Mrxuqdo/ Yro1 53 +4<<<,/ ss1 980;;1

�/ �/ dqg Zrodn/ I1D1 _Gldjqrvlqj Pdunhw Srzhu lq Fdoliruqld*v Ghuhjxodwhg Zkrohvdoh Hohf0

wulflw| Pdunhw1% SRZHU Zrunlqj Sdshu SZS0397/ Xqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh/

4<<<1

Eudqghu/ M1 dqg Nuxjpdq/ S1 _D cUhflsurfdo Gxpslqj* Prgho ri Lqwhuqdwlrqdo Wudgh1% Mrxuqdo ri
Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 48 +4<;6,/ ss1 64606541

Exvkqhoo/ M1E1 _Zdwhu dqg Srzhu= K|gurhohfwulf Uhvrxufhv lq wkh Hud ri Frpshwlwlrq lq wkh Zhvwhuq

X1V1% SRZHU Zrunlqj Sdshu SZS0389u/ Xqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh/ 4<<;1

Fdoliruqld Lqghshqghqw V|vwhp Rshudwru1 4<<; Wudqvplvvlrq Uholdelolw| Uhsruw1 Irovrp/ FD=

Fdoliruqld Lqghshqghqw V|vwhp Rshudwru/ 4<<;1

Fdughoo/ M1E1/ Klww/ F1F1/ dqg Krjdq/ Z1Z1 _Pdunhw Srzhu dqg Vwudwhjlf Lqwhudfwlrq lq Hohfwulflw|

Qhwzrunv1% Uhvrxufhv dqg Hqhuj| Hfrqrplfv/ Yro1 4< +4<<:,/ ss1 43<046:1

Fkdr/ K1S1 dqg Shfn/ V1 %D Pdunhw Phfkdqlvp iru Hohfwulf Srzhu Wudqvplvvlrq1% Mrxuqdo ri
Uhjxodwru| Hfrqrplfv/ Yro1 9 +4<<9,/ ss1 580931

Ixghqehuj/ G1 dqg Wluroh/ M1 Jdph Wkhru|1 Fdpeulgjh/ PD= PLW Suhvv/ 4<<41

Juhhq/ U1M1 dqg Qhzehu|/ G1P1 _Frpshwlwlrq lq wkh Eulwlvk Hohfwulflw| Vsrw Pdunhw1% Mrxuqdo ri
Srolwlfdo Hfrqrp|/ Yro1 433 +4<<5,/ ss1 <5<0<861

Mrvnrz/ S1O1 dqg Iudph/ U11 _Uhsruw rq Krul}rqwdo Pdunhw Srzhu Dqdo|vlv1% SMP Vxssruwlqj

Frpsdqlhv Uhtxhvw iru Pdunhw Edvhg Udwhv1 Ihghudo Hqhuj| Uhjxodwru| Frpplvvlrq1 Grfnhw

Qr1 HU<:06:5<0333/ 4<<:1

Nohpshuhu/ S1G1 dqg Ph|hu/ P1D1 _Vxsso| Ixqfwlrq Htxloleuld lq Roljrsro| xqghu Xqfhuwdlqw|1%

Hfrqrphwulfd/ Yro1 8: +4<;<,/ ss1 4576045::1

Nulvkqd/ N1 _Wudgh Uhvwulfwlrqv dv Idflolwdwlqj Sudfwlfhv1% Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/
Yro1 59 +4<;<,/ ss1 58405:31

Ruhq/ V1V1 _Hfrqrplf Lqh�flhqf| ri Sdvvlyh Wudqvplvvlrq Uljkwv lq Frqjhvwhg Hohfwulflw| V|vwhpv

zlwk Frpshwlwlyh Jhqhudwlrq1% Wkh Hqhuj| Mrxuqdo/ Yro1 4; +4<<:,/ ss1 960;61

Sdfh/ M1_Pdunhw Srzhu Dqdo|vlv ri Sdfl�f Jdv dqg Hohfwulf Frpsdq| Lq Vxssruw ri Mrlqw Dssol0

fdwlrq%/ Ihghudo Hqhuj| Uhjxodwru| Frpplvvlrq/ Grfnhw Qr1 HU<9049960333/ 4<<91

Vfkzhssh/ I1/ Fdudpdqlv/ P1/ Wderuv/ U1 dqg Erkq/ U1 Vsrw Sulflqj ri Hohfwulflw|1 Ervwrq= Noxzhu
Dfdghplf Sxeolvkhuv/ 4<;;1

Wluroh/ M1 _Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq1% Fdpeulgjh/ PD= PLW Suhvv/ 4<;;1

yrq ghu Ihku/ Q1 dqg G1 Kduerug1 _Vsrw Pdunhw Frpshwlwlrq lq wkh XN Hohfwulflw| Pdunhw/%

Hfrqrplf Mrxuqdo/ Yro1 436 +4<<6,/ ss1 86408791
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Zhvwhuq V|vwhpv Frruglqdwlqj Frxqflo1 ZVFF Wudqvplvvlrq Erwwohqhfn Vwxg| Uhsruw1 Vdow Odnh

Flw|/ XW= Sxeolvkhu/ 4<<:1

Zrodn/ I1D1 dqg U1K1 Sdwulfn1 _Wkh Lpsdfw ri Pdunhw Uxohv dqg Pdunhw Vwuxfwxuh rq wkh Sulfh

Ghwhuplqdwlrq Surfhvv lq wkh Hqjodqg dqg Zdohv Hohfwulflw| Pdunhw1% SRZHUZrunlqj Sdshu

SZS037:/ Xqlyhuvlw| ri Fdoliruqld Hqhuj| Lqvwlwxwh/ 4<<:1

Zroiudp/ F1G1 _Phdvxulqj Gxrsro| Srzhu lq wkh Eulwlvk Hohfwulflw| Vsrw Pdunhw/% Dphulfdq
Hfrqrplf Uhylhz/ Yro1 ;< +4<<<,/ ss1 ;380;591
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Wdeoh 4= Iorzv ryhu Sdwk 48 dvvxplqj xqolplwhg fdsdflw|

Ghpdqg Ohyho Shdn 483wk 633wk 783wk 933wk :77wk

Vhswhpehu

Sdwk 48 �rz +V0Q,
4/449 5/:69 5/;74 6/4<; ;<8 04/49:

Ghfhpehu

Sdwk 48 �rz +V0Q,
8/349 8/596 7/9<: 5/:38 5/597 5/643

Qrwh= Lwdolfv lqglfdwh ylrodwlrq ri wudqvplvvlrq fdsdflw| zkhq �upv gr qrw frqvlghu wkhvh olplwv1

Erog lqglfdwhv ylrodwlrq ri wudqvplvvlrq fdsdflw| rqo| zkhq �upv lqfrusrudwh wkhvh olplwv lqwr wkhlu

vwudwhjlhv1
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Wdeoh 5= Wkh lpsdfw ri lqfuhdvhg wudqvplvvlrq fdsdflw|

+933wk Kljkhvw Ghpdqg Krxu lq Ghfhpehu,

Sdwk 48 Fdsdflw| 6/333 PZ 6/;68 PZ

Iorz rq Sdwk 48 6/333 PZ 5/597 PZ

SJ)H rxwsxw 9;6 PZ 6/77; PZ

Q1 Fdoliruqld Sulfh +'@PZk, 49<16 5:1;

V1 Fdoliruqld Sulfh +'@PZk, 5:1; 5:1;

Q1 Fdoliruqld Frqvxpswlrq +PZk, ;/776 </783

V1 Fdoliruqld Frqvxpswlrq +PZk, 4;/9:4 4;/9:4

SJ)H Sur�w '44:/6:; '69/:46

Lqgxvwu| Sur�w '4/46;/::9 '6<3/497

Fkdqjh lq Frqvxphu Vxusoxv � .'4/584/84:

Wudqvplvvlrq Uhqwv '757/6;3 '3

Fkdqjh lq Wrwdo Vxusoxv � .':;/858



qs
 -2k

P (q
n)

qnqs
 +2kqs

line is uncongested

Figure 1: Demand curve faced by firm n when firm s produces qs
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Figure 2: Best Response Function for Very Small Line
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Figure 3: Best Response Function with Unconstrained Cournot Region
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Figure 4: Line Capacity Allows for Unconstrained Cournot Equilibrium
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Figure 5: Asymmetric pure strategy equilibrium
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Figure 6: No pure-strategy equilibrium
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Figure 7: Case 2,  'overlapping' equilibria

qcsq m
s- qm

s+

q m
n-

qm
n+

BRn(qs)

BRs(qn)

qc
n


